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Preface 


This book follows from my first edition and is intended to provide a thor- 
ough, up to date, treatment of wireless physical communications. The book is 
derived from a compilation of course material that I have taught in a graduate- 
level course on physical wireless communications at Georgia Tech over the past 
decade. This textbook differs from others on the subject by stressing mathe- 
matical modeling and analysis. My approach is to include detailed derivations 
from first principles. The text is intended to provide enough background ma- 
terial for the novice student enrolled in a graduate level course, while having 
enough advanced material to prime the more serious graduate students that 
would like to pursue research in the area. The book is intended to stress the 
fundamentals of mobile communications engineering that are important to any 
mobile communication system. Ihave therefore kept the description of existing 
and proposed wireless standards and systems to a minimum. The emphasis on 
fundamental issues should benefit not only to students taking formal instruc- 
tion, but also practicing engineers who are likely to already have a detailed 
familiarity with the standards and are seeking to deepen their knowledge of the 
fundamentals and principles of this important field. 


Chapter 1 begins with an overview that is intended to introduce a broad 
array of issues relating to wireless communications. Included is a description 
of various wireless systems and services, basic concepts of cellular frequency 
reuse, and the link budget for cellular radio systems. 


Chapter 2 treats propagation modeling and was inspired by the excellent 
reference by Jakes. It begins with a summary of propagation models for 
narrow-band and wide-band multipath channels, and provides a discussion 
of channel simulation techniques that are useful for radio link analysis. It 
concludes with a discussion of shadowing and path loss models. Chapter 3 is 
a related chapter that provides a detailed treatment of co-channel interference, 
the primary impairment in high capacity cellular systems. 
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Chapter 4 covers the various types of modulation schemes that are used 
in mobile communication systems along with their spectral characteristics. 
Chapter 5 discusses the performance of digital signal on narrow-band flat 
fading channels with a variety of receiver structures, while Chapter 6 includes 
a treatment of antenna diversity techniques. 

Chapter 7 provides an extensive treatment of digital signaling on the fading 
ISI channels that are typical of mid-band land mobile radio systems. The 
chapter begins with the characterization of ISI channels and goes on to discuss 
techniques for combating ISI based on symbol-by-symbol equalization and 
sequence estimation. The chapter concludes with a discussion of co-channel 
demodulation and co-channel interference cancellation. 

Chapter 8 covers bandwidth efficient coding techniques. The chapter begins 
with a discussion of basic block and convolutional coding. It then goes on to 
a detailed discussion on the design and performance analysis of convolutional 
and trellis codes for additive white Gaussian noise channels, and interleaved flat 
fading channels. The chapter concludes with an introduction to Turbo coding. 

Chapter 9 is devoted to spread spectrum techniques. The chapter begins 
with an introduction to direct sequence and frequency hop spread spectrum. 
This is followed by a detailed treatment of spreading sequences. Also included 
is a discussion of the effects of tone interference on direct sequence spread 
spectrum, and the RAKE receiver performance on wide-band channels. The 
chapter wraps up with a discussion of the error probability of direct sequence 
code division multiple access. 

Chapter 10 considers TDMA cellular architectures. The chapter begins with 
a discussion of conventional TDMA systems and how they are evolved to meet 
traffic growth. This is followed by hierarchical overlay/underlay architectures. 
Finally, the chapter wraps up with macrodiversity TDMA architectures. Chap- 
ter 11 is the CDMA counterpart to Chapter 10 and considers issues that are 
relevant to cellular CDMA, such as capacity estimation and power control. 

Chapter 10 covers the important problem of link quality evaluation and 
handoff initiation, and handoff performance, in cellular systems. Chapter 11 
provides an overview of the various channel assignment techniques that have 
been proposed for FDMA and TDMA cellular systems. 

The book contains far too much detail to be taught in a one-semester course. 
However, I believe that it can serve as a suitable text in most situations through 
the appropriate selection of material. My own preference for a one-semester 
course is to include the following in order: Chapter 1, Chapter 2, Sections 3.1 
and 3.2, Chapter 4, Chapter 5, and Chapter 6. Then choose from Chapters 8 
through 13 depending on my interest at the time. 

I would like to acknowledge all those who have contributed to the preparation 
of this book. The reviewers Vijay Bhargava at the University of Victoria 
and Sanjiv Nanda at Lucent Technologies were very valuable in the early 
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stages of the first edition of this book. The subsequent review by Upamanyu 
Madhow at the University of Illinois and in particular the detailed review by 
Keith Chugg at the University of Southern California were highly useful for 
improving this book. I am grateful to my doctoral students, past and present, 
who have contributed significantly to this book. The contributions of Wern-Ho 
Sheen, Khalid Hamied, Mark Austin, Jeff (Lihbor) Yiin, Ming-Ju Ho, Li-Chun 
(Robert) Wang, Krishna Narayanan, Dukhyun Kim, Jinsoup Joung, and John 
(Yongchae) Kim are particularly noteworthy. Finally, I would like to thank 
BellSouth, GTE Labs, Motorola, Panasonic, Hitachi, Nortel, Korea Telecom, 
WiLAN, and the National Science Foundation, for sustaining my research 
efforts in wireless communications over the past 10 years. This research 
experience has in many cases lead to material that I brought to the classroom 
and have included in this book. 


GORDON L. STUBER 
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To my parents 
Beatrice and Lothar Stiiber 
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Chapter 1 


INTRODUCTION 


Wireless systems and services have undergone a remarkable development, 
since the first cellular and cordless telephone systems were introduced in the 
early 1980s. First generation cellular and cordless telephone systems were 
based on analog FM technology and designed to carry narrow-band circuit 
switched voice services. Second generation cellular and cordless telephone 
systems were introduced in the early 1990s that use digital modulation, and 
offer improved spectral efficiency, and voice quality. However, these sec- 
ond generation systems are still used for narrow-band voice and data services. 
Third generation wireless systems, currently under development that offer sub- 
stantially higher bit rates ranging from 9.6 kb/s for satellite users, 144 kb/s 
for vehicular users, 384 kb/s for pedestrian users to 2.048 Mb/s for indoor 
office environments. These systems are intended to provide voice, data, the 
more bandwidth intensive multimedia services, while satisfying more stringent 
availability and quality of service (QoS) requirements in all types environments. 
Fourth generation systems are also on the horizon that will provide broadband 
wireless access with asymmetric bit rates that approach | Gb/s. 

Radio access systems are often distinguished by their coverage areas and bit 
rates, as shown in Fig. 1.1. Mobile satellite systems provide global coverage 
to mobile users, but with very low bit rates. Land mobile radio systems use 
terrestrial cellular and microcellular networks to provide wide area coverage to 
vehicular and pedestrian users. Fixed wireless access systems provide radio 
connectivity over a campus or neighborhood area to stationary users. Finally, 
wireless local area networks provide stationary in-building users with very 
high speed services. 


Outdoor Mobile 


Figure 1.1. 


Wireless Services. 
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1. WIRELESS SYSTEMS AND STANDARDS 
1.1. FIRST GENERATION CELLULAR SYSTEMS 


The early 1970s saw the emergence of the radio technology that was needed 
for the deployment of mobile radio systems in the 800/900 MHz band at a 
reasonable cost. In 1976, the World Allocation Radio Conference (WARC) 
approved frequency allocations for cellular telephones in the 800/900 MHz 
band, thus setting the stage for the commercial deployment of cellular systems. 
In the early 1980s, many countries deployed first generation cellular systems 
based on frequency division multiple access (FDMA) and analog FM technol- 
ogy. With FDMA there is a single channel per carrier. When a MS accesses the 
system two carriers (channels) are actually assigned, one for the forward (base- 
to-mobile) link and one for the reverse (mobile-to-base) link. Separation of the 
forward and reverse carrier frequencies is necessary to allow implementation 
of a duplexer, a complicated arrangement of filters that isolates the forward 
and reverse channels, thus preventing a radio transceiver from jamming itself. 

In 1979, the first analog cellular system, the Nippon Telephone and Telegraph 
(NTT) system, became operational. In 1981, Ericsson Radio Systems AB 
fielded the Nordic Mobile Telephone (NMT) 900 system, and in 1983 AT&T 
fielded the Advanced Mobile Phone Service (AMPS) as a trial in Chicago. 
Several other first generation analog systems were also deployed in the early 
1980s including TACS, ETACS, NMT 450, C-450, RTMS, and Radiocom 2000 
in Europe, and JTACS/NTACS in Japan. The basic parameters of NTT, NMT, 
and AMPS are shown in Table 1.1. The NMT 900 system uses frequency 
interleaved carriers with a separation of 12.5 kHz such that overlapping carriers 
cannot be used with the same base station. In the NTT, NMT, and AMPS 
systems, a separation of 45 MHz is used between the transmit and receive 
frequencies, so as to implement the duplexer. 


12 SECOND GENERATION CELLULAR SYSTEMS 


Second generation digital cellular systems have been developed throughout 
the world. These include the GSM/DCS1800/PCS1900 standard in Europe, the 
PDC standard in Japan, and the IS 54-/136 and IS-95 standards in the United 
States. Parameters of the air interfaces of these standards are summarized in 
Tabs. 1.2 and 1.3, and a brief description of each follows. 


1.2.1 GSM/DCS1800/PCS1900 


European countries seen the deployment of incompatible first generation 
cellular systems that prevented roaming throughout Europe. As as result, 
the Conference of European Postal and Telecommunications Administrations 
(CEPT) established Groupe Speciale Mobile (GSM) in 1982 with the mandate 
of defining standards for future Pan-European cellular radio systems. The GSM 


Feature NTT NMT AMPS 
Frequency Band 925-940/870-885 890-9 15/917-950 824-849/869-894 
RL/FL® 915-918.5/860-863.5 
(MHz) 922-925/867-870 
Carrier Spacing 25/6.25 12.5° 30 
(kHz) 6.25 

6.25 
Number of 600/2400 1999 832 
Channels 560 

280 
Modulation analog FM analog FM analog FM 


*RL = reverse link, FL = forward link 
5 frequency interleaving using overlapping channels, where the channel spacing is haif the nominal channel 
bandwidth. 


Table 1.1. First generation cellular standards 


— 0.577 ms Time Slot ———— 


R Guard time for burst transient response (Ramp time) 
TCH _ Traffic channel 

Cc Control bit 

SW Synchronization word 

G Guard bits 


Figure 1.2. Time slot format for GSM. Units are in bits. 


system (now “Global System for Mobile Communications”) was developed 
to operate in a new frequency allocation, and made improved quality, Pan- 
European roaming, and the support of data services its primary objectives. 

GSM was deployed in late 1992 as the world’s first digital cellular system. 
In its current version, GSM can support full-rate (8 slots/carrier) and half-rate 
(16 slots/carrier) operation, and provide various synchronous and asynchronous 
data services at 2.4, 4.8, and 9.6 kb/s that interface to voiceband modems (e.g., 
V.22bis or V.32) and ISDN. GSM uses TDMA with 200 kHz carrier spacings, 
eight channels per carrier with a time slot (or burst) duration of 0.577 ms, and 
Gaussian minimum shift keying (GMSK) with a raw bit rate of 270.8 kb/s. The 
time slot format of the GSM traffic channels is shown in Fig. 1.2. 
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Variants of GSM have also been developed to operate in higher frequency 
bands. In Europe, the Digital Cellular System 1800 (DCS 1800) was developed 
by ETS] as a standard for personal communication networks (PCNs). DCS 1800 
is a derivative of the GSM system, but differs in a number of ways. First, 
DCS1800 operates in the 1710-1785 MHz (MS transmit) and 1805-1880 MHz 
(BS transmit) bands, whereas GSM operates in the 900 MHz band. Second, 
DCS 1800 is optimized for two classes of hand held portable units (rather than 
mobile units) with a peak power of 1 W and 250 mW, respectively. There are 
also some changes in the DCS 1800 standard to support overlays of macrocells 
and microcells. 

GSM is deployed in North America as PCS 1900 and operates in the 1880- 
1990 MHz PCS bands. PCS 1900 is similar to DCS 1800, but with a few 
differences. One is the use of the ACELP EFR (Enhance Full Rate) vocoder that 
was developed for the North American market. GSM has been a phenomenal 
success. In late 1997, 66 million GSM subscribers were serviced by 256 
network operators in 110 countries. 


1.2.2 IS-54/136 AND IS-95 


In North America the primary driver for second generation systems was the 
capacity limit felt by some AMPS operators in the largest US markets, e.g., 
New York, Chicago, Los Angeles. One of the key objectives established by the 
Cellular Telephone Industry Association (CTIA) was that any second genera- 
tion cellular system must provide a 10-fold increase in capacity over AMPS. 
Furthermore, since AMPS was already deployed extensively throughout North 
America, it was desirable that any second generation cellular system be reverse 
compatible with AMPS. This eventually lead to the development of dual-mode 
transceivers. 

While Europe seen the convergence to the GSM standard, North America 
seen the emergence of two second generation digital cellular standards, IS- 
54/136 and IS-95, based on time division multiple access (TDMA) and code 
division multiple access (CDMA) technology, respectively. The IS-54 stan- 
dard was adopted in 1990, and specifies a new digital signaling scheme based 
on F/TDMA with 30 kHz carrier spacings and 7/4 phase-shifted quadrature 
differential phase shift keyed (2/4-DQPSK) modulation with a raw bit rate of 
48.6 kb/s [95]. IS-54 and IS-136 differ in the control channel; IS-54 uses an 
analog control channel, whereas IS-136 uses a digital control channel. The 
IS-54/136 air interface specifies 6 slots (or bursts) per frame, yielding 3 full 
rate channels or 6 half rate channels per carrier. The burst format for the 
IS-54/136 traffic channel is shown in Fig. 1.3. A straight forward deployment 
of IS-54/136 will offers 3 (6) times the cell capacity of AMPS for the full 
(half) rate systems, respectively. Additional capacity gains are also possible. 
TS-54/136 is now been deployed throughout North American and Indonesia. 


6.67 ms Time Slot 


TCH TCH 
Forward Sw | SACCH! — (paccHy (FACCH) RSYD 
28 12 130 12 130 2 


6.67 ms Time Slot 


G)R| CH sw TCH SACCH | CC TCH 
Reverse (FACCH) (FACCH) (FACCH) 
6] 16 28 122 2 | 12 122 


G Guard Bits 

R Guard Time for burst transient response (Ramp time) 
SACCH_ Slow Associated Control Channel 

FACCH Fast Associated Contro! Channel 

SW Synchronization Word 

cc Color Code 

TCH _ Traffic Channel 

RSVD _ Reserved 


Figure 1.3. _ Burst format for [S-54/136 traffic channel. Units are in bits. 


Just after the CTIA adopted IS-54 in 1990, another second generation digital 
cellular system was proposed by Qualcomm based on CDMA technology. 
In March 1992, CDMA was adopted as IS-95 [96]. With IS-95, the basic 
user data rate is 9.6 kb/s, which is spread by using PN sequence with a chip 
(clock) rate of 1.2288 Mchips/s (a processing gain of 128). The forward 
channel supports coherent detection by using a pilot channel (code) for channel 
estimation. Information on the forward link is encoded by using a rate-1/2 
convolutional code, interleaved, spread by using one of 64 Walsh codes, and 
transmitted in 20 ms bursts. Each MS in a cell is assigned a different Walsh 
code, thus providing complete orthogonality under ideal channel conditions. 
Final spreading with a base-specific PN code of length 2" is used to mitigate 
the multiple access interference to and from other cells. One of the major 
drawbacks of the IS-95 standard is that the coded downlink transmissions are 
not interleaved across bursts and, therefore, the signal is susceptible to fading. 

CDMA systems are susceptible to the near-far effect, a phenomenon where 
MSs close into a BS will swamp out the signals from more distant MSs. For 
CDMA systems to work well, all signals must be received with the same power, 
acondition that is difficult to achieve in an erratic land mobile radio propagation 
environment. To combat the near-far effect, the IS-95 reverse link uses fast 
closed loop power control to compensate for fluctuations in received signal 
power due to variations in the radio link. The information on the reverse link 
is encoded by using a rate-1/3 convolutional code, interleaved, and mapped 
onto one of 64 Walsh codes. Unlike the forward channel that uses the Walsh 
codes for spreading, the reverse link uses the Walsh codes for 64-ary orthogonal 
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modulation. The BS receiver uses non-coherent detection, since no pilot signal 
is transmitted on the reverse link. Final spreading is achieved with a user- 
specific PN sequence of length 24? — 1. Both the BSs and the MSs use RAKE 
receivers to provide multipath diversity. A requirement of the IS-95 system 
is the need for soft handoffs, where the MS maintain can a radio link with 
multiple BSs in the boundary area between cells. 


Ever since the introduction of IS-95, there has been a continued debate over 
the relative capacity of IS-54/136 and IS-95. Initial capacity claims for IS-95 
were 40 times AMPS. However, current estimates are more conservative and 
experience from commercial deployments show a capacity that is 6 to 10 times 
AMPS. 


12.3 PDC 


In 1991, the Japanese Ministry of Posts and Telecommunications standard- 
ized Personal Digital Cellular (PDC). The air interface of PDC is similar in 
some respects to IS-54/136. PDC uses TDMA with 3 full rate (6 half rate) 
channels per carrier, 25 kHz carrier spacings, and 7/4-DQPSK modulation 
with a raw bit rate of 42 kb/s. The burst format for the PDC traffic channels 
is shown in Fig. 1.4. Notice that the synchronization word is placed near the 
center of the PDC burst, whereas it is placed near the beginning of the IS- 
54/136 burst as shown in Fig. 1.3. This feature better enables the PDC receiver 
to track channel variations over the time slot. Another key feature of PDC 
standard is the inclusion MS antenna diversity. Like IS-54/136, PDC suffers 
from degraded performance under conditions of low delay spread due to the 
loss of multipath diversity. However, antenna diversity in the PDC MS receiver 
maintains spatial diversity under these conditions. More details on the PDC 
system can be found in the complete standard [280]. 


13. CORDLESS TELEPHONE SYSTEMS 


Cordless telephones find several applications including domestic telephones, 
telepoint (cordless phone booth), wireless PABX (private access business ex- 
change), and wireless local loops or radio drops. Similar to cellular telephones, 
first generation cordless telephones were based on analog FM technology. Since 
their introduction, cordless telephones gained high popularity. However, first 
generation cordless telephones have become victims of their own success; the 
voice quality was/is unacceptable in high-density subscriber areas. This lead to 
the development of second generation digital cordless telephones. In Europe 
two digital cordless telephone standards have been developed, CT2 and Digital 
European Cordless Telephone (DECT) [325]. In Canada a modification of 
CT2, called CT2+, has been developed, that offers two-way calling, roaming, 
and enhanced data service capabilities. In Japan, the Personal Handyphone 
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Figure 1.4. Time slot format for Japanese PDC. Units are in bits. 


System (PHS) has been developed. The air interface parameters of various 
cordless phone standards are summarized in Tab. 1.4 


1.4 THIRD GENERATION CELLULAR SYSTEMS 


In March 1992, WARC approved a worldwide spectral allocation in sup- 
port of IMT-2000 (International Mobile Telephone by the Year 2000) in the 
1885-2200 MHz band. The IMT-2000 standard has been developed by the 
International Telecommunications Union Radio Communications (ITU-R) and 
Telecommunications (ITU-T) sectors. Various standards bodies around the 
world have provided inputs to the IMT-2000 standard definition. The vision 
of IMT-2000 is to provide ubiquitous wireless network that can support voice, 
multimedia and high-speed data communication. One of the main attributes 
of IMT-2000 is the introduction of wireless wide-band packet-switched data 
services for wireless access to Internet with speeds up to 2 Mb/s. The key 
principles of IMT-2000 are: 


# Terminal and personal mobility with universal access and worldwide roam- 
ing through the use of portable terminals. Personal mobility will be facil- 
itated through the use of personalized telephone numbers. The success of 
using a wireline telephone depends upon the knowledge of where a called 
party is located. As a result, 80% of the calls never reach the intended party. 
With personal communication services (PCS), intelligent networks (INs) 
will be employed to assume the burden of locating a called party, leaving 
the subscribers free to roam anywhere in the world. 


Feature 


Frequency Band 
RL/FL (MHz)? 


Multiple Access 
Carrier Spacing (kHz) 
Modulation 

Baud Rate (kb/s) 
Frame Size (ms) 
Slots/Frame 


Voice Coding (kb/s) 


Channel Coding 
Frequency Hopping 
Handoff 


@ RL = reverse link, FL = forward link 


Table 1.2. 


GSM/DCS1800/PCS1900 


GSM: 890-915/ 
935-960 

DCS1800: 1710-1785/ 
1805-1880 

PCS1900: 1930-1990/ 
1850-1910 


F/TDMA 
200 
GMSK 
270.833 
4.615 
8/16 


VSELP(HR 6.5) 
RPE-LTP (FR 13) 
ACELP (EFR 12.2) 


Rate-1/2 CC 
yes 


hard 
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IS-54/136 


824-829/ 
869/894 
1930-1990/ 
1850-1910 


F/TDMA 

30 

7 /4-DQPSK 
48.6 

40 

3/6 


VSELP (FR 7.95) 
ACELP (EFR 7.4) 
ACELP (12.2) 


rate- 1/2 CC 
no 


hard 


Second generation digital cellular standards 


= Expanded range of services as implemented in two phases. Phase | will 
support circuit and packet switched multimedia with asymmetric user data 
rates up to 2 Mb/s. Phase 2 will provide user data rates up to 20 Mb/s. These 
capabilities will enable applications such as web browsing, file transfer, e- 
mail, and traveler information services, and multimedia services such as 
video conferencing. The minimum requirements on user data rate for both 
circuit and packet switched data in four different environments is as follows: 


Vehicular: 144 kb/s 
Pedestrian: 384 kb/s 


Indoor office: 2 Mb/s 


Satellite: 9.6 kb/s 


« Supplementary services such as call waiting, caller ID, store and forward, 
etc.. Call management will become a necessity to ensure that PCS does not 
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Feature PDC TS-95 

Frequency Band 810-826/ 824-829/ 

RL/FL (MHz)* 940-956 869-894 
1429-1453/ 1930-1990/ 
1477-1501 1850-1910 

Multiple Access F/TDMA F/CDMA 

Carrier Spacing (kHz) 25 1250 

Modulation a /4-DQPSK QPSK 

Baud Rate (kb/s) 42 1228.8 Mchips/s 

Frame Size (ms) 20 20 

Slots/Frame 3/6 1 

Voice Coding (kb/s) PSI-CELP (HR 3.45) QCELP (8,4,2, 1) 
VSELP (FR 6.7) RCELP (EVRC) 


Channel Coding 


Frequency Hopping 
Handoff 


@ RL = reverse link, FL = forward link 


rate-1/2 BCH 


no 


hard 


FL: rate- 1/2 CC 
RL: rate- 1/3 CC 


N/A 


soft 


Table 1.3. | Second generation digital cellular standards 


become a nuisance. That is, the subscribers must be able to control their 
availability for receiving calls. 


Unified, seamless, infrastructure that will unify diverse infrastructures such 
as paging, cellular, and satellite networks. In particular, the use of acommon 
band for terrestrial and satellite networks. 


Integration ofmobile and wire-line networks in attempt to achieve the strict 
QoS controls wire-line networks. Toll line voice quality is one example. 


Service transparency to provide the same services everywhere but with 
different data rates. International roaming is also desirable with a virtual 
home environment. 


Spectral efficiency, quality, flexibility, and overall cost improvement as a 
result of the utilization of advanced technologies. 


The migration to third generation wireless systems presents some difficult 


challenges for wireless service providers including the following: 
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Feature CT2 CT2+ DECT PHS 
Frequency Band (MHz) 864-868 944-948 1880-1900 1895-1918 
Multiple Access FDMA F/TDMA F/TDMA F/TDMA 
Duplexing TDD TDD TDD TDD 
Carrier Spacing (kHz) 100 100 1728 300 
Modulation GFSK GSFK GFSK 1 /4-DQPSK 
Number of Carriers 40 40 10 77 
Channels/Carrier 1 1 12 4 
Bit Rate (kb/s) 72 72 1152 384 
Speech Coding ADPCM ADPCM ADPCM ADPCM 
32 kb/s 32 kb/s 32 kb/s 32 kb/s 

Frame Size (ms) 2 2 10 5 
Mean TX Power (mW) 5 5 10 10 
Peak TX Power (mW) 10 10 250 80 

Table 1.4. | Cordless telephone standards. 


System revolution versus evolution. A revolutionary approach provides the 
greatest flexibility. However, an evolutionary approach is more desirable 
because there are enormous infrastructure investments in legacy systems, 
and the maintenance of a large existing subscriber base requires a third gen- 
eration system that is reverse compatible with the existing second generation 
systems. 


Rapid and unpredictable growth leads to difficulty in system planning. High 
spectral efficiency is essential to support large subscriber bases. Developing 
countries in particular are experiencing explosive growth due to the lack of 
a wired infrastructure. 


Changing customer needs requires a flexible solution. 


Network management for effective radio resource and mobility management 
with mixed services, billing, security, fraud prevention. 


Mobile satellite systems can make global spectral coordination very difficult. 


Ten different multiple access schemes were originally proposed for IMT- 
2000. Two of these schemes are based on TDMA approaches, namely DECT 


and UWC-136. The remaining 8 proposals are based on wide-band CDMA, 
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Feature UWC-136 UWC-136+ UWC-136HS UWC-136HS 


vehicular indoor 
GSM EDGE 
Multiple TDMA TDMA TDMA TDMA 
Access 
Duplexing FDD FDD FDD FDD/TDD 
Carrier 30 30 200 1600 
Spacing (kHz) 
Modulation a /4-DQPSK CCH: 8-PSK Q-0-QAM 
a /4-DQPSK 
TXH: GMSK B-O-QAM 
m /4-QPSK 
DTCH: 8-PSK 
Frame 40 40 4.615 4.615 
Length (ms) 
Slots/Frame 6 6 8 64@72us 
16@72ys 
Bit Rate 48.6 72.9 812.5 5200 
(kb/s) (8-PSK) (8-PSK) (Q-0-QAM) 
48.6 270.8 2600 
(QPSK/ (GMSK) (B-O-QAM) 
DQPSK) 2600 
(B-O-QAM) 


Table 1.5. Parameters of UWC-136. 


referring to a CDMA system having a bandwidth of 5 MHz or more. The 
UWC-136 proposal is the 3G evolution of the IS-136 family of standards. 
Some parameters of the UWC-136 proposal are shown in Tab. 1.5. UWC-136 
meets IMT-2000 requirements by using enhanced modulation techniques (IS- 
136+) and using a wider band 200 kHz carrier (UWC-136HS) for services that 
are not possible on the 30 kHz carrier. The UWC-136HS proposal is the same 
as EDGE (Enhanced Data for Global Evolution) which is an enhanced GSM 
air interface. EDGE is a system that is the convergence of the GSM and IS-136 
family of standards. 

Table 1.6 summarizes the parameters for the two remaining wide-band 
CDMA proposals to IMT-2000, namely W-CDMA and cdma2000. The com- 
mon attributes of wide-band CDMA systems include the following: 


* provision of multirate services 
* packet data services 
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Feature W-CDMA cdma2000 
Multiple Access FDD: DS/CDMA FDD: DS-CDMA 
TDD: T/CDMA TDD: T/CDMA 
Chip Rate (Mcps) FDD: 1.024/4.096 1.2288/3.6864 
8.192/16.384 7.3728/11.0593/ 
TDD: 4.096 14.7456 
Carrier Spacing (MHz) (1.25),5,10,20 1.25,5,10,15,20 
Frame Length (ms) 10 20 
Modulation FDD: FL: QPSK FL: QPSK 
RL: dual-channel RL: BPSK 
QPSK 
TDD: FL&RL: QPSK 
Coding rate-1/2, 1/3 rate-1/2, 1/3, 
k=9CC 44k =9CC 
optional rate-1/2, 1/3, 
RS outer code 1/4, kK =4TC 
Interleaving inter/intraframe intraframe 
Spreading FDD: FL: BPSK QPSK 
RL: QPSK 
TDD: FL,RL: QPSK 
Inter BS asynchronous synchronous 
synchronization 


Table 1.6. 


* complex spreading 


Parameters for W-CDMA and cdma2000. 


* a coherent uplink using a user dedicated pilot 
¢ additional pilot channel in the downlink for beam forming 
* seamless interfrequency handoff 
¢ fast forward link power control 
* optional multiuser detection 


The major differences between the different system proposals center around 
the chip rate that is used, and synchronous (cdma2000) vs. asynchronous 
(W-CDMA) network operation. 

Global spectral co-ordination is essential for the IMT-2000 concept. The 


spectral allocations of the regulatory agencies in major world markets are 
shown in Fig. 1.5. In the United States, the 1885-2200 MHz band allocated 
for IMT-2000 overlaps significantly with the 1850-1990 MHz band used to 
support PCS services, as shown in Fig. 1.6. Blocks A and B correspond to 
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Figure 1.5. International frequency allocations. 
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Figure 1.6. | North American PCS frequency allocations. 


major trading areas (MTAs) while blocks C through F correspond to basic 
trading areas (BTAs). There are 51 MTAs and 492 BTAs in the United States. 

In addition, 20 MHz of spectrum was reserved for unlicensed use according to 
FCC Part 15 rules. Of this 20 MHz, 10 MHz is for packet switched applications 
while 10 MHz is for circuit switched applications. 


15 WIRELESS LANS AND AND PANS 


A variety of wireless local area network (WLAN) and personal area network 
(WPAN) systems have been developed to operate in unlicensed bands. Tab. 1.7 
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Location Frequency Maximum Output 
Range (GHz) Power (mW or dBm) 
North America 2.400-2.4835 1000 mW 
Europe 2.400-2.4835 100 mW EIRP 
Japan 2.471-2.497 10 mW 
United States 5.150-5.250 minimum of 50 mW or 4 dBm 
(UNII lower band) + 10log,,B 
United States 5.250-5.350 minimum of 250 mW or !1 dBm 
(UNII middle band) + 10log,)>B 
United States 5.725-5.825 minimum of 1000 mW or 17 dBm 
(UNII upper band) + 10log,)B 


Table 1.7. 2.4 and 5 GHz bands for license exempt use. B = -26 dB emission bandwidth in 
MHz. 


lists the unlicensed bands that are used in various parts of the world. Until a 
few years ago, most of the WLAN systems that operated in unlicensed bands 
were based upon proprietary air interfaces and MAC protocols, without an open 
standard. 

In 1997, the IEEE 802.11 standardization group established the first WLAN 
standard based to provide 1 and 2 Mb/s aggregate rates. IEEE 802.11 uses 
direct sequence spread spectrum modulation, an 11-bit Barker sequence for 
spreading, and either BPSK (1 Mb/s) or QPSK (2 Mb/s). Barker sequences are 
discussed in further detail in Chapter 8. In 1998, the IEEE 802.11b working 
group defined an enhanced air interface to provide 5.5 and 11 Mb/s aggre- 
gate data rates. The IEEE 802.11b air interface uses complementary code 
keying (CCK), which is described in further detail in Chapter 8. In 1998, 
TEEE 802.11a adopted orthogonal frequency division (OFDM) as the basis for 
their new 5 GHz standard, targeting a range of data rates ranging from 6 to 
54 Mb/s. The principles of OFDM are discussed in Chapters 4 and 5. Fol- 
lowing IEEE 802.11a, High-Performance LAN (HiperLAN/2) (Europe) and 
Multimedia Mobile Access Communication (MMAC) (Japan) adopted OFDM 
in their physical layer specifications. The parameters of the IEEE 802. lla 
OFDM standard are summarized in Tab. 1.8. 

In 1999, the IEEE802.15 Working Group was created to develop a Wireless 
Personal Area Network (WPAN) standard. The Bluetooth specification has 
been proposed as one such WPAN standard [153]. Bluetooth is an ad hoc 
network that is based on Frequency Hop CDMA (FH-CDMA) and Gaussian 
frequency shift keying (GFSK) with a modulation index of 0.3. Bluetooth uses 
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Data Rate 6, 9, 12, 18, 24, 36, 48, 54 Mb/s 
Modulation BPSK, QPSK, 16-QAM, 64-QAM 
Coding 1/2, 2/3, 3/4 CC 

Number of subcarriers 52 

Number of pilots 4 

OFDM symbol! duration 4 ps 

Guard interval 800 ns 

Subcarrier spacing 312.5 kHz 

3 dB bandwidth 16.56 MHz 

Channel spacing 20 MHz 


Table 1.8. Key parameters of the IEEE 802.11a OFDM standard, from [333]. 


a set of 79 hop carriers with a spacing of 1 MHz and a hop dwell time of 
625 ys. A single FH channel supports a data rate of 1 Mb/s. Bluetooth uses 
either a very simple rate-1/3 3-bit repetition code or a simple rate-2/3 shortened 
Hamming code. 


2. FREQUENCY REUSE AND THE CELLULAR 
CONCEPT 


A cellular telephone system has two basic functions; it must locate and track 
both active and inactive mobile stations (MSs), and it must always attempt to 
connect the active MSs to the best available base station(s) (BS(s)). The former 
task is the subject of user location updating and paging. The latter task requires 
the continuous evaluation of the radio link quality with the serving BS(s), and 
the radio link quality with alternate BSs. This monitoring is performed by a 
computer system that uses knowledge of the link quality evaluations, in addition 
to the system topology and traffic flow, to decide upon the best BS(s) to serve 
a particular MS. 

A cellular telephone system uses low power (less than 1 watt) radio commu- 
nication between a MS and a grid of BSs [213]. Movement of the MS, however, 
leads to highly erratic radio link quality, and careful monitoring and control are 
required to keep it acceptable. Evaluation of radio link quality is based upon 
a large number of criteria, but at the core is a statistical measurement process 
based on a priori knowledge of the expected radio channel characteristics. The 
time required to measure the radio link quality and the accuracy of the mea- 
surement depends on the local propagation characteristics. Time consuming 


Introduction 17 


link quality measurements will limit the ability of the cellular system to react 
to degradations in link quality and compensate by changing the allocation of 
power and bandwidth resources. Conversely, if the link quality measurements 
can be made quickly, then the time required for the cellular system to process 
the link quality measurements, make decisions, and transmit desired changes 
to the network entities, including the MSs, will limit the adaptability of the 
cellular system. Limitations on the speed of measurement and control essen- 
tially determine overall link quality and the size and distribution of cells in 
modern cellular systems. The cell sizes, the ability radio links to withstand 
interference, and the ability of the cellular system to react to variations in traffic 
are the main factors that determine the spectral efficiency of a cellular system. 

In cellular systems, the available spectrum is partitioned among the BSs, and 
a given frequency is reused at the closest possible distance that the radio link 
will allow. Smaller cells have a shorter distance between reused frequencies, 
and this results in an increased spectral efficiency and traffic carrying capacity. 
Dramatic improvement in spectral efficiency is the main reason for the interest 
in microcells. However, the microcellular propagation environment is highly 
erratic. Distributed resource allocation algorithms must be used to maintain 
high link quality. 

The current trend is toward cellular systems that have high spectral efficiency 
and offer ubiquitous service coverage. These systems will require 1) effective 
cellular architectures, ii) fast and accurate link quality measurements, iii) rapid 
control in all types of environments, iv) installation of BSs to provide radio 
coverage virtually everywhere, and v) power and bandwidth efficient air inter- 
face schemes that can mitigate the harsh effects of the propagation environment 
and tolerate high levels of noise and interference. 

Cellular mobile radio systems that use TDMA and FDMA rely upon fre- 
quency reuse, where users in geographically separated cells simultaneously 
use the same carrier frequency. The cellular layout of a conventional macro- 
cellular system is quite often described by a uniform grid of hexagonal cells 
or radio coverage zones. In practice the cells are not regular hexagons, but 
instead are distorted and overlapping areas. The hexagon is an ideal choice for 
representing macrocellular coverage areas, because it closely approximates a 
circle and offers a wide range of tesellating reuse cluster sizes. A tesellating 
reuse cluster of size N can be constructed if [258] 


N= +ig + 7? (1.1) 


where i and j are non-negative integers, and 7 > 7. It follows that the allowable 
cluster sizes are N = 1, 3, 4, 7, 9, 12, ... Examples of 3-, 4-, and 7-cell 
reuse clusters are shown in Fig. 1.7. The reuse clusters are tesellated to form a 
frequency plan. A simplified 7-cell frequency reuse plan is shown in Fig. 1.8, 
where similarly marked cells use identical sets of carrier frequencies. 


18 


3-Cell 4-Cell 7-Cell 


Figure 1.7. Commonly used cellular reuse clusters. 


Figure 1.8. Macrocellular deployment using 7-cell reuse pattern. 


The co-channel reuse factor D/R, is defined as the ratio of the co-channel 
reuse distance D between cells using the same set of carrier frequencies and 
the radius of the cells R'. For hexagonal cells, the reuse cluster size N and the 
co-channel reuse factor D/R are related by (see Problem 1.2) 


D/R=V3N . (1.2) 


For microcellular systems with lower BS antenna heights, regular hexagons 
are no longer appropriate for approximating the radio coverage zones. Typical 
microcell BSs use an antenna height of about 15 m, well below the skyline of 
any buildings that might be present, and acceptable link quality can be obtained 
anywhere within 200-500 m of the BS. For microcells, the choice of cell shape 


"For hexagonal cells, R is the distance from the center to the corner of a cell. 
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Figure 1.9. | Microcellular deployment along a highway with a 3-cell reuse pattern. 


Figure 1.10. Microcellular deployment in an urban canyon. Base stations are deployed at 
every intersection in a dense urban area with a 2-cell reuse pattern. 


depends greatly upon the particular deployment. For example, the linear cells 
shown in Fig. 1.9 may provide a more accurate model of highway microcells 
that are deployed along a highway with directional antennas. In an area with 
urban canyons, the buildings act as wave guides to channel the signal energy 
along the street corridors. Fig. 1.10 shows a typical Manhattan microcell 
deployment that is often used to model microcells that are deployed in city 
centers. 


3. MOBILE RADIO PROPAGATION ENVIRONMENT 


Radio signals generally propagate according to three mechanisms; reflec- 
tion, diffraction, and scattering. Reflections arise when the plane waves are 
incident upon a surface with dimensions that are very large compared to the 
wavelength. Diffraction occurs according to Huygen’s principle when there is 
an obstruction between the transmitter and receiver antennas, and secondary 
waves are generated behind the obstructing body. Scattering occurs when the 
plane waves are incident upon an object whose dimensions are on the order of 
a wavelength or less, and causes the energy to be redirected in many directions. 
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The relative importance of these three propagation mechanisms depends on the 
particular propagation scenario. 

As aresult of the above three mechanisms, macrocellular radio propagation 
can be roughly characterized by three nearly independent phenomenon; path 
loss variation with distance, slow log-normal shadowing, and fast multipath- 
fading. Each of these phenomenon is caused by a different underlying physical 
principle and each must be accounted for when designing and evaluating the 
performance of a cellular system. Multipath-fading results in rapid variations 
in the envelope of the received signal and is caused when plane waves arrive 
from many different directions with random phases and combine vectorially at 
the receiver antenna. Typically, the received envelope can vary by as much as 
30 to 40 dB over a fraction of a wavelength due to constructive and destructive 
addition. Multipath also causes time dispersion, because the multiple replicas 
of the transmitted signal propagate over different transmission paths and reach 
the receiver antenna with different time delays. Time dispersion may require 
equalization in TDMA systems and RAKE reception in CDMA systems. 

It is well known that the intensity of an electromagnetic wave in free space 
decays with the square of the radio path length, d, such that the received power 
at distance d is 


a 
Qp(d) = Uk ( Z ) (1.3) 


where 2; is the transmitted power, A, is the wavelength, and k is a constant of 
proportionality. Although it may seem counter-intuitive, path loss is essential 
in high capacity cellular systems, the reason being that a rapid attenuation of 
signal strength with distance permits a small co-channel reuse distance and, 
therefore, a high spectral efficiency. The 800-900 MHz UHF band was chosen 
for first generation cellular systems, partly because of its relatively short range 
radio propagation characteristics. Of course if a large radio coverage area is 
desired, as is the case with low capacity emergency and dispatch communication 
systems (police, fire, etc..), then a small path loss is preferred. For this reason 
the VHF band is preferred for these applications which results in a smaller 
attenuation with distance. 

Free space propagation does not apply in a mobile radio environment and 
the propagation path loss depends not only on the distance and wavelength, 
but also on the antenna heights of the MSs and the BSs, and the local terrain 
characteristics such as buildings and hills (in macrocells). The site specific 
nature of radio propagation makes the theoretical prediction of path loss difficult 
and there are no easy solutions. The simplest path loss model assumes that the 
received power is 


OQ» (dBm) (4) = HO, (apm (do) — 108 logio(d/do) + €(aB) (dBm) (1.4) 
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where #0, (apm) (40) = E[Qp (aBm)(do)] is the average received signal power 
(in dBm) at a known reference distance that is in the far field of the transmitting 
antenna. Typically, dy is 1 km for macrocells, 100 m for outdoor microcells, 
and 1 m for indoor picocells. The value of 19, (4pm) (0) will depend on the 
frequency, antenna heights and gains, and other factors. The parameter £ is 
called the path loss exponent and is a key parameter that affects the spectral 
efficiency of a cellular system. This parameter is strongly dependent on the 
cell size and local terrain characteristics. The path loss exponent ranges from 
3 to 4 for a typical urban macrocellular environment, and from 2 to 8 for a 
microcellular environment. Usually, the path loss exponents are determined by 
empirical measurements. 

The parameter €(dB) in (1.4) is a zero-mean Gaussian random variable (in 
dB) that represents the error between the actual and estimated path loss. This 
statistical variation in 0, (qBm)(d) is caused by shadowing. Shadows are gen- 
erally modeled as being log-normally distributed, meaning that the probability 
density function of Q(apm)(d) is 


u © — HM, (anm(4))” 
PQ, (apm) (d)(®) = exp { “C= Higsgen (1.5) 


V2raa 20%, 
where 
HQ, (dBm) (d) = HO, (4Bm) (do) — 108 log;o(d/d,) (dBm) . (1.6) 


The parameter o¢ is the shadow standard deviation. A more accurate path 
loss model results in a smaller og. For macrocells, og typically ranges from 
5 to 12 dB, with og = 8 dB being a typical value. Furthermore, op has been 
observed to be nearly independent of the radio path length d. The received 
signal power in the absence of shadowing as defined by (1.6) is called the area 
mean, while the received signal power in the presence of shadowing as defined 
by (1.4) is called the local mean. Fig. 1.11 illustrates the above concepts by 
plotting the received signal strength as a function of the radio path length for 
both free space and a typical urban macrocellular environment. 


4. CO-CHANNEL INTERFERENCE AND NOISE 


Frequency reuse in FODMA/TDMA cellular systems introduces co-channel 
interference, one of the major factors that limits the capacity of cellular sys- 
tems. Co-channel interference arises when the same carrier frequency is used 
in different cells. In this case, the power density spectra of the desired and 
interfering signals completely overlap. Frequency reuse also introduces adja- 
cent channel interference. This type of interference arises when neighboring 
cells use carrier frequencies that are spectrally adjacent to each other. In this 
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Figure 1.1]. Path loss in free space and typical urban macrocellular environments; 3 = 4, 
on = 8 GB. The received signal strength in dBm at a distance of 10 km is Gaussian distributed 
with a mean of -70 dBm and a variance of o%, dB. 


case the power density spectrum of the desired and interfering signals partially 
overlap. 

Wireless radio links quite often exhibit a threshold effect, where the link 
quality is acceptable when both the carrier-to-noise ratio I‘ and the carrier- 
to-interference ratio A exceed certain thresholds, denoted by Ty, and Ath, 
respectively [115]. Otherwise, the link quality is unacceptable and an outage 
is said to occur. The thresholds I, and A,y, depend on many parameters of 
the radio link, including the particular modulation and coding scheme that is 
employed, the receiver structure, the measure of link quality, the propagation 
environment, the MS velocity, and other factors. Once the air interface is 
specified, the propagation environment determines whether or not an outage 
occurs. For fast moving MSs, path loss and shadowing determine the link 
quality once Iy, and Ay, have been specified. Conversely, for slow moving 
MSs, the link quality may also become unacceptable when the received signal 
envelope exhibits a deep fade due to multipath fading. 

Here we introduce two types of outages. The first is the thermal noise 
outage, defined as 


On =P(U <I) (1.7) 


and the second is the co-channel interference outage, defined as 


O;=P(A<Atn) . (1.8) 


*For the time being, the effect of adjacent channel interference will be neglected. 
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The overall outage due to both thermal noise and co-channel interference is 
O=P(. <ItnorA < Ath) . (1.9) 


For lightly loaded cellular systems, thermal noise will dominate the perfor- 
mance. However, for heavily loaded cellular systems, thermal noise can be 
neglected in difference to the typically dominant effect of the co-channel inter- 
ference. 


5. RECEIVER SENSITIVITY AND LINK BUDGET 


Receiver sensitivity refers to the ability of the receiver to detect radio signals 
in the presence of noise. This noise can arise from a variety of sources that are 
external to the system, such as atmospheric noise like lightning strikes, galactic 
noise, man made noise like automobile ignition noise, and thermal noise that 
is internal to the system. 

The ratio of the desired carrier power to thermal noise power before detec- 
tion is commonly called the carrier-to-noise ratio, I. The parameter [ is a 
function of the communication link parameters, such as the transmitted power 
(or effective isotropic radiated power (EIRP)), path loss, receiver antenna gain, 
and the effective input-noise temperature of the receiving system. The formula 
that relates [ to the link parameters is called the link budget. The link budget 
can be expressed in terms of the following parameters: 


Q: = transmitted carrier power 

Gy = transmitter antenna gain 

Ly, = path loss 

GR = receiver antenna gain 

Q, = received signal power 

E, = received energy per modulated symbol 

T, = receiving system noise temperature in degrees Kelvin 
By = receiver noise bandwidth 


= white noise power spectral density 


= 1.38 x 10~73Ws/K = Boltzmann’s constant 


No 
R,. = modulated symbol rate 
k 
F = noise figure, typically 5 to 6 dB 


IR, = receiver implementation losses 
Iy = _ losses due to system load (interference) 
Mshad = shadow margin 


Guo =_ handoff gain 
Srx = receiver sensitivity 
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The effective received carrier power is 


UGrGR 
Q, = ——_ . (1.10) 
Be dpe Di 


The total input noise power to the receiver is [116] 
N=&kT,Byl (1.11) 


The value of kT, at room temperature of 17 °C (290 °K) is kT = 
—174 dBm/Hz. The received carrier-to-noise ratio defines the link budget 


) UGrGr 
Poe 2. 
N  kT,ByFLr, Ly ot) 


The carrier-to-noise ratio, [, and modulated symbol energy-to-noise ratio, 
E./No, are related as follows [116] 


By 
—<=Tx—. 1.13 
ST. (1.13) 


Hence, we can rewrite the link budget as 


Ee &GrGr 


Wo LPp Pr. 14 
No kT, RF Ley Ly re ) 
Converting to decibel units gives 
E¢/No(ap) = Q: (apm) + Gr (ap) + GR (4B) (1.15) 


—kTo(aBm)/Hz — fe dBHz) — F(as) — LRx (ap) — Lp (a) - 
The receiver sensitivity is defined as 
Sry = Up, kT) F(Ec/No)Re (1.16) 
or converting to decibel units 


SRx (dBm) = Lex (4B) + KTo(aBm)/Hz + Flap) + Ee/Nocapy + Re (eB i) 

(1.17) 
In (1.17), all parameters are usually fixed except for E./N,. To determined 
the receiver sensitivity we first find the minimum EF, /Novap) that will yield 
an acceptable link quality, and then substitute this value into (1.17). Then 
by substituting the resulting value for Sp, (qBm) into (1.15) and solving for 
Ly (ap) We obtain the maximum allowable path loss 


Emax (4B) = % (aBm) + Gr (aB) + GR (dB) — SRx (dBm) - (1.18) 
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Because we are interested in the link budget for cellular radio systems, there 

are three other very important link budget parameters; (i) the margin for system 
loading or interference loading, (ii) the shadow margin, and (iii) the handoff 

gain. The first two quantities will reduce the maximum allowable path loss, 
while the third increases it. There may be other factors, but they will apply 

equally to the various systems under consideration, so they are irrelevant when 

making relative comparisons between systems. However, they are important if 
we want to determine the absolute allowable path loss. 


Interference Loading:. 


System loading causes co-channel and adjacent channel interference. Hence, 
the cell radii in any cellular system will shrink and expand as the traffic load 
increases and decreases, respectively. This phenomenon is sometimes called 
cell breathing. If we wish to compare the relative coverage of different cellular 
systems as the subscriber load increases, then we must account for the increased 
traffic load by including an interference degradation margin in the link budget; 
otherwise, there will be very poor coverage near the planned cell boundaries. 
If the co-channel and adjacent channel interference is treated as white noise to 
a first approximation, then the effect is to increase the total input noise power 
to the receiver by a multiplicative factor of L;. To account for the system 
loading interference degradation, we reduce the maximum allowable path loss 
in (1.18) by an amount equal to L (qpy,the interference margin. The required 
Ly (apy) depends on the type of cellular system under consideration and the cell 
loading. CDMA systems typically require a higher interference margin than 
TDMA systems, because the signals of all users occupy the same bandwidth. 


Shadow Margin and Handoff Gain:. 


Suppose that a noise outage occurs whenever the received carrier-to-noise 
ratio ! = Q, (gpy(ay/N < Un or, equivalently, 2, (apmy(d) < Qth (apm): The 
edge noise outage probability is defined as the probability that Q, (4pmy(R) < 
Qth (dBm), Where d = F for a MS located on the cell edge. The area noise 
outage probability is defined as the probability that Q, (gam)(@) < Qtn (4Bm) 
when averaged over the entire cell area. To ensure a given edge or area outage 
probability we must introduce a shadow margin, Mghaq, into the link budget. 

The edge noise outage probability is 


On(R) P(Q5 (aBm)(R) < Qh (aBm)) 


2 
_ i 1 exp { “= (apm (R)) \ ae 


00 V21m0Q 202, 
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Figure 1.12. | Edge noise outage probability against the shadow margin. 


_ q (“m4 (1.19) 
ore) 
where . i 
= ne Vy 1.20 
Q(z) =f Fee dy (1.20) 
and 
Mshad = BO, (apm) (2) — 2th (dBm) + (1.21) 


is the shadow margin. The edge noise outage probability, Ov (R) is plotted 

against Mgnaq in Fig. 1.12 for various shadow standard deviations. 

Example 1.1 
Suppose that we wish to have Oy(R) = 0.1. To determine the required 

shadow margin, we choose Mghaq So that the shaded area under the Gaussian 

density function in Fig. 1.13 is equal to 0.1. Hence, we solve 


0.1=Q (“se ) (1.22) 
oo 
We have a 
—shad — Q-1(9.1) = 1.28 (1.23) 
oN 


For oq = 8 dB, the required shadow margin is 


Mehad = 1-28 x 8 = 10.24dB . (1.24) 
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Figure 1.13. Determining the required shadow margin. 


To obtain arelationship between the edge and area noise outage probabilities, 
we need models for the propagation path loss and spatial distribution of MSs. 
For macrocells it is reasonable to assume that the MSs are uniformly distributed 
throughout the cell area. This assumption along with the path loss model in 
(1.6) yields an area noise outage probability [115] 


1 R 
On = =e | O(r)2ar dr 


= Q(X) -exp{XY + ¥?/2} Q(X +Y) (1.25) 
where a ‘ 
ben shad = oO, 
ral Ae (1.26) 


where € = 10/1n 10. The first term of this expression is equal to the edge noise 
outage probability, Oy (R), while the second term is a correction factor. 

The above argument applies to the case of a single isolated cell. For cellular 
systems where the geographical area is covered by multiple cells, the situation 
is more complex. As a MS moves from one cell to the next handoffs will 
be executed to maintain call continuity. Consider a MS that is located in 
the boundary area between two cells. Although the link to the serving BS 
may be shadowed and experience and outage, the link to an alternate BS may 
provide acceptable quality. Hence, at the boundary area between two cells, we 
obtain a diversity effect called macrodiversity. Handoffs take advantage of 
macrodiversity, and increase the maximum allowable path loss over the single 
cell case by an amount equal to the handoff gain, G79. There are a variety of 
handoff algorithms that are used in cellular systems. CDMA cellular systems 
such as IS-95 use soft handoff, while TDMA cellular systems such as GSM 
and DAMPS typically use hard handoff. 

To illustrate the principle of handoff gain, consider a cluster of 7 cells; 
the target cell is in the center and surrounded by 6 other cells. By using 
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Monte Carlo simulation, we have calculated the area averaged noise outage 
probability for the target cell, assuming that the mobile station is uniformly 
distributed over the cell area. Our results assume correlated shadowing, where 
each of the six BSs surrounding target BS have a shadow correlation of 0.5 with 
the target BS, but the shadows are independent amongst the six surrounding 
BSs. Let 25.4 (aBm), & = 0,...,6 denote the received signal strength for the 
target BS (& = 0) andthe six surrounding BSs (k = 1,...,6). Three cases are 
considered; a single cell, soft handoffs and hard handoffs. For the single cell 
performance, no handoffs are used. With soft handoffs, the BS that provides 
the best link is always selected as the serving BS. If any BS results in a received 
signal power that is above the receiver threshold, 94, (aBm), then link quality 
is acceptable; otherwise an outage occurs. 

With our hard handoff algorithm, the received signal power from the target 
BS is first determined. If it exceeds the receiver threshold, Oy (apm), then the 
link quality is acceptable. Otherwise, the six surrounding BSs are tested for 
handoff candidacy. In order for a BS to be a handoff candidate, we must have 
Qn k (dBm) — 2p, (dBm) = Hap) where H(4py) is the handoff hysteresis. If any 
BS out of the handoff candidates results in a received signal power that is above 
the receiver threshold, Qt) (aBm), then link quality is acceptable; otherwise an 
outage occurs. 

The results are shown in Fig. 1.14, for Hap) = 6 dB. Note that a 10% area 
noise outage probability (90% coverage) requires a shadow margin of 5.6 dB. 
With soft handoffs, the required shadow margin is 1.8 dB. The difference of 
3.8 dB represents the soft handoff gain. The corresponding hard handoff gain 
is about 2.8 dB. Note that the soft handoff will always be greater than the hard 
handoff gain. 

In summary, the maximum allowable path loss with the inclusion of the 
margins for shadowing and interference loading is 


Dmax (dB) = St (a4Bm) + Gr (aB) + Gr (aB) — SRx (aBm) 
—Mshad (4B) — £7 (4B) + Guo (aB) - (1.27) 


6. COVERAGE 


Coverage refers to the number of base stations or cell sites that are required to 
“cover” or provide service to a given area with an acceptable grade of service. 
This is an important consideration when a cellular system is first deployed. 
Clearly the cellular system that requires the fewest number of cell sites to cover 
a given geographic area has an infrastructure cost advantage. 

The number of cell sites that are required to cover a given area is determined 
by the maximum allowable path loss and the path loss characteristic. To 
compare the coverage of different cellular systems, we first determine the 
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Figure 1.14. Required shadow margin with hard and soft handoffs and 95% coverage; handoff 
hysteresis H(gpy) = 6 GB. 


maximum allowable path loss for the different systems by using a common 
quality criterion, i.e., the area averaged outage probability. 
From (1.11), it is apparent that 


Lmax (dB) = C' + 10Blogj9dmax (1.28) 


where dmax is the radio path length that corresponds to the maximum allowable 
path loss and C is some constant. Thequantity dj axis equal to the radius of the 
cell. To provide good coverage it is desirable that dy,axbe as large as possible. 

Once Lymax has been determined for the various systems under considera- 
tion, the relative coverage advantages of different systems can be compared, 
assuming that all other factors are equal. As an example of how this is done, 
suppose that System | has Lmax (4B) = Li and System 2 has Lmax (ap) = £2; 
with corresponding radio path lengths of d; and dg, respectively. The differ- 
ence in the maximum allowable path loss is related to the cell radii through the 
following relationship 


[,—L2 = 108 (logy9d; — logyod2) 
dg 
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Looking at things another way 


a — yQ(L1-£2)/(108) (1.30) 
2 


Since the area of a cell is equal to A = 7d? (assuming a circular cell) the ratio 
of the cell areas is 


Aj = ad? = dy : 
A & (3) _ 
and, hence, 
A 
7. = 192(L1-L2)/(108) (1.32) 


Suppose that Azot is the total geographical area to be covered. Then the ratio 
of the required number of cell sites for Systems 1 and 2 is 


SN ace SD 2 =, pia a) (108) (1.33) 


As an example, suppose that 8 = 3.5 and L; — Lg = 2 dB. Then No/M = 
1.30. Hence, System 2 requires 30% more base stations to cover the same 
geographical area. In conclusion, a seemingly small difference in link budget 
translates into a large difference in infrastructure cost. 


7. SPECTRAL EFFICIENCY AND CAPACITY 


Spectral efficiency is of paramount concern to cellular system operators. 
There are a variety of definitions for spectral efficiency, but an appropriate 
definition measures spectral efficiency in terms of the spatial traffic density 
per unit bandwidth. For a cellular system that consists of a deployment of 
uniform cells, the spectral efficiency can be expressed in terms of the following 
parameters: 


G. = offered traffic per channel (Erlangs/channel) 
N_- = number of channels per cell 
Weys = total system bandwidth (Hz) 
A =  areapercell (m?) . 


One Erlang is the traffic intensity in a channel that is continuously occupied, 
so that a channel occupied for x% of the time carriers x/100 Erlangs. The 
spectral efficiency is defined as 


N. ic Ge 
= E : . 
ns Was A rlangs/m*/Hz (1.34) 
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Suppose that the cellular deployment consists of N-cell reuse clusters. Then 
the number of channels per cell with FDMA is 


_ Ways 
Ne = W.-N (1.35) 
where W, is the bandwidth per channel. If TDMA is used, then W, is the 


bandwidth per carrier divided by the number of channels per carrier. The 
spectral efficiency can be written as the product of three efficiencies, viz., 


"= We wa) Ge (1.36) 
= 1B - Nc : AT: 
where 
mB = bandwidth efficiency 
Nc = Spatial efficiency 
IT 


High bandwidth efficiency can be achieved by using low bit rate voice coding 
and bandwidth efficient signaling techniques. 


trunking efficiency 


Spatial Efficiency:. 


High spatial efficiency can be achieved by i) minimizing the area per cell, 
and ii) minimizing the co-channel reuse distance. The first of these explains 
the intense interest in microcellular systems, where cell radii on the order of 
200-500 m are used. The co-channel reuse distance D/R is minimized by 1) 
controlling the generation of co-channel interference within the cellular system 
in the first place and, 11) minimizing the effect of the co-channel interference that 
is generated. The generated levels of co-channel interference can be controlled 
by using techniques such as cell sectoring, smart antennas, power control, 
discontinuous transmission, effective hand-off algorithms, macroscopic BS 
diversity, and others. The impact of co-channel interference on the radio link 
can be mitigated by using techniques such as interference cancellation, error 
control coding, antenna diversity, and others. 

Consider the situation shown in Fig. 1.15, depicting the forward channel co- 
channel interference environment. The MS is at distance dg from the serving BS 
and at distances dy, k = 1,2,---, Ny; from the first tier of Ny = 6 interfering 
co-channel BSs. Ifwe let d = (do, d1,---, dy,) denote the vector of distances 
at a particular MS location, then the downlink carrier-to-interference ratio as a 
function of d is 


Ny 
Acapy(d) = Q (aBm) (do) — 10 log jo {3 10° mst . (1.37) 
k=1 
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Figure 1.15. Co-channel interference on the forward channel at a desired MS. There are six 
interfering BSs. 


At this point, we must account for the effect of handoffs. Consider, for example, 
soft handoffs. Let Ay (apy(d),& = 0,..., M denote the carrier-to-interference 
ratio for serving BS and M surrounding BSs. Note that the vector d is different 
for each BS. With soft handoffs, the BS that provides the most robust link is 
always used so that the resulting carrier-to-interference ratio is 


AaB) = max{Ag (dB) (d), Ay (aB)(d), eas Ay (dB) (d)} (1.38) 
The area averaged probability co-channel interference outage is 
O; =P (Aces) < Aen(ap)) : (1.39) 


where the calculation is performed by averaging the probability of co-channel 
interference outage over the random location of the MS within a reference cell. 


Finally, Fig. 1.16 depicts the co-channel interference on the reverse channel 
at the serving BS. Note that the co-channel interference may not be exactly the 
same on the forward and reverse channels, because the vector d is different in 
each direction. This phenomenon is known as link imbalance. 


Trunking Efficiency:. 


High trunking efficiency can be achieved by using channel assignment 
schemes that maximize channel utilization. There is usually a trade-off be- 
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Figure 1.16. Co-channel interference on the reverse channel at a desired BS. There are six 
interfering MSs. 


tween trunking efficiency (or offered traffic per channel) and grade of service 
in terms of new call and handoff blocking probabilities. Various fundamen- 
tal formula were developed by Erlang, who laid the foundations of modern 
teletraffic theory. One of his most famous results is the Erlang-B formula, 
first derived in 1917, that gives the probability that a new call attempt will not 
find an available channel in a trunk of channels and is lost. Sometimes this 
policy is called the blocked calls cleared queueing discipline and it is widely 
used to model wireline telephone traffic. The Erlang-B formula is not really 
applicable to cellular systems, because it does not account for handoff traffic. 
Furthermore, the total offered traffic per cell is time-varying due to the spatial 
movement of the subscribers, whereas the offered traffic in the Erlang-B for- 
mula is assumed to be constant. Nevertheless, it provides useful insight. The 


Erlang-B formula is 
m 


B(p,m) = ———_, 1.40 

(p,m) mS eo (1.40) 

where m is the total number of channels in the trunk and p = Aris the total 

offered traffic (A is the call arrival rate and yz is the mean call duration). The 

Erlang-B formula is derived under the assumption of an infinite subscriber pop- 

ulation, Poisson call arrivals with rate A calls/s, and exponentially distributed 
call durations with a mean call duration yp s/call. 

Fig. 1.17 plots the blocking probability B(,m)as a function of the offered 

traffic per channel G, = p/m. The benefit from trunking is obvious, since 

the offered traffic per channel, G, increases as the number of trunked channels 
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Figure 1.17. Erlang-B blocking probability B(p, m) vs. offered traffic per channel G. = p/m. 
Trunking is shown to improve the spectral efficiency. 


increases, for any blocking probability. However, diminishing returns are 
obtained as the number of trunked channels becomes larger. 


Capacity. 


The capacity of a cellular system is often measured in terms of two quantities 


1. the cell capacity or sector capacity is equal to the number of available 
voice channels per cell or cell sector. 


2. the cell Erlang capacity is equal to the traffic carrying capacity of a cell (in 
Erlangs) for a specified call blocking probability. 


Note that difference between spectral efficiency and Erlang capacity is that 
spectral efficiency accounts for the area per cell, A. If the area per cell is the 
same in two different cellular systems, then their relative spectral efficiencies 
and capacities will be the same. 

Capacity comparisons between different cellular systems can be difficult, 
because the systems are often compared in different stages of their evolution 
and different deployment constraints. However, a fair comparison between 
suitably optimized digital cellular systems with out deployment constraints 


will probably show roughly equal capacities. 
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The cell capacity of FODMA (AMPS) and TDMA (PCS 1900, IS-54) cellular 
systems can be calculated in a fairly straight forward fashion once the allowable 
reuse cluster has been determined. 

AMPS Capacity 

Very often the capacity of 2nd and 3rd generation digital cellular systems 
(IS-54, IS-95, PCS 1900) are compared with the capacity of the analog AMPS 
system that is used in North America. Analog AMPS uses frequency division 
duplexing (FDD) with 30 kHz channels. In a bandwidth of 1.25 MHz (uplink or 
downlink only) there are 1250/30 = 42 channels. Analog AMPS systems are 
typically deployed according to a 7/21 reuse pattern, i.e., there are 21 sectors 
in a reuse cluster. Hence, with analog AMPS there are 2 channels per sector. 
The corresponding cell capacity is 6.0 channels/cell. Likewise, in a bandwidth 
of 15 MHz, the sector capacity is 24 channels/sector. 


PCS1900 Capacity 

GSM systems in Europe were originally deployed without frequency hop- 
ping. A 4/12 reuse pattern was very common. For PCS 1900 with frequency 
hopping, a 3/9 reuse pattern may be possible. PCS 1900 has 8 channels that 
are time division multiplexed onto each carrier, and the carrier spacings are 
200 kHz. Therefore, the bandwidth per channel is 25 kHz. In a bandwidth of 
1.25 MHz (uplink or downlink only) there are 1250/25 = 50channels. Hence, 
there are 50/9 ~ 5channels per sector or 50/3 = 17channels/cell. Therefore, 
the cell capacity of PCS 1900 with a 3/9 reuse pattern is 17/6 = 2.8times the 
AMPS cell capacity. 


IS-95 Capacity 

The cell capacity of IS-95 has been the topic of debate for many years, 
because it cannot be determined in a straight forward manner. The capacity 
depends on a variety of complicated factors like (i) the propagation path loss 
exponent, (ii) the accuracy of the power control loop, and (iii) the geographical 
distribution of mobiles within a cell. To illustrate the difficulty in evaluating 
IS-95 CDMA capacity, consider the following simple example. Suppose there 
are N users in a cell; one desired user and N — | interfering users. Treating 
the co-channel signals as white Gaussian noise, the carrier-to-noise ratio is 


1 
t= —— 1.41 
Noi (1.41) 
and the modulated symbol energy-to-noise ratio is 
E, By 
af. es Pe 
No “Re 
G 
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where G = B,,/R,. For a required (E£,/No)req, the number of users that can 
be accommodated is 
G 
N= ——— 
(E./ Na) tea 
This figure is just the cell capacity. Now if (£,/No)req is reduced by only 1 dB, 
Le., a factor of 1.25 there is a 30% change in N, the cell capacity. Hence, the 
capacity of CDMA cellular systems is highly sensitive to the receiver sensitivity. 


Problems 
1.1. Show that the area noise outage probability is given by (1.25). 


1.2. By using geometric arguments, show that the co-channel reuse factor for 
cellular deployments based on hexagonal cells is given by (1.2). 


1.3. Consider a regular hexagonal cell deployment, where the MSs and BSs 
use omnidirectional antennas. Suppose that we are interested in the forward 
channel performance and consider only the first tier of co-channel interferers 
as shown in Fig. 1.15. Ignore the effects of shadowing and multipath fading, 
and assume that the propagation path loss is described by the inverse @ law 
in (1.6). 


a) Determine the worst case carrier-to-interference ratio, A, as a function 
of the reuse cluster size N, for G = 3, 3.5, and 4. 


b) What is the minimum cluster size that is needed if the radio receivers 
have Ain = 18 dB? 


c) Referring to Fig. 1.16, repeat a) and b) for the reverse channel. 


1.4. Whenever a mobile station crosses a cell boundary a handoff occurs to the 
target cell. However, a handoff will sometimes “fail” because there are no 
channels available in the target cell. One method to decrease the probability 
of handoff failure is to queue the handoff calls. A handoff call that does not 
find an idle channel in the target cell is allowed to remain in a queue for tg 
seconds and is dropped from the queue, i.e., experience a handoff failure, 
if no channel becomes available in that time. 


Suppose the queue is serviced using a “first come first served” discipline. 
If m is the total number of channels in the trunk and p is the total offered 
traffic, then the probability of queueing is given by the famous Erlang-C 
formula 
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The probability that a queued call will have to wait more than tg seconds in 


the queue is 
(m — p)tg } 
B 
where yz is the mean call duration. Assuming that 4 = 120 sand ty = 
5 s, plot the blocking probability against the normalized offered traffic per 
channel G', = p/m, for m = 5, 10, 15. 


P(W > tq) = exp {- 


1.5. Consider the worst case forward channel co-channel interference situation 
shown in Fig. 1.18 The path loss is described by the following simple model 


~~ co-channel 
base stations 


serving =) 
base station 


Figure 1.18. | Worst case co-channel interference on the forward channel. 


_ OQ: (hyhm)? 
rr 
where 
He, = received power 
Q, = transmitted power 
hy = base station antenna height 
hm = mobile station antenna height 


d = radio path length 


a) Assuming that hy = 30 m, hy» = 1.5 m,and all BS transmit powers 
are the same what is the worst case A for a cluster size N = 4? 


38 


b) Now suppose that the antenna height of the serving BS (in the center) 


is increased to 40 m while the other BS antenna heights remain at 30 m. 
This has the effect of enlarging the center cell. Assuming that we wish 
to maintain the same worst case A value obtained in part a), what is the 
new radius of the center cell? 


c) Now suppose that the antenna height of one of the co-channel BSs is 


increased to 40 m while the antenna heights of the other BSs antenna 
heights, including the serving BS, remain at 30 m. This has the effect 
of shrinking the center cell and making it a non-regular hexagon. As- 
suming, again, that we wish to maintain the same worst case A value 
obtained in part a), what are the new dimensions of the center cell? 


1.6. A cellular service provider uses a digital modulation scheme which can 


tolerate a worst-case signal-to-interference ratio of 15 dB. 


a) Find the optimal cluster size N for the following cases; 


(1) omni-directional antennas 
(ii) 120° sectoring 
(iii) 60° sectoring 
Use path loss exponents of 8 = 3 and G = 4. 


b) Assume that there are 200 traffic channels in the cellular system and 


that a blocked calls cleared queueing discipline is used with a target 
blocking probability of 1%. Further assume that each cell or sector has 
approximately the same number of channels, and the cells have uniform 
traffic loading. Ignore any handoff traffic. Determine the offered traffic 
load (per cell) in units of Erlangs and calls per hour for each of the 
cases in part (a). 


1.7. Suppose that an urban area has three competing trunked mobile networks 


(systems A, B, and C) to provide cellular service. System A has 400 cells 
with 15 channels/cell, System B has 50 cells with 100 channels/cell, and 
System C has 100 cells with 60 channels/cell. Ignore handoff traffic and 
assume uniform cell traffic loading. 


a) Plot the (Erlang-B) blocking probability, B(p,m), for each system 


versus p. 


b) Find the number of users that can be accommodated by each system for 


a blocking probability of 2% if the traffic loading offered by each user 
is 0.1 Erlangs. 


Chapter 2 


PROPAGATION MODELING 


The design of spectrally efficient wireless communication systems requires 
a detailed understanding of the radio propagation environment. The character- 
istics of the radio channel vary greatly with the operating frequency, and the 
mode of propagation, e.g., line-of-sight (LoS) radio links, diffraction/scatter, 
and satellite links. In this book the emphasis is on land mobile radio channels 
that are typical of terrestrial cellular mobile radio systems, although many of 
the concepts will apply to other types of channels as well. 

A typical cellular radio system consists of a collection of fixed base stations 
(BSs) that define the radio coverage areas or cells’. The height and placement 
of the BS antennas affects the proximity of local scatterers at the BS. In a 
macrocellular environment, the BS antennas are usually well elevated above 
the local terrain and relatively free of local scatterers. Typically, a non-line-of- 
sight (NLoS) radio propagation path will exist between a BS and mobile station 
(MS), because of natural and man-made objects that are situated between the 
BS and MS. As a consequence the radio waves must propagate via reflections, 
diffraction and scattering. At the MS, plane waves arrive from many different 
directions and with different delays, as shown in Fig. 2.1. This property is 
called multipath propagation. The multiple plane waves combine vectorially 
at the receiver antenna to produce a composite received signal. 

The carrier wavelength used in UHF mobile radio applications typically 
ranges from 15 to 60 cm. Therefore, small changes in the differential propa- 
gation delays due to MS mobility will cause large changes in the phases of the 
individually arriving plane waves. Hence, the arriving plane waves arriving at 
the MS and BS antennas will experience constructive and destructive addition 


‘In military applications the BSs may be moving. 
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Figure 2.1. Typical macrocellular radio propagation environment. 


depending on the location of the MS. If the MS is moving or there are changes 
in the scattering environment, then the spatial variations in the amplitude and 
phase of the composite received signal will manifest themselves as time vari- 
ations, a phenomenon called envelope fading. As we will see later, the time 
rate of envelope fading depends on the velocity of the MS. 

Radio channels are reciprocal in the sense that if a propagation path exists, it 
carries energy equally well in both directions. However, the spatial distribution 
of arriving plane waves may be significantly different in each direction. A MS 
in a typical macrocellular environment is usually surrounded by local scatterers 
so that the plane waves will arrive from many directions without a direct LoS 
component. Two-dimensional isotropic scattering where the arriving plane 
waves arrive in from all directions with equal probability is a very commonly 
used scattering model for the forward channel in a macrocellular system. For 
this type of scattering environment the received envelope is Rayleigh distributed 
at any time, and is said to exhibit Rayleigh fading. 

The BSs in macrocells are relatively free from local scatterers so that the 
plane waves tend to arrive from one direction with a fairly small angle of arrival 
(AoA) spread as shown in Fig. 2.1. We will see later that these differences in the 
scattering environment for the forward and reverse channels cause differences 
in the spatial correlation properties of their respective faded envelopes. 

In a microcellular environment, the BS antennas are often placed below the 
skyline of buildings and are surrounded by local scatterers, such that the plane 
waves will arrive at the BS with a larger AoA spread. Furthermore, a LoS path 
will sometimes exist between the MS and BS, while at others times there is 
no LoS path. Even in the absence of LoS propagation conditions, there often 
exists a dominant reflected or diffracted path between the MS and BS. The LoS 
or dominant reflected or diffracted path produces the specular component and 
the multitude of weaker secondary paths contribute to the scatter component 
of the received envelope. In this type of propagation environment, the received 
signal envelope still experiences fading. However, the presence of the specular 
component changes the received envelope distribution, and very often a Ricean 
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distributed envelope is assumed [148, 369, 359]. In this case the received 
envelope is said to exhibit Ricean fading. 

If the envelope or squared-envelope is measured and averaged over a spatial 
distance of 20 to 30 wavelengths, the mean envelope or mean squared-envelope 
can be obtained. Sometimes, this quantity is called the local mean because it 
corresponds to the mean value a particular locality. Usually, the local mean will 
also experience slow variations over distances of several tens of wavelengths 
due to the presence of large terrain features such as buildings and hills. This 
phenomenon is known as shadow fading or shadowing. Experimental observa- 
tions have confirmed that the shadow fades follow a log-normal distribution as 
in (1.5). This log-normal distribution applies to both macrocellular [188, 173] 
and microcellular environments [224, 226, 149]. 

If the local mean is averaged over sufficiently large spatial distances (to 
average over the shadows), the area mean is obtained. The area mean is 
the average signal strength that is received to/from a MS over a large area 
that lies at (approximately) the same distance from the BS. The area mean 
is directly related to the path loss, which predicts how the area mean varies 
with the distance between the BS and MS. Early studies by Okumura [253] 
and Hata [162] yielded empirical path loss models for urban, suburban, and 
rural areas that are accurate to within 1 dB for distances ranging from | to 
20 km. These studies concentrated on macrocellular systems. More recent 
work has considered path loss prediction in microcells. The COST231 study 
[69] resulted in the COST23 1-Hata and COST231-Walfish-Ikegami models for 
urban microcellular path loss prediction. 

The remainder of this chapter presents the fundamentals of radio propaga- 
tion modeling and characterization. Section 1. introduces the mechanism of 
multipath-fading. Various properties of the faded envelope are then derived 
in Sections 1.1 through 1.5. Section 2. treats the statistical characterization of 
wide-band multipath-fading channels. Laboratory simulation of fading chan- 
nels is covered in Section 3.. Shadowing models and simulation techniques 
are discussed in Section 4.. Finally, Section 5. treats theoretical and empirical 
models for path loss in macrocellular and microcellular systems. 


1. FREQUENCY-NON-SELECTIVE (FLAT) 
MULTIPATH-FADING 


In terrestrial cellular radio systems, the radio signals propagate in three 
dimensions. The signals that are transmitted by the BSs usually have vertical 
polarization. For vehicular applications, the MS antennas are also vertically 
polarized, while for portable applications tilting of the transmitter (or handset) 
antenna results in non-vertical polarization. Although it is important to account 
for polarization effects, we will assume that the transmitted signals are vertically 
polarized. Furthermore, we assume that the distance between the BS and MS 
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Figure 2.2. A typical plane wave incident on a MS receiver. 


is sufficiently large so that the radio propagation environment can be modeled 
as two-dimensional. 

Fig. 2.2 depicts a horizontal x — y plane, where a MS is moving along the 
x-axis with velocity v. Vertical polarization is assumed throughout so that the 
electric field vector is aligned with the z-axis. The nth plane wave arrives at 
the MS antenna with an angle of incidence @,. The MS movement introduces 
a Doppler shift, or frequency shift, into the incident plane wave. The Doppler 
shift is given by 

fon = fmcos@, Hz (2.1) 


where fm = v/Ac and A, is the wavelength of the arriving plane wave, and 
fm is the maximum Doppler frequency occurring when @,, = 0. Plane waves 
arriving from the direction of motion will experience a positive Doppler shift, 
while those arriving opposite the direction of motion will experience a negative 
Doppler shift. 

Consider the transmission of the band-pass signal 


s(t) = Re [s(t)e2?"e"] (2.2) 


where §(t) is the complex envelope of the transmitted signal, f, is the carrier 
frequency, and Re[z] denotes the real part of z. If the channel is comprised of 
N propagation paths, then the noiseless received band-pass waveform is 


N 
r(t) = Re | Cye Pal fet fon lt—ra)] 5 — ra) (2.3) 


n=1 


where C;, and T, are the amplitude and time delay, respectively, associated with 
the nth propagation path. The magnitude C;, depends on the cross sectional 
area of the nth reflecting surface or the length of the nth diffracting edge. 
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Similar to (2.2), the received band-pass signal 7(t) has the form 


r(t) = Re [F(t)e"/*] (2.4) 
where the received complex envelope is 
N . 
F(t) = S> Cre IO a(t — th) (2.5) 
n=l 
and 
bn(t) = 2a { (fe+ fon)tm = font} (2.6) 


is the phase associated with the nth path. From (2.5), the channel can be 
modeled by a linear time-variant filter having the complex low-pass impulse 
response 


N 
g(t,T) = 5. Cre Jon §(7 — Tp) (2.7) 
n=1 
where g(r, t) is the channel response at time ¢ due to an impulse applied at time 
t — 7, and §( - ) is the dirac delta function. 

From (2.5) and (2.6), several interesting observations can be made. Since the 
carrier frequency f, is very large, very small changes in the path delays 7, will 
cause a large changes in the phases ¢,,(t), due to the term f,7,. For example, 
a 900 MHz sinusoid has a wavelength of about 30 cm. Since, radio waves 
propagate at about 30 cm per nanosecond (ns), a path delay change ofjust | ns 
corresponds to one full wavelength (or 27 radians phase shift) in the 900 MHz 
sinusoid. At any time ¢, the random phases ¢,,(t) may result in the constructive 
or destructive addition of the N multipath components. Multipath fading is 
primarily due to small variations in the path delays and, hence the received 
phases, of the multipath components that occur over small spatial distances. 

If the differential path delays 7; — 7; are small compared to the duration of 
a modulated symbol, then the 7, in (2.7) are all approximately equal to 7. In 
this case, the channel impulse response has the form 


N 
g(t, 7) = Y> CreFn 5(7 — 7) = g(t)6(7 —F) . (2.8) 
n=1 


However, since the carrier frequency is very high, small differences in the path 
delays will still correspond to large differences in the received phases ¢,(t). 
Therefore, the received signal still experiences fading. The corresponding 
channel transfer function is obtained by taking the Fourier transform of (2.8), 
giving 

T(t, f) =g(t)e J?" 47 (2.9) 
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Since the amplitude response is |T'(t, f)| = g(t), all frequency components in 
the received signal are subject to the same complex gain g(f). In this case the 
received signal is said to exhibit flat fading. 


1.1. RECEIVED SIGNAL CORRELATION AND 
SPECTRUM 
A flat fading channel can be characterized by assuming the transmission of 
an unmodulated carrier. Since §(t) = 1 in (2.5), the received band-pass signal 
in (2.4) can be expressed in the quadrature form 


r(t) = gr{t) cos27f.t — gg({t)sin2a ft (2.10) 
where 
N 
gi(t) = DS) Cpcos dn(t) (2.11) 
n=1 
N 
ga(t) = Cp sin }n(t) (2.12) 
n=1 


are the inphase and quadrature components of the received band-pass signal. 
For large N, the central limit theorem can be invoked and g;(t) and gg(t) can 
be treated as Gaussian random processes. Assuming that the band-pass process 
r(t) is wide sense stationary, the autocorrelation of r(f) is 


drr(t) = Efr(é)r(t+7)] 
= Elgr(t)gr(t + 7)] cos 2a f.r — Elgg(t)gr(t + 7)] sin 2a for 
= $g19;(T) cos 2a for — bgqg1 (7) sin 2a fpr (2.13) 
where 
Por91 (7) = ?gq9q (rT) (2.14) 
P9199 (7) = boq91(-T) . (2.15) 


It is reasonable to assume that the phases $,(t) and ¢m(t) are independent 
for n # m since their associated delays and Doppler shifts are independent. 
Furthermore, the phases ¢,(¢) can be assumed to be uniformly distributed over 
[—-a, 7], since f.T >> 1. By using these properties, it is straightforward to 
obtain the autocorrelation ¢g,9,(7) from (2.1), (2.11) and (2.6) as follows: 


boo(t) = Ey glgr(t)gr(t +7)] 


= SOB [cos 27 fp nT] 


= “P Bglcos(27 fix? cos @)] (2.16) 


Propagation Modeling 45 


where 
f° = (Teeny) (2.17) 
@ = (01, 02,...,On) (2.18) 
N 
% = Elg?(t))+ Flas] = 3° CF (2.19) 
n=1 


and Q, is the total received envelope power. Note that the power in the band- 
pass waveform r(t) is E{r?(t)] = Q)/2. 
Similarly, the crosscorrelation $4, 99 (7) is 


gorgq(7) = Ex glgrlt)gq(t+7)] 


Se Bylsin( 2 frat cos 6@)| . (2.20) 


if 


Evaluation of the expectations in (2.16) and (2.20) requires the distribution of 
incident power on the receiver antenna, p(@), and the receiver antenna gain 
G(®) as a function of the AoA, 8. For macrocellular applications where the 
radio path lengths are long compared to the antenna heights, one simple model 
assumes that the plane waves propagate in a 2-D (x, y) plane and arrive at the 
MS from all directions with equal probability, ie., p(@) = 1/(27), 8 € [~7, 7]. 
This model was first suggested by Clarke [64], and is commonly referred to 
as Clarke’s 2-D isotropic scattering model. With 2-D isotropic scattering and 
an isotropic receiver antenna with gain G(@) = 1, the expectation in (2.16) 
becomes 


Guth) = * cos (27 fm cos 8) p(0)G(A)dé 
Q nv 
= ao | 008 (27 fmt cos 0) dé 
= sei f cos (27 fim7 sin 8) dO 
2 7 Jo 
= Jy 2 frnt) (2.21) 


where Jo(z) is the zero-order Bessel function of the first kind. The normal- 
ized autocorrelation function ¢9,9,(7)/(Qp/2) in (2.21) is plotted against the 
normalized time delay f7 in Fig. 2.3. 

Likewise, for 2-D isotropic scattering and an isotropic antenna, the cross- 
correlation in (2.20) becomes 


QO, 1 7". 
Pgrgq(T) = tf. sin (27 fm cos @) dO (2.22) 
= 0. 
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Figure 2.3. Autocorrelation of the real and imaginary components of the received complex 
envelope with isotropic scattering. 


This means that g;(t) and gg(t) are uncorrelated and, since they are Gaussian, 
independent random processes. The fact that g7(t) and gg(t) are independent is 
a direct result of the symmetry of the 2-D isotropic scattering environment and 
the isotropic antenna gain pattern. Some scattering environments and antenna 
gain patterns will lead to independent g;(t) and gg(t) processes, while others 
will not. 

The power density spectrum (psd) of g(t) and gg(¢) is the Fourier transform 
of $g;9;(T) Of dgggq(T). For the autocorrelation in (2.21), the corresponding 
psd is [147, 6.671.7] 


Soi91(f) F (b919;(7)] 


2p 1 < 
| Bh VTi lS fm (2.23) 


otherwise 
The autocorrelation of the received complex envelope g(t) = gr(t)+Jgq(t) 
is 
Las 
doar) = ZBlo* (Halt +7) 
= Porg1 (7) - IPg19q (r) (2.24) 
and its power spectral density is 
Soo(f) = Sgrg(f) + ISgraqQ(f) - (2.25) 
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Sometimes Syq(f) is called the Doppler power spectrum From (2.13) we 
have 


ber(r) = Re [bgg(r)e*F7] (2.26) 
By using the identity 


Re[z] = (2.27) 


and the property }gg(r) = $5,(—7), it follows that the band-pass Doppler 
power spectrum is 


Sre(f) = 5 [Soo F ~ fe) + Soo(—F - fell - (2.28) 


With 2-D isotropic scattering and an isotropic antenna $9,99(T) = Oand 
Sg9(f) = Sg79,(f) (which is real and even), so that 


D 1 
Srr(f) = Tee ji (Gh) 


> If—-fel S fm - (2.29) 
fm 

The psd in (2.29) can be derived by using a different approach that is 

sometimes more useful. As N —> oo, the incident power on the receiver 

antenna as a function of the angle of incidence @ approaches a continuous 

distribution, denoted by p(@). The fraction of the total incoming power that 

arrives between @ and @ + d@is p(@)dé. If the antenna has a gain of G(6)at 


angle @, then the corresponding received power is G(@)p(6@)d6. Therefore, the 
psd of the received signal can be expressed as 


2 
Srr(F)|df| = F {G(0)p() + G(—4)p(—6)} {49| . (2.30) 
From Fig. 2.2, the frequency of the incident plane wave arriving at angle 6 is 


fF = fmcosO+ fe, (2.31) 


where frm = v/Ac is the maximum Doppler shift and, hence, 


ldf| = fm| — sin @d6| = / fi, — (f — fe)*|d6| (2.32) 


Therefore, 
Sen(f) = PA {G(0)0() + G(-8)p(-8)} (2.33) 
i = (f _ fe) 
where f-f 
_ -1 ~ Je 
6 = cos (*# ) : (2.34) 
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Figure 2.4. Psd of the received quadrature envelope components for a 2-D isotropic scattering 
channel with an isotropic antenna. 


Once again, with 2-D isotropic scattering and an isotropic antenna G(@)p(6) = 
1/(2z), so that 


peo HS Sim 
Se(f)= 4 2" yi-( G4) / (238) 
0 


otherwise 


The same result was obtained in (2.29). 

The normalized psd S9,9;(f)/(Qp/2afm) in (2.23) is plotted against the 
normalized Doppler frequency f / fm in Fig. 2.4. Notice that Sg,9,(f) is limited 
to the range of frequencies |f| < fm and S9,9,(f) = coat f = +f. Inreality 
the Doppler psd can never goto infinity, and the reason for this behavior is that 
the plane waves were assumed to propagate in a 2-D plane, whereas in reality 
the propagation is actually three dimensional. Aulin [16] modified Clarke’s 
2-D model to account for 3-D propagation. The psd that Aulin obtained is very 
similar to Fig. 2.4, except that it remains finite at f = +fyn. 

In some cases, it is appropriate to model the propagation environment as 
consisting of a strong specular component plus a scatter component. In this 
case, the AoA distribution p(@) might have the form 


1 


: K 
p(@) = 41) - Kai? — ) (2.36) 
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where (8) is the continuous AoA distribution of the scatter component, Op is 
the AoA of the specular component, and K is the ratio of the received specular 
to scattered power. Fig. 2.5 shows a polar plot of p(@)for such a scattering 
environment, where p(@) = 1/(27),@ € [~7,7]. The correlation functions 
bgrg;(T) and $9,9g(T) corresponding to (2.36) can be readily obtained from 
(2.16) and (2.20) as 


1 9 K QO, 

g191(T) Kai 3 (2 imr) + Kei2 P cos(27 fim COs 92.37) 
kK Q 

b9199(T) = Kola sin(2afmT COS) . (2.38) 


The AoA distribution in (2.36) yields a complex envelope having a psd of 
the form 


Sog(f) = ea Sial f+ Zz eel) (2.39) 


where eal f) is the discrete portion due to the specular component and S},(f) 
is the continuous portion due to the scatter component. For the case when 


p(@) = 1/(27),0 € [—7, 7] with the resulting correlation functions in (2.37) 
and (2.38), we have 


1 Qp 1 
KAI © On fm i—(F/ fm) 
Soolf)= 4 + or BOF — fmeos6)  O<|fl< fm . (2.40) 
0 otherwise 


The corresponding band-pass psd S;,,(f) has the same form as Fig. 2.4, except 
for a discrete tone at frequency f. + fm cos Oo. 

For microcells that are deployed in dense urban areas, the plane waves may 
be channeled by the buildings along the streets and arrive at the receiver antenna 
from just one direction, as shown in Fig. 2.6. Clearly, the scattering is non- 
isotropic. In this case, a variety of models may be used for distribution of 
arriving plane waves. One plausible distribution is 


(8) -{ Tal 8 (Fk) 1S miS$ ay 


, elsewhere 


The parameter 6,, determines the directivity of the incoming waves. Fig. 2.7 
shows a plot of p(@) for 6, = 30°, 60°, and 90°. Note that the pdf is symmetric 
about 6 = 0. 

The correlation functions ¢g;g,(7) and $9,9, (7) can be readily obtained by 
evaluating the expectations in (2.16) and (2.20), respectively, with the density in 
(2.41). Again, the psd of the received band-pass signal S,,(f) can be obtained 
by using (2.24), taking Fourier transforms, and substituting into (2.28). 
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direction of 


motion 


Figure 2.5. Polar plot of p(@) with 2-D isotropic scattering plus a LoS or specular component 


arriving at angle 60. 


base 
station 


mobile 


Figure 2.6. An urban microcellular propagation environment is often characterized by non- 
isotropic scattering. 


12 RECEIVED ENVELOPE AND PHASE 
DISTRIBUTION 

12.1 RAYLEIGH FADING 

When the composite received signal consists of a large number of plane 
waves, the received complex envelope g(t) = gr(t) + jgq(t) can be treated 
as a wide-sense stationary complex Gaussian random process. For some types 
of scattering environments, e.g., 2-D isotropic scattering, g;(t)and gg(t) are 
independent identically distributed zero-mean Gaussian random variables at 
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Figure 2.7. Probability density function of the arriving planes waves in 2.41. The pdf is 
symmetrical about 6 = 0. 


any time ¢,, with variance bg. Under these conditions the magnitude of the 


received complex envelope a(t) = |g(t)| has a Rayleigh distribution at any 
time t,, as shown in (A.26) Le., 


© x 
a a 2.42 
The average envelope power is E[a?] = 2, = 2bp so that 
22 x? 
- = =— >0. 2.4 
Pa() a exp | =} 220 (2.43) 


This type of fading is called Rayleigh fading. The corresponding squared- 
envelope a?(t) = |g(t)|? is exponentially distributed at any time t, with density 


1 
Paa(z) = a oP ia} (2.44) 


The squared-envelope at time ¢ is significant because it is proportional to the 
instantaneously received signal power at time ¢. 


1.2.2 | RICEAN FADING 


Some types of scattering environments have a specular or LoS component. 
In this case, g(t) and gg(t) are Gaussian random processes with non-zero 
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means m;(t) and mg(t), respectively. If we again assume that these processes 
are uncorrelated and the random variables g;(t,) and gg(t1) have the same 
variance bo, then the magnitude of the received complex envelope at time ¢1 
has a Ricean distribution as shown in (A.32), i.e., 


z x? + 8? rs 
= Se Be = > 
Da(Z) bo exp Xo Io (=) z>0, (2.45) 
where 
s? = mi(t) + mo(t) (2.46) 


is called the non-centrality parameter. This type of fading is called Ricean 
fading and is very often observed in microcellular and mobile satellite appli- 
cations. 

A very simple Ricean fading model assumes that the means m, (t) and mg (t) 
are constants, i.e., m;(t) = m,; and mg(t) = mg. Such an approach will 
certainly yield a Ricean distributed envelope, but will not realistically model the 
higher order envelope statistics for a particular scattering environment. A better 
approach has been suggested by Aulin [16], where p(@)is defined in (2.36) and 
shown in Fig. 2.5. In this case, the means m,;(t) and mg(t) corresponding to 
the in phase and quadrature components of the LoS signal are given by 


my(t) = s8-cos(2rfm cos Oot + $0) (2.47) 
mg(t) = s-sin(2afm sin Oot + do) (2.48) 


where fm Cos Op and ¢o are the Doppler shift and random phase off set associated 
with the LoS or specular component, respectively. 

The Rice factor, K, is defined as the ratio of the specular power s? to 
scattered power 2b, i.c., K = s? /2b9. When K = 0 the channel exhibits 
Rayleigh fading, and when K = oo the channel does not exhibit any fading at 
all. The envelope distribution can be rewritten in terms of the Rice factor and 
the average envelope power E[a?] = Q, = s? + 2bp by first noting that 


2_ KQ% 


as OQ 
Kal? 


K4+10 


8 Qby = (2.49) 


It then follows 
2 K(K 
pe ge ape BED), eg 
Q, Q Q 
(2.50) 


Fig. 2.8 shows the Rice pdf for several values of K. The curve for K = Ois 
the Rayleigh pdf. 
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Figure 2.8. | The Rice pdf for several values of K with Qp = 1. 


The squared-envelope has the following non-central chi-square distribution 
with two degrees of freedom 


pnts) EY aap fae AEN), (n/UETE), 5 20 


P 


123 NAKAGAMI FADING 


The Nakagami distribution was introduced by Nakagami in the early 1940’s 
to characterize rapid fading in long distance HF channels [243]. The Nakagami 
distribution was selected to fit empirical data, and is known to provide a closer 
match to some experimental data than either the Rayleigh, Ricean, or log- 
normal distributions [47]. 

The Nakagami distribution describes the magnitude of the received envelope 
by the distribution 


Qm™z2m-1 maz? 1 
ey ae me llca — 
Pa(z) Tom) exp { Q% m> 3 (2.52) 


where Qy = E[a?]. Fig. 2.9 shows the Nakagami distribution for several values 
ofm. Beyond its empirical justification, the Nakagami distribution is often used 
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Figure 2.9. | The Nakagami pdf for several values of m with Q, = 1. 


for the following reasons. First, the Nakagami distribution can model fading 
conditions that are either more or less severe than Rayleigh fading. When 
m = 1, the Nakagami distribution becomes the Rayleigh distribution, when 
m = 1/2 it becomes a one-sided Gaussian distribution, and when m -> oo 
the distribution becomes an impulse (no fading). Second, the Rice distribution 
can be closely approximated by using the following relation between the Rice 
factor K and the Nakagami shape factor m [243]; 


Ks ae m>1 (2.53) 
_ (K +1)? 
m= ORT (2.54) 


Since the Rice distribution contains a Bessel function while the Nakagami 
distribution does not, the Nakagami distribution often leads to convenient closed 
form analytical expressions that are otherwise unattainable. 

The squared-envelope has the Gamma density 


m\™ aml mx 
Do2(z) = (=) Faye : (2.55) 


By using the relationship between the K factor and the shape factor m in 
(2.53), the cumulative distribution function (cdf), Fy2(z) = P(a* < =) of the 
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Figure 2.10. Comparison of the cdfs for the squared-envelope with Ricean and Nakagami 
fading. 


squared-envelope with Nakagami and Ricean fading is plotted in Fig. 2.10. It 
is apparent from Fig. 2.10 that a Gamma distribution can approximate a non- 
central chi-square distribution to a reasonable degree. However, the reader is 
cautioned that the tails of the pdf are often the most important. Fig. 2.10 does 
not show how well tails of a Ricean pdf are approximated by a Nakagami pdf. 


12.4 ENVELOPE PHASE 
The phase of the received complex envelope g(t) = gr(t) + jgq(t) is 


o(t) = Tan7! (2) ; (2.56) 


For Rayleigh fading, g;(t) and gg(t) are independent identically distributed 
zero-mean Gaussian random variables at any time ¢,. It follows (see Ap- 
pendix A.3.2) that the phase at time ¢, is uniformly distributed over the interval 
[—7, 7], ie., 


1 
Po(t)(Z) = 57 OU SST. (2.57) 


For Ricean fading channels, the phase is not uniformly distributed and takes on 
a more complicated form. 


56 
13 ENVELOPE CORRELATION AND SPECTRA 


The autocorrelation of the envelope a(t) = |r(t)| of a complex Gaussian 
random process can be expressed in terms of the hypergeometric function 
F[-,-3-,-] as [78] 


gaa(T) = Efa(t) a(t+7)] 
2 
= Aids (OLF |-3,— 331, COE} ase 
where 
[Seal )I? = 65,9; (7) + $or9q(7) - (2.59) 


Note that |¢g9(0)|? = OF ai (0), since Parag )=0. 

The above expression is analytically cumbersome, but fortunately a useful 
approximation can be obtained by expanding the hypergeometric function into 
the following infinite series: 


1 1 1 1 
B[-5,-5ila| =1+g0+ gat: (2.60) 
Neglecting the terms beyond second order yields the approximation 
_7 1 \bog(7) I? 
TIER 0)) }1+-—=—! . (2.61) 
baal ) 5 |Paa( )I | 4 |Ggq(0)|? 


Att = 0, the approximation gives ¢eq(0) = 572/16, whereas the true value 
iS daa (0) = Np. Hence, the relative error in the signal power is only 1.86%, 
leading us to believe that the approximation is probably very good. 

The psd of the received envelope can be obtained by taking the Fourier 
transform of ¢aa(7). The psd will include a discrete spectral component at 
f = 0, due to the de component of the received envelope. Since we are 
primarily interested in the continuous portion of the psd, the autocovariance 
function jraa(T) is of interest, where 


Hao(T) = Efa(t)a(t +7)] — Efa(t)|Efa(t + 7)] 
_ = 1 |bgq(7)? nae 
—_ 5 |bo9(0)| i+ 4 ti 9g(0) | D) lbgq(0)| 


With 2-D isotropic scattering ee = ¢, 9 (7) and, therefore, 


baat) = PIE Om ft) - (2.63) 
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Figure 2.11. Envelope autocovariance against the time delay f,,7 for a 2-D isotropic scattering 
channel. 


Fig. 2.11 plots the normalized envelope auto-covariance faa(T)/(™2p/16) 
against the normalized time delay fy,7 for the case of 2-D isotropic scattering. 


The Fourier transform of faa(7) can be calculated by using the identities 
lbog(7)|? = boq(7) G4 (7) and dgg(7) = $%(—7) to write 


Soa(f) = a9, 520) * Sool f) 


T fm—lf| 
= one Soo(2)Sqq(a + |fl) de O<|f|<2fm - 
(2.64) 


Note that Saa(f) is always real, positive, and even. It is centered about 
f = 0 with a spectral width of 4fm, where fm is the maximum Doppler 
frequency. To proceed further, we need to specify Sgg(f). With 2-D isotropic 
scattering @g9(T) = dg,9,(T) So that Soo(f) = Sy,9,(f), where So,9,(f) is 
given by (2.23). The result from evaluating (2.64) is (see Problem 2.4) 


= Py 
Soa(f) _ bth. ( i (-) 0 < \f| < 2fm (2.65) 
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Figure 2.12. Continuous portion of the envelope psd against the normalized frequency f / fm 
for a 2-D isotropic scattering channel. 


where A’( - ) is the complete elliptic integral of the first kind, defined by 


: dz 
K(y) = [ JUS (2.66) 


The normalized psd Soa(f)/{2p/167fm) is plotted against the frequency 
f/fm in Fig. 2.12. The psd of the complex envelope for a non-isotropic 
scattering channel can be obtained with some minor modifications to the above 
development. For example, consider the particular scattering environment 
shown in Fig. 2.5. In this case, the psd of g(t) can be obtained from (2.24), 
(2.37), and (2.38) as (see Problem 2.5) 


1 9) 1 kK Q 
Sgg(f) = Rei ain ni K+1 3 UF = fm Cos 99) 
= 


10.0 


Power Spectrum, S,..(f\(Q,/64nf,,) (dB) 


Figure 2.13. 
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for the scattering environment shown in Fig. 2.5; K = 10 and 4 = 7/3. 
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Continuous portion of the envelope psd against the normalized frequency f / fm 


where K is the Rice factor. Note that the psd of the received complex envelope 
g(t) is asymmetrical. To obtain the psd of the received envelope a(t), we 
substitute (2.67) into (2.64) to obtain (see Problem 2.5) 


Saa(f) 


2 
i) 167 fm 
Kr 


V1 — (F/fm + cos 9)? 


Kn 


22 - 
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Fig. 2.13 plots the continuous part of the normalized envelope psd 


Saalf)/(Qp/(K + 1)*167 fm) against the normalized frequency f /fm- 
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1.3.1 SQUARED-ENVELOPE CORRELATION AND SPECTRA 
The autocorrelation of the squared-envelope is 


bato2(T) = Ela? (t)a?(t+7)] . (2.69) 
Since a*(t) = 97(t) + 96(t), it follows that 
gota2(T) = Elg?(t)g7(t + 7)] + Elgg (t)93 (t + 7)] 


+E[97(t)9G(t + 7)] + BlgS(t)g7(t+7)] . (2.70) 


First consider the case where the propagation environment is such that g7(t) 
and gg(t) have zero mean. Then the squared-envelope autocorrelation is (see 
Problem 2.6) 


Para2(T) = 462 4,(0) +442, 9,(7) + 465,99 (7) 
= 46519, (0) + 4|bq9(7)I? (2.71) 
Finally, the squared-envelope autocovariance is 
Mera2(T) = b92q2(T) — E?[a?(t)] 


= Aldgg(r)|* - (2.72) 
With isotropic scattering the above expression reduces to 
Ma2aa(T) = 22IG(2tfmT) . (2.73) 


By comparing (2.62) and (2.72), we observe that the approximate autocorrela- 
tion of the envelope and the exact autocorrelation of the squared-envelope are 
identical, except for a multiplicative constant. If the propagation environment is 
characterized by a specular or LoS component (e.g., Ricean fading), then g7(t) 
and gg(t) have non-zero means and the autocovariance of the squared-envelope 
assumes a more complicated form. Let 


gr(t) = gr(t) + myz(t) (2.74) 
9Q(t) = Ga(t) +ma(t) (2.75) 


where m;(t) and mg(t) are the means of g;(t) and gg(t), respectively. From 
Problem 2.7, 


Pata(T) = Ade a, (0) + 46% 1, (r) + 4$3 40 (r) (2.76) 
= (mj = ma) ( 4,4 (0) + $414, (7)) + (m} +m)? 
where 
mz = my(t)m;(t +7) (2.77) 
ma(t)ma(t + 7) (2.78) 


The squared-envelope autocovariance is 


2 
meq 
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Hare (T) = 4|$ag(r)I? +4 (m7+mQ) dora(7) (2.79) 


Consider the scattering environment shown in Fig. 2.5. The corresponding 
correlation functions ¢g,9,(7) and $9;99(7) are given by (2.37) and (2.38), 
respectively, and the means m;(t) and mg(t) are defined in (2.47) and (2.48). 
It can be shown that 


416, (T) ka TP Jol2n Smt) (2.80) 
P5159(T) = 0 (2.81) 
and 
mi + mo = 8” cos(2m fim cos OT) = ae cos(2mfmcosOoT) (2.82) 
K+1 


where K is the Rice factor and 9 is the angle that the specular component 
makes with the MS direction of motion. Using these results in (2.79) gives 


He2a2(T) = ( O% ) Jo(27 fmt) ( on Fnr) + 2K cos(27 fmT cos 6) 


K+1 
(2.83) 
The corresponding normalized squared-envelope autocovariance 
2 
K+1 1 
a) 2.84 
( OQ ) 1 + 2K Hera? (r) ( ) 


is plotted in Fig. 2.14 as a function of the normalized time delay fy,7, for 
various values of K and 6. 


14 LEVEL CROSSING RATES AND FADE 
DURATIONS 


Two important second order statistics associated with envelope fading are 
the level crossing rate (how often the envelope crosses a specified level) and 
the average fade duration (how long the envelope remains below a specified 
level). These quantities are second order statistics, because they are not only 
affected by the scattering environment but also by the velocity of the MS. 
For the case of Ricean (and Rayleigh) fading, closed form expressions can be 
derived for these parameters. 


1.4.1 ENVELOPE LEVEL CROSSING RATE 


The envelope level crossing rate at a specified level R, Lp, is defined as the 
rate at which the envelope crosses level R in the positive (or negative) going 
direction. Obtaining the level crossing rate requires the joint pdf, p(a, &), of 
the envelope level a = |r| and the envelope slope & = |r|. In terms of the joint 
pdf p(a, &), the expected amount of time spent in the interval (R, R + da) for 
a given envelope slope & and time duration dt is 
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Figure 2.14. Squared-envelope auto-covariance against the normalized time delay fm7 for the 
scattering environment shown in Fig. 2.5. 


p(R, a)dadadt . (2.85) 
The time required to cross the level a once for a given envelope slope a, in the 
interval (R, R + da) is 

daja . (2.86) 

The ratio of these two quantities is the expected number of crossings of the 
envelope a within theinterval (R, R + da) for a given envelope slope @& and 
time duration df, i.e., 

ap(R, a&)dadt . (2.87) 
The expected number of crossings of the envelope level R for a given envelope 
slope @ in a time interval of duration T is 


T 
i; tp(R, Bdadi = ap Rader’. (2.88) 
0 


The expected number of crossings of the envelope level R with a positive slope 
is 
oo 
Ne=T | ap(R,a)dé . (2.89) 
Q 


Finally, the expected number of crossings of the envelope level R per second, 
or the level crossing rate, is 


ine [ anlheade « (2.90) 
0 


This is a general result that applies to any random process. 
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Rice has derived the joint pdf p(a,q) for a sine wave plus narrow-band 
Gaussian noise. For this case [282] 


dé (2.91) 


POG) ee 
1 
x exp \-aBE [B (0? — 2as cos 6 + s*) + (boa + bis sin 8)”| } 


where s is the non-centrality parameter in the Rice distribution, and B = 
bob2 — be, where bo, 6;, and bg are constants that are derived from the psd of 
the narrow-band noise. For the scattering environment described by (2.36) and 
Fig. 2.5, the sine wave corresponds to the specular component arriving at angle 
9, while the narrow-band noise is due to the scatter component with AoA 
distribution 6(@) = 1/(27). Note that Rice’s result in (2.91) is general enough 
to apply to scattering environments with other (9) as well. 

Suppose that the frequency of the specular or LoS component is fs = fet fa, 
where 0 < |fg| < fm. In this case [173] 


fm 
be = On [SNE ~ fe)" (2.92) 


Qn 
= (2n)"by i B(0) (fm cos 0 — fz)" 40 (2.93) 


where p(9) is the continuous AoA distribution of the scatter component and 
| f) is the corresponding continuous portion of the psd of the received 
complex envelope. Equivalence between (2.92) and (2.93) can be established 
by using (2.28) and (2.33). Note that | fis given by the Fourier transform 
of 


Dag T) = Pera?) PICs roa) (2.94) 
where 
Q 20 
boro(t) = 2 | cos(27 fm cos 6)p(0)d6 (2.95) 
0; 20 : . 
dgrgq(T) = =f sin(27fimT cos 0)p(@)d0 (2.96) 


In some cases, the psd S$,(f) is symmetrical about the sine wave frequency 


fs. This condition occurs, for example, when f,; = f, and there is 2-D isotropic 
scattering. In this case, b, = O for all odd values of n (and in particular b; = 0) 
so that (2.91) reduces to the convenient product form 


Indy >) 2b f by 2b fo Vb 
p(&) - pla) . (2.97) 
Since p(a, a) = p(a) - p(a) in (2.97), it follows that a and & are independent. 


p(a, a) 


lI 
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When f, = f- and p(@) = 1/(27), aclosed form expression can be obtained 
for the envelope level crossing rate. Substituting (2.35) into (2.92) gives 


ne bohm) geen eatin (2.98) 


n odd 


Therefore, b} = 0 and bz = bo(27 fn)? /2, where 2bp is the power in the scatter 
component of the received band-pass signal given by (2.49). Substituting the 
joint density in (2.97) into (2.90) gives the envelope level crossing rate 


Lr = \2n(K + \)fmpe * Ate J (2o/KiK - 1)) (2.99) 


Rk _ R 
. YQp Rims 


(2.100) 


and Arms 4 /Mp is the rms envelope level. For Rayleigh fading (K = 0) and 
isotropic scattering, the above expression simplifies to 


Lr=V20fmpe? . (2.101) 


The normalized envelope level crossing rate Lz/ fm is plotted in Fig. 2.15 as a 
function of and K. The maximum LCR can be found by taking the derivative 
of (2.99) with respect to pand solving 


ij (2o/K(K mn 1) @ =o + 1)p”) 
+2p\/K(K +1) (29/K(K + 1) =0 (2.102) 


for p as a function of K. Fig. 2.16 plots the maximum envelope level crossing 
rate as a function of K. Finally, we note that the envelope level crossing rate 
around p = O dB is nearly independent of K. This attractive property will 
be exploited in Chapter 10 when we use the envelope level crossing rate to 
estimate the MS velocity. The simulation results in Fig. 2.15 were obtained 
with a fading simulator that will be described in Section 3.. 


Envelope Level Crossing Rate, L,/f, 


Figure 2.15. 
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Envelope level crossing rate for the scattering environment shown in Fig. 2.5. 


Lines denote theoretical results, while points denote simulation results. 
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Figure 2.16. Maximum normalized envelope level crossing rate Lr/ fm for the scattering 
environment shown in Fig. 2.5. 
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14.22 ZERO CROSSING RATE 

Recall that received complex envelope g(t) = gr(t) + gq(t) is a complex 
Gaussian random process. If the channel is characterized by a specular com- 
ponent then g7(t) and gg(t) have mean values m;(t) and mg(t), respectively. 
Here we are interested in the zero crossing rate of the zero-mean Gaussian 
random processes g(t) — my(t) and gg(t) — mag(t). Rice [282] has derived 
this zero crossing rate as 


1 by 2 . 
= —-1/— =2fn [ p(8) cos? 6d6 . (2.103) 
Tv bo 0 


When the scatter component is due to 2-D isotropic scattering, the zero crossing 
rate is 


Lz=V2fm - (2.104) 


143 AVERAGE ENVELOPE FADE DURATION 


Another quantity of interest is the average duration that the envelope level 
remains below a specified level R. Although the pdf of the envelope fade 
duration is unknown, the average fade duration can be calculated. Consider a 
very long time interval of length T and let ¢;be the duration of the ith fade 
below the level R. The probability of the received envelope level being less 
than R is 


1 
Pas R)= 7 ee ; (2.105) 
The average envelope fade duration is equal to 


oe 
= Fiz LH 


If the envelope has the Rice distribution i in (2.45), then 


Pla < R)= [ vleiae =1-Q (var, /2(K + i)p*) (2.107) 


where Q(a, b) is the Marcum Q function. Therefore, 


_ 1-Q(v2K, /2K + 1p?) 


(2.106) 


= av. (2.108) 
Jin(K +1) fmpe~*-(K+1)P? Ip (20/K(K + 1) 
If the envelope is Rayleigh distributed, then 
R 
P(a < R) = " p(a)da = 1—- er (2.109) 
0 
and, therefore, 
= e — 1 
t= ——.. (2.110) 
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Figure 2.17. Average envelope fade duration for the scattering environment shown in Fig. 2.5. 


The normalized average envelope fade duration tf is plotted in Fig. 2.17 
as a function of p. 

Note that the level crossing rate, zero crossing rate, and the average fade 
duration all depend on the velocity of the MS (fm = v/Ac). Very deep 
fades tend to occur infrequently and do not last very long. For example, at 
60 mi/hr and 900 MHz, the maximum Doppler frequency is fm = 88 Hz. 
Therefore, with isotropic scattering and Rayleigh fading (K = 0) there are 
Lr = 81 fades/s at p = 0 dB with an average fade duration of 7.8 ms. 
However, at p = —20 dB there are only 2.2 fades/s with an average fade 
duration of 45 ys. Observe from Fig. 2.15 that the fades are shallower when 
the Rice factor, K, is larger. Furthermore, we see from Fig. 2.17 that the 
average fade duration tends to be larger with larger Rice factors. 


15 SPATIAL CORRELATIONS 


Many mobile radio systems employ antenna diversity, where spatially sep- 
arated antennas are used to provide multiple faded replicas of the same in- 
formation bearing signal. A fundamental question that arises is the antenna 
separation needed to provide uncorrelated antenna diversity branches. This 
question can be answered by using our previously derived results along with 
the distance-time transformation £ = v7, where v is the MS velocity. This 
transformation results in fmt = £/X-. For the case of isotropic scattering 
(2.21) and (2.63) become, respectively 
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Figure 2.18. The scattering model for propagation in macrocells. The MS is moving parallel 
to the x-axis with velocity —v, is located a distance d from the BS, and is surrounded by a 
scattering ring of radius r, [173, 130]. 


p(gs) = Ka (4)? — (dps — as)”] SOs SP 2.116) 


0 , otherwise 
where 
éms = Tan '(r,/d) 
1 
K — 
4 28in="($ms(d/rs)) 
a = dps — ms 
8B = ops+ $s 


gms is the maximum AoA at the BS for a given distance d and scattering radius 
rs. Note that for d > rs, a small angle approximation can be invoked, with the 
result that dus © rs/d and Kg = 1/7. 

To proceed further, we artificially assume that the MS is stationary and the 
BS is moving along the x-axis in Fig 2.18 with velocity v. To obtain the enve- 
lope and squared-envelope spatial crosscovariance at the BS, we first compute 
9191(7) and $g,99(7) in (2.16) and (2.20), respectively. Then compute $g9(7) 
from (2.59) and, finally, use (2.62) and (2.72) to obtain the envelope autoco- 
variance, #aa(T) and squared-envelope autocovariance, 44292(T), respectively. 
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Figure 2.19. Envelope crosscovariance at the base station for a = 60 m and various arrival 
angles, dps; d = 3000 m. 


This can be accomplished by using numerical integration. Now dispense with 
the artificial assumption of a moving BS and fixed MS, and assume that the 
BS is fixed while the MS moves parallel to the x-axis with velocity —v?. Fi- 

nally, by using the time-distance transformation fmt = €/X-, we can obtain 
the spatial crosscovariance functions faa(é) and fg292(é). Fig. 2.19 plots the 
envelope spatial crosscovariance for a = 60 m and various arrival angles c pgs. 
Likewise, Fig. 2.20 plots the envelope spatial crosscovariance for ggg = 17/3 
and various scattering radii. In general, we observe that a much greater spatial 

separation is required to achieve a given degree of envelope decorrelation at the 
BS as compared to the MS. Also, the correlation increases as the arrival angle 
and scattering radius decrease. 


2. FREQUENCY-SELECTIVE MULTIPATH-FADING 


To this point we have considered channel models that are appropriate for 
narrow-band transmission, where the inverse signal bandwidth is much greater 
than the time spread of the propagation path delays. For digital communication 
systems this means that the duration of a modulated symbol is much greater 
than the time spread of the propagation path delays. Under this condition all 
frequencies in the transmitted signal will experience the same random 


*Note that the relative velocities of the MS and BS are opposite in sign. 
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Figure 2.20. Envelope crosscovariance at the base station for @ps and various scattering radii, 
a; d = 3000 m. 


attenuation and phase shift due to multipath-fading. Such a channel introduces 
very little or no distortion into the received signal and is said to exhibit flat 
fading. If the range in the propagation path delays is large compared to the 
inverse signal bandwidth, then the frequency components in the transmitted 
signal will experience different phase shifts along the different paths. As the 
differential path delays become large, even closely separated frequencies in the 
transmitted signal can experience significantly different phase shifts. Under 
this condition the channel introduces amplitude and phase distortion into the 
message waveform. Such a channel is said to exhibit frequency-selective 
fading. The path geometry for a multipath-fading channel is shown in Fig. 2.21. 
Considering only single reflections, all scatterers that are associated with a 
particular path length are located on an ellipse with the transmitter and receiver 
located at the foci. Different delays correspond to different confocal ellipses. 
Flat fading channels have their scatterers located on ellipses corresponding 
to differential delays that are small compared to the duration of a modulated 
symbol. Frequency selective channels have strong scatterers that are located 
on several ellipses that correspond to differential delays that are significant 
compared to a symbol duration. In urban and suburban macrocellular systems, 
these strong scatterers usually correspond to high-rise buildings or perhaps 
large distant terrain features such as mountains. 
Multipath-fading channels can be modeled as time-variant linear filters, 
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Figure 2.21. Path geometry for multipath-fading channels. Signals will arrive at the receiver 
antenna at the same time if they reflect off scatterers that are located on the same ellipse. 


whose inputs and outputs can be described in both the time and frequency 
domains. This leads to four possible transmission functions [30]; the input 
delay-spread function g(r, t), the output Doppler-spread function H(fv), the 
time-variant transfer function T(f,t), and the delay Doppler-spread function 
S(r,v). The complex low-pass impulse response relates the complex low- 
pass input and output time waveforms, s(t) and #(t), respectively, through the 
convolution 


F(t) = ; ” $67) ok Far. (2.117) 


Bello called the low-pass impulse response g(t,7) the input delay-spread 
function [30]. In physical terms, g(t,7) can be interpreted as the channel 
response at time ¢ due to an impulse applied at time t — 7. Since a physical 
channel cannot have an output before an input is applied g(t,7) = 0 for 7 < 0 
and therefore the lower limit of integration in (2.117) is zero. If the convolution 
in (2.117) is written as a discrete sum, then 
n 
F(t) = $0 5(t-—mAr)g(t,mAr)Ar . (2.118) 
m=0 

This representation allows us to visualize the channel as a transversal filter with 
tap spacing Ar and time-varying tap gains g(t, mAr) as shown in Fig. 2.22. 

The second transmission function relates the input and output spectra, S(f) 
and R(f), respectively, through the integral equation 


Rif) = [SUF — HUF -vv)de (2.119) 


Bello called the function H(f,v) the output Doppler-spread function [30]. 


Propagation Modeling 73 


r(t) 


Figure 2.22. Discrete-time tapped delay line model for a multipath-fading channel, from [257]. 
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Figure 2.23. Frequency conversion model for a multipath-fading channel, from [257]. 


This function explicitly shows the effect of Doppler shift or spectral broadening 
on the output spectrum. In physical terms, the frequency-shift variable v can be 
interpreted as the Doppler shift that is introduced by the channel. Once again, 
the integral in (2.119) can be approximated by the discrete sum 


=> 8 (f —mAv)H(f —mAv,mAv)Av . (2.120) 
m=0 


This allows the channel to be represented by a bank of filters with transfer func- 
tions H(f,mAv)Av followed by a frequency conversion chain that produces 
the Doppler shifts. 

The third transmission function relates the output time waveform to the input 
spectrum through the integral equation 


jaf 3 S(F)T(f, thet? fap . (2.121) 


Zadeh called the function 7(f, t) the time-variant transfer function [377]. 
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Figure 2.24. Fourier transform relations between the transmission functions, from [257]. 


The final description relates the input and output time waveforms through 
the double integral 


F(t) = [ [ 5(t — 7) S(7,v)e92"F dudr . (2.122) 


The function S(z7,v) is called the delay Doppler-spread function [30], and 
provides a measure of the scattering amplitude of the channel in terms of the 
time delay 7 and Doppler frequency v. The four transmission functions are 
related to each other through Fourier transform pairs as shown in Fig. 2.24. 
In each transform pair there is always a fixed variable, so that the transform 
involves the other two variables. 


2.1 STATISTICAL CHANNEL CORRELATION 
FUNCTIONS 


Recall the channel impulse response g(t,7) = gr{t,7) + jgq(t,7) can 
be modeled as a complex Gaussian random process, where the quadrature 
components gy(t,7) and gg(t,7) are correlated Gaussian random processes. 
Hence, all of the transmission functions defined in the last section are random 
processes. A thorough characterization of a channel requires knowledge of the 
joint pdf of all the transmission functions. Since this is rather formidable, a 
more reasonable approach is to obtain statistical correlation functions for the 
individual transmission functions. If the underlying process is Gaussian, then 
a complete statistical description is provided by the means and autocorrelation 
functions. In the following discussion, we assume zero-mean Gaussian random 
processes so that only the autocorrelation functions are of interest. Since there 
are four transmission functions, four autocorrelation functions can be defined 
as follows [257, 270]: 
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Figure 2.25. Double Fourier transform relations between the channel autocorrelation functions, 
from [257]. 


dolt,si7sn) = ZBlo(t,7)9° (s,m) (2.123) 
br(f.mit,s) = SBIT(S,HT"(m,s)] (2.124) 
bulfminn) = SEH YH*(m,u)) 2.125) 
bs(T,7V,") = SB(S(r,»)S*(n,H)] - (2.126) 


These autocorrelation functions are related to each other through double 
Fourier transform pairs. For example, 


foe) [o.¢) ‘ 
ds(t,n3r,2) = / J doltssir mee") dtds (2.127) 
—-—oo J-C 


co =oo ; 
dg(t,8;7,7) = / bs(t, 3 V, pe I2" Yt HS) dudu (2.128) 
—CO ¥—-CO 


The complete set of such relationships is summarized in Fig. 2.25. 


2.2. CLASSIFICATION OF CHANNELS 


Wide sense stationary (WSS) channels have fading statistics that remain 
constant over short periods of time. This implies that the channel correlation 
functions depend on the time variables f and s only through the time difference 
At = s —t. It can be demonstrated (see Problem 2.13) that WSS channels 
give rise to scattering with uncorrelated Doppler shifts. This behavior suggests 
that the attenuations and phase shifts associated with signal components hav- 
ing different Doppler shifts are uncorrelated. Hence for WSS channels, the 
correlation functions become 
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bg(t,t+ At;7,n) = dg(At;7,7) (2.129) 
br(f,m;t,t+ At) = dr(f,m;At) (2.130) 
bs(t,m¥%,H) = s(t, n:v)d(v — p) (2.132) 
where 
wH(fmv) = il = br(f,m; Ate 2274*dAt (2.133) 
mecca eae sf © bel At; 7, nen22™ Ata at (2.134) 


are Fourier transform pairs. 

Uncorrelated scattering (US) channels are characterized by an uncorrelated 
attenuation and phase shift with paths of different delays. Bello showed that 
US channels are wide sense stationary in the frequency variable so that the 
correlation functions depend on the frequency variables f and m only through 
the frequency difference Af = m— f [30]. Analogous to (2.131) and (2.132), 
the channel correlation functions can be shown (see Problem 2.14) to be singular 
in the time-delay variable. For US channels, the channel correlation functions 
become 


fg (t, 8; 7,7) = q(t, s;7)d(n — 7) (2.135) 
ér(f,f+Af;t,s) = dr(Af;t,s) (2.136) 
balf, f+AOfiv,u) = on(Af;v,p) (2.137) 
bs(t.7:¥%,u) = wWs(t;v,u)5(n — 7) (2.138) 
where 
voltisit) = [ drlAftse™aaz (2.139) 
w(t") = [ ” bulAfsy,uye?™IrdAf . (2.140) 


Wide sense stationary uncorrelated scattering (WSSUS) channels are a very 
special type of multipath-fading channel. These channel display uncorrelated 
scattering in both the time-delay and Doppler shift. Fortunately, many radio 
channels can be accurately modeled as WSSUS channels. For WSSUS chan- 
nels, the correlation functions have singular behavior in both the time delay 
and Doppler shift variables, and reduce to the following simple forms: 
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Figure 2.26. Fourier transform relations between the channel correlation functions for WSSUS 
channels, from [257]. 


dg(t,t+ At;7,n) = wg(At;7)d(n — 7) (2.141) 
ér(f,f +Af;t,t+ At) = dr(Af; At) (2.142) 
gulf, f +Af;y,n) = bu(Af;v)d(v — yp) (2.143) 


os(T,. Ym) = bs(7,v)6(n —7)d(v — py) . (2.144) 
These correlation functions are related through the Fourier transform pairs 
shown in Fig. 2.26. 

The function ¢g(0;7) = g(T) is called the multipath intensity profile 
or power delay profile and gives the average power at the channel output as 
a function of the time delay 7. It can be viewed as the scattering function 
averaged over all Doppler shifts. A typical power delay profile is shown in 
Fig. 2.27. One quantity of interest is the average delay, defined as 


So” THq(7) dr 
== oD; (2.145) 
OT Ser bale )ar 
Note that the normalization {q° ¢(7)dr is applied because $4(r) is not a pdf. 
Another quantity of interest is the rms delay spread, defined as 


On = [eee alle , (2.146) 


There are other quantities that can also be used to describe the power delay 
profile. One is the width, Wz, of the middle portion of the power delay profile 
that contains x% of the total power in the profile. Referring to Fig. 2.27 


W, =73-71 (2.147) 


where 71 and 73 are chosen so that 


[  balr)dr = [ $q(r)dr (2.148) 
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Figure 2.27. A typical power delay profile. 


and 


[ ° Gg(t)dr = & [ * Golr)dr (2.149) 


Another quantity is the difference in delays where the delay profile rises to 
a value P dB below its maximum value and where the delay profile drops 
to a value P dB below its maximum value for the last time. This quantity 
is denoted by Wp and is also illustrated in Fig. 2.27, where Wp = T2 — 7}. 
Power delay profiles play a key role in determining whether or not an adaptive 
equalizer is required at the receiver. If the excess delay spread exceeds 10% 
to 20% of the symbol duration, then an adaptive equalizer may be required. In 
general, the average delay and delay spread of the channel will diminish with 
decreasing cell size, the reason being that the radio path lengths are shorter. 
While the delay spread in a typical macrocellular application may be on the 
order of 1 to 10 ys, the delay spreads in a typical microcellular applications 
are much less. Delay spreads within buildings range can anywhere from 30 to 
60 ns in buildings with interior walls and little metal, to 300 ns in buildings 
with open plans and a significant amount of metal. The function dr(At; Af) 
is called the spaced-frequency spaced-time correlation function. The function 
gr (0; Af) = dr(Af) measures the frequency correlation of the channel. The 
coherence bandwidth, B,, of the channel is defined as the smallest value of 
Af for which ¢p(Af) equals some suitable correlation coefficient such as 0.5. 
As a result of the Fourier transform relation between ¢g(7) and ¢r(Af), the 
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reciprocal of either the average delay or the delay spread is a measure of the 
coherence bandwidth of the channel. i.e., 
Bex = o Be« ad . (2.150) 
Lr Or 
The function ¢y(v;0) = ¢y(v) is called the Doppler psd and gives the 
average power at the channel output as a function of the Doppler frequency 
v, The range of values over which dy (v) is significant is called the Doppler 
spread and is denoted by By. Since @y(v) and @7(At) are a Fourier transform 
pair, it follows that the inverse of the Doppler spread gives a measure of the 
coherence time, T., of the channel, ie., 
1 
To Bi (2.151) 
The coherence time of the channel is important for evaluating the performance 
of coding and interleaving techniques that try to exploit the inherent time 
diversity ofthe channel. Note that the Doppler spread and, hence, the coherence 
time depend directly on the velocity of a moving MS. Therefore, any scheme 
that exploits the time diversity of the channel must be evaluated over the 
complete range of expected MS velocities. Thefunction g(r, v) is called the 
scattering function and gives the average power output of the channel as a 
function of the time delay 7 and the Doppler shift v. The scattering function is 
widely used as a compact characterization of multipath-fading channels. 


2.3 CHANNEL OUTPUT AUTOCORRELATION 


The autocorrelation of the channel output can be expressed in terms of the 
transmission functions. For example, from (2.117) we have 


br (t,s) = - i. 5(t — 7)5*(s —)= “Blatt, 7)9*(s,)|drdn 
[ i §(t — 7) 5*(s — n)gg(t, s;7,n)drdy . 


I 


(2.152) 
For WSSUS channels, the above expression reduces to 
bre(tt+ At) = . i . a(t — 7) 5*(t + At — n)$9(At;7)5(n — r)drdn 
= i: 5(t — r)3*(t + At — r)$y(Atyr)dr (2.153) 
The channel output autocorrelation can also be expressed in terms of the 


scattering function by substituting the double inverse Fourier transform in 
(2.128) into (2.151). For WSSUS channels, we can use (2.144) to write 
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Figure 2.28. Fading simulator that uses low-pass filtered white Gaussian noise. 


iiiehi= [ [« a(t — r)8*(t + At —r)b5(r;v)e!2"Atdrdy . 
(2.154) 


3. LABORATORY SIMULATION OF 
MULTIPATH-FADING CHANNELS 


3.1 FILTERED GAUSSIAN NOISE 


A straightforward method of constructing a fading simulator is to filter two 
independent white Gaussian noise sources with low-pass filters, as shown in 
Fig. 2.28. The psd of gr(t) and gg(t) are determined by the squared amplitude 
response of the low-pass filters. If the noise sources have power spectral 
densities of ,/2 watts/Hz and the low-pass filters have transfer function 
A(f), then 


Q 
Sor91(f) = S9Q99 (f) = SIA(AP 
Sgraq(f) = 0 (2.155) 


The two different noise sources must have the same psd to produce a Rayleigh 
faded envelope. The main limitation with this approach is that only rational 
forms of the Doppler spectrum can be produced, whereas the Doppler spectrum 
is typically non-rational as shown in Fig. 2.4. To approximate the non-rational 
Doppler spectrum in Fig. 2.4, a high-order pole-zero filter is required. Unfortu- 
nately, a high-order filter has a long impulse response, and this will significantly 
increase the run times for software simulation. 

For discrete-time simulation the low-pass filter h(t) is implemented as a 
digital filter. The simplest solution uses a first-order low-pass digital filter, 
which basically models the fading process as a Markov process. To describe 
this approach further, let gr, = gy(KT) and gg x = gq(kT) represent the 
real and imaginary parts of the complex envelope at epoch k, where T is the 
simulation step size. Then gy, and gg,x are Gaussian random variables with 
the state equation 
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(91,441) 9Q,k+1) = C(97,4: 99,6) + (1 — ¢) (wie, W2,x) (2.156) 
where w1,4 and wg are independent zero-mean Gaussian random variables, 
each with time correlation E[w;,wi,2] = 07dxe ,i = 1,2. Since gx = gr¢ + 
j9Q,x has zero-mean, the envelope ay = |gx|? is Rayleigh distributed and the 
phase ¢, = Tan~! (gQ,k/91,k) is uniformly distributed on the interval [—7, 7]. 
It can be shown that the discrete correlation functions of 97, and gg, are 


$9099 (n) = Por91 (n) = Bl97,491,k+n| 
— 1 PG 2,\n| 
= tee ° (2.157) 
Par99 (n) = Pgq91 (n) =0 (2.158) 


With 2-D isotropic scattering the desired autocorrelation is, from (2.21), 


Q 
org: () = = Jo(21 fmnT) (2.159) 


Clearly the above approach gives a different Doppler spectrum. Completion 
of model requires that a? and ¢ be specified. Taking the discrete-time Fourier 
transform of (2.157) gives the psd 


=. (b=Ore" 
Soi91(f) = [0-2 costafT ° (2.160) 


One possibility is to arbitrarily set the 3 dB point of S9,9,(f) to fm/4. Solving 
the resulting quadratic for ¢ gives 


¢ =2-cos(2rfmT) — \/(2 —cos2rfmT)* — 1. (2.161) 
To normalized the mean square envelope to Q,, the value ofa? is chosen as 
14+¢ 9 
2 P 
= — (2.162) 
(I—¢) 2 


Fig. 2.29 plots an example of the received envelope. The slow roll-off of 
the first-order low-pass filter leaves some high frequency components in the 
Doppler spectrum, which are apparent in the faded envelope. Some improve- 
ment can be obtained by using a higher order filter, but as explained earlier, this 
will increase the complexity of the simulator. One advantage of using low-pass 
filtered white Gaussian noise is the ease by which multiple uncorrelated fading 
waveforms can be generated. We just need to use uncorrelated noise sources. 


3.2. SUM OF SINUSOIDS METHOD 


Another very effective channel simulator has been suggested by Jakes that 
is based on the sums of sinusoids. The description of this method begins with 
(2.8) and (2.6) and assumes equal strength multipath components (C;, = 1). 
The received complex envelope has the form 
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Figure 2.29. Faded envelope generated by filtering white Gaussian noise with a first-order 
low-pass filter; fmT = 0.1. 


N , 
a 3 el(2rfmtcosOn+on) (2.163) 
n=1 
where N is the number of sinusoids and ¢ is a random phase given by 
dn =—-20(fe+fm)Tn - (2.164) 


Jakes approximates a 2-D isotropic scattering environment by choosing the 
N components to be uniformly distributed in angle, i-e., 


La, i ee (2.165) 


By choosing N/2 to be an odd integer, the sum in (2.163) can be rearranged 
into the form 


N/2-1 . : 
g(t) _ - [cA Pee Ai 4 eh ORIect mo EE Py) 


tej fmt+d-n) 4 ei(2tfmttdbn) (2.166) 


where we have relabeled the phase indices. Note that the Doppler shifts 
progress from —27 fm cos(27/N) to +27 fm cos(27/N)as n progresses from 
1 to N/2 - 1 in the first sum, while in the second sum they progress from 
+27 fm cos(2r/N) to —27fm cos(2a/N). Therefore, the frequencies in these 
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terms overlap. To simplify further Jakes uses nonoverlapping frequencies to 
write g(t) as 


i“ ir i. 
g(t) 4 V2 >. lee a aetat eae) + eter amietents| 
n=1 
+e-i(b-n +21 fmt) — elldn +27 fmt) (2.167) 
where 
1/(N 
M=5(>-1 2.168 
2 ( 2 ) (2.168) 


and the factor /2 is included so that the total power remains unchanged. Note 
that (2.166) and (2.167) are not equal. In (2.166) all phases are independent. 
However, (2.167) implies that ~¢; = ¢y/2-1-; and, therefore, correlation is 
introduced into the phases. This correlation leads to non-stationary behavior 
as described by Pop and Beaulieu [263]. If we further impose the constraint 
that d, = —¢_»p in (2.167), then (2.167) can be rewritten in the form 


g(t) 


gr(t) + jgq(t) 


a) 


M 
2 y cos By cos 2m fnt + V2.cos a cos 24 int (2.169) 


n=1 


M 
+3 2 = sin Bp cos 27 fnt + V2 sin acos anf 


n=1 
where 
a = ¢v=-¢_N (2.170) 
Bn = ¢n=—¢-n (2.171) 


From the above development, the fading simulator shown in Fig. 2.30 can 
be constructed. There are M low-frequency oscillators with frequencies f, = 
fmcos(2mn/N),n = 1, 2, ,..., M, where M = $ (F - i), and with one 
oscillator with frequency fm The amplitudes of the oscillators are all unity 
except for the oscillator at frequency fm which has amplitude 1/./2. Note that 
the structure in Fig. 2.30 implements (2.169), except for a scaling factor of V2. 


It is desirable that the phase of g(t) = gr(t) + jgq(t) be uniformly dis- 
tributed. This can be accomplished by choosing the phases a@ and (4, so that 
< g#(t) >=< 9 (t) >and < gr(t)gg(t) >= 0, where < - > is a time 
average operator. From Fig. 2.30 
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offset oscillators 


COS@ yt 


8(1) = 8 (t) +) Bt) 


Figure 2.30. Jakes’ fading simulator that generates a faded envelope by summing a number of 
low frequency oscillators. Choosing the phases a = 0 and 8, = mn/M willyield < g(t) >= 
M, < g7(t) >= M +1, and < gr(t)ga(t) >=0. 


IME 
<gi(t)> = 2 SS cos* Bn + cos” a 
at | 
M 
= M-+cos’a+ }~ cos 2Pn (2.172) 


n=1 


M 
< ga(t) > = 2S> sin? Bn + sin? a 


n=1 
M 
= M+sin?a- 5° cos 26n (2.173) 
n=1 
M 
< gr(t)gg(t) >= 2 > sin G, cos G, + sinacosa@ . (2.174) 
nm=1 


Choosing a = Oand 6, = mn/M, gives < 9 (t) >= M, < g?(t) >= 
M +1, and < gr(t)gq(t) >= 0. The mean square values < g?(t) > and 
< g6(t) > can be scaled to any desired value. A typical Rayleigh faded 
envelope, obtained by using N = 34or (M = 8) is shown in Fig. 2.31. The 
normalized autocorrelation function 


b= Eig" (g(t +7)] 


Ello] a 
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Figure 2.31. Faded envelope generated by using Jakes’ fading simulator with M = 8 oscilla- 
tors; fmT = 0.1. 


is plotted against the normalized time delay f,7 in Fig. 2.32. Observe that 
the autocorrelation tends to deviate from the desired values at large lags. This 
can be improved upon by increasing the number of oscillators that are used in 
the simulator. For example, Fig. 2.33 shows the normalized autocorrelation 
function when the number of oscillators is doubled from 8 to 16. One of the 
advantages of using Jakes’ method is that the autocorrelation and, hence, the 
psd of the inphase and quadrature components of the received signal can be 
generated so as to closely approximate a 2-D isotropic scattering environment. 


3.35 MULTIPLE FADED ENVELOPES 

In many cases it is desirable to generate multiple envelopes with uncorrelated 
fading. Jakes’ extended his method to generate up to M fading envelopes by 
using the same M low frequency oscillators. This is accomplished by giving 
the nth oscillator the additional phase shift @n4 = Yynk + Bn, 1 < k < M, 
yielding the kth faded envelope 


M 
= DS [cos(Bn) + j sin(Bn)] cos(27 frt + Ong) (2.176) 


n=1 


The appropriate values of 7,4 and 8, are determined by imposing the additional 
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Figure 2.32. Autocorrelation of inphase and quadrature components obtained by using Jakes’ 
fading simulator with Mf = 8 oscillators. 


1:0 = ee ee 


} Simulation | 
-~---- Ideal 


0.5 


Autocorrelation, >, (t) 
° 
o 


| 

9 

A 
T 


1 


-1.0 n rn 4 at: re os n 1 
0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0 
Time Delay, f,,t 


Figure 2.33. Autocorrelation of inphase and quadrature components obtained by using Jakes’ 
fading simulator with 16 oscillators. 
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from other 
oscillators 


8,j = Bi +Ynj = 


Ba= M+1 B(t) = 8 (1) +) &(2) 
y = 2n(j- Dn] | 2sin Ba cos Oyj 
ny 

M+ 


8() 


L_, 2sin B, sin 8, | 


Figure 2.34. Jakes’ method for obtaining multiple Rayleigh fading envelopes. 


constraint that the multiple faded envelopes be uncorrelated (or as nearly un- 
correlated as possible). By using two quadrature low- frequency oscillators per 
offset, rather than a single oscillator, the use of phase shifters can be eliminated. 
This leads to the fading generator shown in Fig. 2.34. 

Consider the following choice for 8, and y,,% with the objective yielding 


uncorrelated waveforms 
7m 


= = — 1, M 2.177 
Bn M+1 n ti, 2, ? ( ) 
2n(k —1)n 
= = 15.25 wis ‘ 2.17 
Ynk M+ 1 n 1, ) ? M ( 8) 


By using these values, the crosscorrelations between the different faded en- 
velopes can be computed. Fig. 2.35 plots the typical normalized crosscorrela- 
tion 

Bllgi(t) PJE[l95 (¢)17] 
against the normalized time delay f,7. Although it is possible to make $4, 9; (7) 
at r = 0, we observe that the envelope crosscorrelations can be quite large for 
Tt # U. This property is not desirable. 

Dent et. al. [81] suggested a modification to Jakes’ approach that uses 
orthogonal Walsh-Hadamard codewords to decorrelate the faded envelopes. 
The Walsh-Hadamard codewords are obtained from a Hadamard matrix Hy,. 
The matrix Hy, is generated by using the recursion 


Hyj2 Hye 
Hy = 2.180 
“ | Hyj2 —Hmj2 ( ) 


P9195 (rt) = 
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Figure 2.35. Crosscorrelation between the faded envelopes that are obtained by using Jakes’ 
fading simulator with 8 oscillators. 


where H, = [1]}.Let the kth row of Hy be the codeword A,(n). To generate 
the kth faded envelope, the outputs of the M low frequency oscillators are 
weighted by the co-ordinates of the codeword A;(n) and combined to yield 


M 
gn (t) = S> Ag(n) [cos(Bn) + 7 sin(Bn)] cos(27 fnt + Onk) (2.181) 


where M = 2* for some integer k, @nk = Yak + Bn» With By and ypx defined 
in (2.177) and (2.178), respectively. This method decreases the envelope 
crosscorrelations, due to the orthogonality of the Walsh-Hadamard codewords. 

It can be shown that the autocorrelations of the faded envelopes are the same as 
those shown in Figs. 2.32 and 2.33. The envelope crosscorrelations are shown 
in Figs. 2.36 and 2.37. The crosscorrelations are zero at zero lag. At non-zero 
time lags the crosscorrelations are not exactly zero, but are small enough to be 
effectively zero. By increasing the number of oscillators, the crosscorrelations 
remain close to zero over a larger range of time lags. 

Sometimes it is desirable to generate multiple faded envelopes with a speci- 
fied crosscorrelation to study, for example, the effects of branch correlation in 
receivers that employ antenna diversity. One straight forward approach uses 
a linear combination of uncorrelated faded envelopes. Suppose that the two 
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Figure 2.36. Crosscorrelation between the faded envelopes 


that are obtained by using the 
modified Jakes’ fading simulator with M = 8 oscillators. 
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Figure 2.37. Crosscorrelation between the faded envelopes that are obtained by using the 
modified Jakes’ fading simulator with M = 16 oscillators. 
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complex envelopes g;(t) and g;(t) are uncorrelated, and a third complex enve- 
lope g(t) = agi(t) + (1 — a@)gg(t) is formed by taking a linear combination 
of the first two. Then the normalized crosscorrelation of g,(t) and g;(t) is 


(1 — a)?B{lg,(t)2)] 


a? (|9:(t) |?) * gigi(T) - (2.182) 


Poigx(T) = JL + 
Notice that ¢9;9,(7) varies from 0 to ¢g,9,(7) as a varies from 0 to 1. 


3.4 SIMULATION OF WIDE-BAND 
MULTIPATH-FADING CHANNELS 


T-spaced model:. The 7-spaced model, models the channel by a tapped 
delay line with number of taps at different delays. Each tap is the result of a 
large number of multipath components and, therefore, the taps will experience 
multipath fading. Letting s(t) be the complex envelope of the transmitted 
signal, the complex envelope of the received signal is 


= Yanna (t — 7) (2.183) 


where # is the number of taps, and the g;(t) and 7; are the complex gains and 
path delays associated with the taps. Although the 7; are random, they are 
usually fixed in the model. It follows that the 7-spaced channel has impulse 
response 


e 
= ¥- gilt)i(r — 7) (2.184) 
i=l 
and can be described by the tap gain vector 


and the tap delay vector 
T = (71,72) -+-5 Te) - (2.186) 


Sometimes it is convenient if the tap delays are multiples of some small 
number 7, leading to the 7-spaced tapped delay line channel model shown 
in Fig. 2.38. Many of the tap coefficients in the tapped delay line are zero, 
reflecting the fact that no energy is received at these delays. The time varying 
channel tap coefficients {g,(t)} can be generated by using the approaches 
described in Section 3.. 

If we assume a WSSUS channel and we assume that each tap experiences 
isotropic scattering, then each tap should experience uncorrelated fading with 
the autocorrelation 
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Figure 2.38. Wide-band multipath-fading channel model with discrete multipath components. 


Q 
Pougx(T) = “5 Jo(2 fmt) ’ 1<k<e (2.187) 


where 9, is the envelope power or associated with the kth tap and Jo( - )is the 
zero-order Bessel function of the first kind, and f,, is the maximum Doppler 
frequency. Since the taps are uncorrelated, the total envelope power is 


é 
My = S70, . (2.188) 
k=1 
It follows that the tap gain vector g has the covariance matrix [173, 167] 
1 1 
g(r) = SEle* (g(t + 7)] = SJo(2tfm7)Q (2.189) 
where denotes Hermitian transposition and 
2 F diagiM, 21,..., (2.190) 


COST207 models:. The COST207 models were developed and standardized 
for the GSM system. Fourdifferent Doppler spectra, Sgg(f) have been specified 
in the COST207 models [67]. First define 

(f — fi)? 


G(f) = sew {-E Ar (2.191) 


The following types are defined; 


a) CLASS is the classical Doppler spectrum, used for path delays not in excess 
of 500 ns (7; < 500 ns); 
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(CLASS) Syp(f)= Gorey If S fm 2.192) 


b) GAUSI1 is the sum of two Gaussian functions, used for path delays from 
500 ns to 2 ys; (500 ns< 7; < 2pys ) 


(2.193) 


where A, is 10 dB below A. 


c) GAUS?2 is the sum oftwo Gaussian functions, used for path delays exceeding 
2 ps; (7; > 500 ns) 


(GAUS2) Sog(f) = G(B, 0.7 fm, 0.1 fm) + G(Bi, —0.4fm, 0.15 fm) 
(2.194) 
where B, is 15 dB below B. 


d) RICE is a combination of the classical Doppler spectrum and one specular 
path that is sometimes used for the shortest path; 


(RICE) 3,,(f) = 24 ___ + 0.918(¢ —0.77m) 


20 fmV1 — (f/ fm) 
fl < fm (2.195) 


A number of specific models have been defined in the COST207 study [67]. 
Typical urban (TU) (non-hilly) and bad urban (BU) (hilly) power delay profiles 
are shown in Table 2.1 and Fig. 2.39. Sometimes it is desirable to reduce 
the number of paths to reduce the computational requirements of computer 
simulations. Table 2.2 and Fig. 2.40 show the 6-ray reduced typical urban and 
reduced bad urban channel, as defined by COST207 [67]. Also provided are 
models for rural (non-hilly) areas (RA) in Table 2.3, typical hilly terrain (HT) 
in Table 2.4, and reduced hilly terrain (HT) in Table 2.5. 


T-spaced model:. A typical digital communication system consists of the 
combination of a transmitter filter, modulator, waveform channel, demodulator, 
and receiver filter. Data symbols are fed into the transmit filter every T seconds, 
while 7-spaced samples are taken at the output of the receiver filter, where T 
is the baud duration. The overall system from the input to the transmitter filter 
to the output of the sampler can be modeled by an equivalent overall T-spaced 
finite impulse response (FIR) channel. 
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Typical Urban (TU) Bad Urban (BU) 

delay Fractional Doppler delay Fractional Doppler 
US Power Category pS Power Category 
0.0 0.092 CLASS 0.0 0.033 CLASS 
0.1 0.115 CLASS 0.1 0.089 CLASS 
0.3 0.231 CLASS 0.3 0.141 CLASS 
0.5 0.127 CLASS 0.7 0.194 GAUS1 
0.8 0.115 GAUS1 1.6 0.114 GAUS1 
1.1 0.074 GAUS1 2.2 0.052 GAUS2 
13 0.046 GAUS1 3.1 0.035 GAUS2 
1.7 0.074 GAUS1 5.0 0.140 GAUS2 
2.3 0.051 GAUS2 6.0 0.136 GAUS2 
3.1 0.032 GAUS2 7.2 0.041 GAUS2 
3.2 0.018 GAUS2 8.1 0.019 GAUS2 


5.0 0.025 GAUS2 10.0 0.006 GAUS2 


Table 2.1. Typical urban (TU) (0, = 1.0 ys) and bad urban (BU) (0, = 2.5 jus) power delay 
profiles, from [67]. 


Typical Urban Bad Urban 
Fraction of Power Fraction of Power 
0.4 
0.3 a: 
0.2 T 
0.1 
0.0 


0.0 2.0 4.0 6.0 0.0 2.0 4.0 6.0 8.0 
Time Delay, t (Us) Time Delay, 7 (us) 


Figure 2.39. Typical urban (TU) and bad urban (BU) power delay profiles, from [67]. 


The T-spaced channel model is similar to the 7-spaced channel model, except 
that the channel taps are T-spaced. Usually, the taps in the 7-spaced model 
are all non-zero and correlated. The tap correlations often lead to difficulties 
when analyzing the performance of digital communication systems that are 
operating on these channels. These analytical difficulties are often overcome 
by assuming that the T-spaced taps are uncorrelated [79,99,137,201,321,187]. 
For computer simulations, however, such simplifications are not necessary and 
in fact undesirable. However, to reduce run times in discrete-time simulations, 
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Typical Urban (TU) Bad Urban (BU) 

delay Fractional Doppler delay Fractional Doppler 
pS Power Category LS Power Category 
0.0 0.189 CLASS 0.0 0.164 CLASS 
0.2 0.379 CLASS 0.3 0.293 CLASS 
0.5 0.239 CLASS 1.0 0.147 GAUS1 
1.6 0.095 GAUS1 1.6 0.094 GAUS1 
2.3 0.061 GAUS2 5.0 0.185 GAUS2 


5.0 0.037 GAUS2 6.6 0.117 GAUS2 


Table 2.2. Reduced typical urban (TU) (0, = 1.0 ys) and bad urban (BU) (07 = 2.5 ps) 
power delay profiles, from [67]. 


Typical Urban Bad Urban 
Fraction of Power Fraction of Power 

0.4 +- 0.4 
0.3 0.3 
0.2 0.2 
0.1 0.1 
0.0 | jell ne —— 

0.0 2.0 4.0 6.0 0.0 2.0 4.0 6.0 8.0 

Time Delay, tT (ps) Time Delay, t (Us) 


Figure 2.40. Reduced typical urban (TU) and bad urban (BU) power delay profiles, from [67]. 


it is sometimes desirable to set the simulation step size to the baud duration 

T. We now describe a method for generating the T-spaced tap coefficients 
with the proper crosscorrelations when a linear modulation scheme is used 

and the underlying channel model is 7-spaced. Consider the arrangement 
shown in Fig 2.41. As discussed in Chapter 4, a typical digital communication 

system consists of a transmit filter hg(t), channel g(t, 7), and receiver matched 
filter h¢(—t). The overall pulse is p(t) = ha(t) * h¥(—t), and is chosen, 
for example, to be a raised cosine pulse. To obtain the T-space channel tap 

co-efficient, we pass the pulse p(t) through the 7-spaced channel and extract 
T-spaced samples. The T-spaced samples are a linear combination of the taps 

in the r-spaced model. Suppose that a vector of M, T-spaced, tap coefficients 

is generated in this manner 
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delay Fractional Doppler 
pS Power Category 
0.0 0.602 RICE 
0.1 0.241 CLASS 
0.2 0.096 CLASS 
0.3 0.036 CLASS 
0.4 0.018 CLASS 


0.5 0.006 CLASS 


Table 2.3. Typical rural (non-hilly) area (RA) (0, = 0.1 ys), from [67]. 


delay Fractional Doppler 
HS Power Category 
0.0 0.026 CLASS 
0.1 0.042 CLASS 
0.2 0.066 CLASS 
0.3 0.105 CLASS 
0.4 0.263 GAUS1 
0.5 0.263 GAUS1 
0.0 0.105 GAUS1 
0.1 0.042 GAUS2 
0.2 0.034 GAUS2 
0.3 0.026 GAUS2 
0.4 0.016 GAUS2 


0.5 0.011 GAUS2 


Table 2.4. Typical hilly terrain (HT) (0, = 5.0 ys), from [67]. 


gr(t) = (gir(t), gar(t), ---, gur(t)) (2.196) 


Then gi(t) = Ag? (t), where g(t) is defined in (2.185), and A is an M x & 
real matrix. The parameter M is a design parameter equal to the number of 
T-spaced taps that we wish to process in the receiver. As described in the 
example below, the entries of the matrix A are determined by the overall pulse 
response of the transmitter and receiver filters, the relative power and delays of 
the rays inthe 7-spaced model, and the 7-spaced sampler timing phase. Note 
that the matrix A only needs to be generated once each time the relative delays 
of the rays in the 7-spaced channel and/or the sampler timing phase change. 
The covariance matrix of the T-spaced tap gain vector gr is 


delay Fractional Doppler 

US Power Category 
0.0 0.413 CLASS 
0.1 0.293 CLASS 
0.3 0.145 CLASS 
0.5 0.074 CLASS 
15.0 0.066 GAUS2 
17.2 0.008 GAUS2 


Table 2.5. Reduced hilly terrain (HT) (0, = 5.0 pss), from [67]. 


pulse T -spaced matched 
generator channel filter 
halt) g(i%) halt) T-spaced 
samples 
pulse T -spaced 
generator channel 
t t, 
p(t) g(4T) T spaced 
samples 


P(t)=hy(t) *hget ) 


Figure 2.41, Method for generating correlated tap coefficients in a T’-spaced channel model. 


G(r) = 5Elat(t+ rer(d)] 


1 
= 5B[Ag™(t+ r)g(t)A| 
= Ad,(r)A™ . 
For a WSSUS channel with 2-D isotropic scattering 


b,,(T) = SADAT Jo(2n tint) (2.197) 


Example 2.1 Suppose that the combination of the transmitter and receiver 
filter is a raised cosine pulse having a roll-off factor of 0.35° 


* See Chapter 4 for a discussion of raised cosine pulse shaping. 
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8y(t )p(t/2 +7/2) 


Figure 2.42. | Generation T-spaced taps from a 7-spaced model. 


cos(1Bt/T) 

1 — 467t?/T? 
where 8 = 0.35. The 7-spaced waveform channel is characterized by two 
equal strength taps (Q9 = 2) with a differential delay of r = |7,(t) — 7o(¢)|. 
In this example, we wish to generate the two main taps in the T-spaced channel 
model, go7(t) and gi y(t), under the condition that r = T/4. Let 


g(t) = (go(t), gi (¢)) 
gr(t) (gor(t), 917(t)) 


p(t) = Sa(nt/T) - (2.198) 


and 
gr(t)=g(t)A” . 

The entries of matrix A depend on the timing phase of the 7-spaced samples 
taken at the output of the pulse generator. In a practical system, the sampler 
timing phase is determined by the synchronization process in the receiver. 
Suppose that the sampler timing phase is chosen so that the 7-spaced taps 
gor(t) and g17(t) have equal variance. Consider Fig. 2.42. Since No = 2; for 
the t-spaced channel in this example, the entries of matrix A can be obtained 
by writing 


gor(t) = go(t)p(r/2—T/2) + gi(t)p(—7/2 — T/2) 
gir (t) go(t)p(r/2 + T/2) + gi (t)p(—tau/2 + T/2) 


Hence, 
a =| P(t/2—T/2) p(—7/2 — T/2) 
p(t/2+T/2) p(—-7/2+T/2) 


98 
Fort = T/4 and 8 = 0.35 
A — | P(-37/8) p(—5T/8) ] _ | 0.7717 0.4498 
=| p(5T/8) — p(3T’/8) l= Ree 0.7717 


4. SHADOWING 


Let Q, = E[a(t)] denote the mean envelope level, where the expectation 
is taken over the pdf of the received envelope, e.g., the Rayleigh and Rice 
distribution in (2.43) and (2.50), respectively. Sometimes 2, is called the local 
mean because it represents the mean envelope level where the averaging is 
performed over a distance of a few wavelengths that represents a locality. The 
local mean QQ, itself is a random variable due to shadow variations that are 
caused by large terrain features between the BS and MS, such as buildings 
and hills in macrocells and smaller objects such as vehicles in microcells. The 
same argument applies to the mean squared envelope level Q) = E[a*(t)). 
Empirical studies have shown that Qyand Q, have the log-normal distributions 


(10log;92 — pO, aa) 


= 2 Fee oo 7 (2.199 
Po, (z) nant Jan exp ot ( ) 
2 
1 (10logi92 — Ha, Seal 
TRE TE —_+> > (2.200 
Pa, (z) mane Jan exp 20% ( ) 
where 
HO, (apm) = 30 + 10E[logy9%] (2.201) 
HO, (apm) = 30 + 10E[log; 9p] (2.202) 


and € = In10/10. The mean values pa, ( dBm) and HO, (apm) ae sometimes 
called the area mean because the averaging is performed over an area that is 
large enough to average over the shadows. The area mean is determined by the 
propagation path loss between the BS and MS. By using a transformation of 
random variables, 2y (4pm) = 30+10log 19% and Qy (4Bm) = 30+10log 19M» 
can be shown to have the Gaussian densities 


1 (x — Ha, nas 
Stan ee a 
1 (2 — #9, am)” 
PQ, (dBm) (x) = na0 exp {- 202 . (2.204) 


Note that the logarithm of the log-normal random variable in yields a normal 
random variable. 
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Some confusion may arise in the description of log-normal shadow distri- 
bution, because some authors [235, 122, 123] treat the mean envelope (2, as 
being log-normally distributed with standard deviation ag, while other authors 
[203, 225, 268, 310] treat the mean square-envelope {y as being log-normally 
distributed with the same value of og. Clearly, these two quantities are not the 
same. It is shown in Appendix 2A that the standard deviation ap is the same 
in each case. However, with Ricean fading the means differ by 

HO, (dBm) — LO, (dBm) + 10log,;)C(K) (2.205) 
where 

4e?* (K +1) 

mF? (3/2, 1; K) 
and 1 F\(-,-;-) denotes the confluent hypergeometric function. The shadow 
standard deviation og ranges from 5 to 12 dB with 8 dB being atypical value for 
macrocellular applications. The shadow standard deviation increases slightly 
with frequency (0.8 dB higher at 1800 MHz than at 900 MHz), but has been 
observed to be nearly independent radio path length, even for distances that 
are very close to the transmitter [225]. The shadow standard deviation that is 
observed in microcells varies between 4 and 13dB [278, 33, 216, 142, 144, 226]. 
Mogensen [226] has reported og = 6.5 to 8.2 dB at 900 MHz in urban areas, 
while Mockford et. al. [225] report a value of 4.5 dB for urban areas. Berg 
[33] and Goldsmith and Greenstein [144] report that og is around 4 dB for a 
spatial averaging window of 20 wavelengths and BS antenna heights of about 
10 (m). Several studies suggest that og decreases with an increase in the degree 
of urbanization or density of scatters. For example, the results presented by 
Mockford e¢. al. [225] suggest that og is 1.3 to 1.8 dB higher in a suburban 
environment than in an urban environment. 


41 LABORATORY SIMULATION OF SHADOWING 


One of the challenges when constructing a shadow simulator is to account 
for the spatial correlation of the shadows. Several studies have investigated the 
spatial correlation of shadows [162, 151, 216, 172, 152]. One simple model 
has been suggested by Gudmundson [152], where log-normal shadowing is 
modeled as a Gaussian white noise process that is filtered by a first-order 
low-pass filter. With this model 


Qe41 (dBm) = CQ (aBm) + (1 — C)UK (2.207) 


where {x (4Bm) 18 the mean envelope or mean squared-envelope, expressed 
in decibels, that is experienced at location k, ¢ is a parameter that controls 
the spatial correlation of the shadows, and v, is a zero-mean Gaussian random 
variable with @yy(n) = 674(n). From equation (2.157), it immediately follows 
that the spatial autocorrelation function of Q% (apm) 1S 


C(K) = (2.206) 


100 


L— C2 
$0 43m) dBm) (n) = 1= S52 ¢In| . (2.208) 


Since the variance of log-normal shadowing is 
i 
99 = $2(48m)%aBm) (0) = eral (2.209) 


we can express the autocorrelation of Q as 


$2 (am) dBm) (n) = aac . (2.210) 


This approach generates shadows that decorrelate exponentially with distance. 

It is interesting to note that Mandayam et. al. [214] have shown through an ex- 
treme value analysis that log-normal shadows cannot decorrelate exponentially 
with distance. Nevertheless, in the absence of a better solution, Gudmundson’s 
model in (2.207) is still useful and effective. To use the simulator in (2.207) we 
must relate the decorrelation parameter ¢ to the simulation index k. Suppose 
that we wish to model the shadows that are experienced by a MS that is trav- 

eling with velocity v. The envelope (or squared envelope) is sampled every T 

seconds. In kT seconds the MS moves a distance vkT. Let Cp be the shadow 
correlation between two points separated by a spatial distance of D m. Then 

the time autocorrelation of the shadowing is 


T/D)\\k 
$2 dBm) dBm) (*) = $2 am) dBm (AT) = on cf PPM ’ k>Q. 
(2.211) 


Comparing (2.210) and (2.211) we see that ¢ = ang P) For typical suburban 
propagation at 900 MHz, it has been experimentally verified by Gudmundson 
[150] that og ~ 7.5dB with a spatial correlation of approximately 0.82 at 
a distance of 100 m. For typical microcellular propagation at 1700 MHz, 
Gudmundson has also reported o: = 4.3dB with a spatial correlation of 0.3 
at a distance of 10 m. 


4.22 COMPOSITE SHADOWING-FADING 
DISTRIBUTIONS 


Sometimes it is desirable to know the composite distribution due to shad- 
owing and multipath fading. This may be particularly true for the case of 
slow moving or stationary MSs, where the receiver is unable to average over 
the effects of fading and a composite distribution is necessary for evaluating 
link performance and other quantities. Two different approaches have been 
suggested in the literature for obtaining the composite distribution. The first 
approach is to express the envelope (or squared-envelope) as a conditional den- 
sity on Qy (or Ny), and then integrate over the density of Q, (or Np) to obtain 
the composite distribution. Assuming that we are interested in the composite 
envelope 
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oo 
Po. (2) = i Palo, (2lw)Pn, (w)dw (2.212) 
For the case of Rayleigh fading 
Qy = Ela(t)] = {xo (2.213) 
and, hence, 
Tz nx 
Pal a, (tlw) = 5 > exP {5 . (2.214) 


The composite envelope distribution with Rayleigh fading and log-normal 
shadowing is 


foe) 2 
Pa.(£) = es exp { = (2.215) 


0 2w? © dw? 


2 

2 (10log ow? — Ba, ee 

x ———— exp 4 -— SF? 
ee lyn Pp 207, 


where € = (In 10)/10. Sometimes this distribution is called a Susuki distribu- 
tion, after the original work by Susuki [311]. The second approach, originally 
suggested by Lee and Yen [194], is to express the composite received signal as 
the product of the short term multipath fading and the long term shadow fading. 
Hence, at any time ¢, the envelope of the composite signal has the form 


dw . 


G(t) = a(t) - Q(t) (2.216) 
and the squared-envelope of the composite signal has the form 
G2(t) = a? (t)- Q(t) - (2.217) 


Under the assumption that the fading and shadowing are independent random 
processes, we now demonstrate that both approaches lead to identical results. 
The density function of envelope in (2.216) can be obtained by using a bivariate 
transformation and then integrating to obtain the marginal density. This leads 
to the density 


Pa,(z) = is a (=) pa, (w)dw . (2.218) 


Again, consider the case of log-normal shadowing and Rayleigh fading. Using 
(2.43) and (2.199) gives 


foe) r gz? 
Pa.(“) = [ cape | aap} (2.219) 


2 
x ———=e — dw . 
woot 2r of 202, 
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Observe that (2.215) and (2.219) are related by 


Pa, (£) = \ Tors. (\/$0=) (2.220) 


It follows that the random variables &, and a, are simply related through the 


linear transformation 
{21 
A =14/—-—Ge . (2.221) 
To 


Note, however, that \/2/2o is just the mean of the Rayleigh distribution. 
Therefore, if we normalize a(t) to have unit mean, then a@,and d-,have the 
exact same distribution. Voila! 


4.2.1 COMPOSITE GAMMA-LOG-NORMAL DISTRIBUTION 


It is sometimes very useful to model the radio propagation environment as 
a shadowed Nakagami fading channel, because the Nakagami distribution is 
mathematically convenient and can closely approximate a Ricean distribution 
which in turn is often used to model a specular multipath fading channel. The 
composite distribution of the squared-envelope due to Nakagami fading and 
log-normal shadowing has the Gamma-log-normal density function 


Poz(Z) = [ (2)" ew {-} 


1 (10log; yw — HQ, (aB Wi 
x —=———_ exp ¢ — ———_—_, 45 ™ + > dw2.222 
V 2réoqw 202, _ 
where € = (In 10)/10. As shown in Appendix 2B, the composite Gamma-log- 
normal distribution in (2.222) can be approximated by a log-normal distribution 
with mean and standard deviation 


H(dBm) = €~'[p(m) — In(m)] + HQ, (aBm) 
o = €-*¢(2,m) +03 (2.223) 


where w(-) is the Euler psi function and ¢(-,-) is Riemann’s zeta function 
as defined in Appendix 2B. When m = 1 the approximation is valid for 
og > 6 dB, and for m > 2 the approximation is valid for all ranges of o¢ 
of interest [165]. The effect of Nakagami fading in (2.222) is to decrease the 
mean and increase the variance. However, this affect decreases as the shape 
factor m increases (corresponding to less severe fading). For example, with 
m = 1 (Rayleigh fading) we have pew) = HO, (apm) — 2-00675 and Otnew) = 
o? + 31.0215, while with m = 8 we have pmew) = HO, (apm) — 9-277 and 
Oinew) = 07 + 2.50972. We conclude that the effects of Nakagami fading 
become more pronounced when the shape factor m and the shadow standard 
deviation Gare small. 
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5. PATH LOSS MODELS 


It is well known that the received signal power decays with the square of the 
path length in free space. That is, the received envelope power is [257] 


dr 2 
bn, = %GrGr (75) (2.224) 


where 1); is the transmitted power, Grand G’p are the transmitter and receiver 
antenna gains, and d is the radio path length. The signals in land mobile 
radio applications, however, do not experience free space propagation. A more 
appropriate theoretical model assumes propagation over a flat reflecting surface 
(the earth) as shown in Fig. 2.43. In this case, the received envelope power is 
[257] : 

Ud, = 4% (+5) GrGrsin® (47) (2.225) 
where hp and Ay, are the heights of the BS and MS antennas, respectively. 
Under the condition that d >> hyhm, (2.225) reduces to 


2 
bo, = UGrGn (2) (2.226) 


where we have invoked the approximation sin z + x for small x. Observe that 
when d > hyhm, the propagation over a flat reflecting surface differs from free 
space propagation in two ways. First, the path loss is not frequency dependent 
and, second, the envelope power decays with the fourth power rather than the 
square of the distance. Fig. 2.44 plots the path loss 


10logi9 re 
P 


2 
- 100g. {4 (25) sin? (te) | dB (2.227) 


against the distance d. Notice that the path loss and, hence, the received 
envelope power has alternate minima and maxima when the path length is 
small. This property has been noted in experiments by Milstein ef. al. [223]. 
The last local maxima in the path loss occurs when 
2thbhm =o 
Acd 2° 


Lp (4B) 


5.1. PATH LOSS IN MACROCELLS 

Several highly useful empirical models for macrocellular systems have been 
obtained by curve fitting experimental data. Two of the more useful models 
for 900 MHz cellular systems are Hata’s model [253] based on Okumura’s 
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Figure 2.43. Radio propagation over a flat reflecting surface. 
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Figure 2.44. Propagation path loss with distance over a flat reflecting surface; h, = 
hm = 1.5 m, fe = 1800 MHz. 


prediction method [162], and Lee’s model [190]. 


5.1.1 ©OKUMURA-HATA AND CCIR MODELS 


Hata’s empirical model [162] is probably the simplest to use, and can dis- 
tinguish between man-made structures. The empirical data for this model was 
collected by Okumura [253] in the city of Tokyo. Be cautioned, however, 
that the path losses for Japanese suburban areas do not match North American 
suburban areas very well. The latter are more like the quasi-open areas in 
Japan. Okumura and Hata’s model is expressed in terms of the carrier fre- 
quency 150 < f, < 1000 (MHz), BS antenna height 30 < hy < 200 (m),the 
MS antenna height 1 <A, <10(m), and the distance 1 <d< 20 (km) 


Propagation Modeling 105 


between the BS and MS. The model is known to be accurate to within 1 dB for 
distances ranging from | to 20 km. With Okumura and Hata’s model, the path 
loss between two isotropic BS and MS antennas is 


A + Blog)9(d) for urban area 
Ly (dB) = 4 A+ Blogio(d) —-C for suburban area = (2.228) 
A+ Blogi)(d) — D for open area 
where 
A = 69.55 + 26.16log;9(fc) — 13.82log,9(hy) —a(Rm) (2.229) 
B = 44.9 — 6.55 logi9(hp) 
C = 5.4+2[logio(fe/28)]” 
D = 40.944 4.78 [logi9(fc)]? — 18.33 logi9( fc) 
and 
(1.1 logio(fc) — 0.7) Am ~ (1-56 log 9( fc) — 9.8) 
for medium or small city 
a(hm) = 
8.28 [logy (1.54Am)]|° — 1.1 for fe < 200 MHz 
3.2 [logy9(11.75Am)|”? —4.97 for fe > 400 MHz 
for large city 
(2.230) 
An empirical model was published by the CCIR that gives the path loss as 
Ly (ap) = A+ Blog;9(d) — E (2.231) 


where A and B are defined in (2.229) with a(h,)being the medium or small 
city value in (2.230). The parameter EF accounts for the degree of urbanization 
and is given by 


E = 30 — 25log,9(% of area covered by buildings) (2.232) 


where & = QO when the area is covered by approximately 16% buildings. 
Typical values from the Okumura-Hata “large city” model are plotted in 
Fig. 2.45, for a BS height of 70 m, a MS antenna height of 1.5 m, and a 
carrier frequency of 900 MHz. Several studies have shown that, due to a lesser 
degree of urbanization, the North American urban areas have path losses similar 
to the Japanese suburban areas. 


5.1.2 LEE’S AREA-TO-AREA MODEL 

Lee’s area-to-area model [190] is used to predict a path loss over flat terrain. 
If the actual terrain is not flat, e.g., hilly, there will be large prediction errors. 
Two parameters are required for Lee’s area-to-area model; the power at a 1 mile 
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Figure 2.45. Path loss obtained by using Okumura and Hata’s method; hy = 70 m, hm = 
1.5m, fe = 900 Mhz. 


(1.6 km) point of interception, zn,(d,), and the path-loss exponent, £. The 
received signal power can be expressed as 


[0 = Hn, (do) (%)" (4) a (2.233) 


where d is in kilometers and d, = 1.6 km. The parameter ag is a correction 
factor used to account for different BS and MS antenna heights, transmit powers, 
and antenna gains. The following set of nominal conditions are assumed in 
Lee’s area-to-area model: 


= frequency f. = 900 MHz 

# BS antenna height = 30.48 m 

= BS transmit power = 10 watts 

= BS antenna gain = 6 dB above dipole gain 
= MS antenna height = 3 m 

a MS antenna gain = 0 dB above dipole gain 


If the actual conditions are different from those listed above, then we compute 
the following parameters: 
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Terrain Lin, (do) (dBm) B 

Free Space -45 2 

Open Area -49 4.35 
North American Suburban -61.7 3.84 
North American Urban (Philadelphia) -70 3.68 
North American Urban (Newark) -64 4.31 
Japanese Urban (Tokyo) -84 3.05 


Table 2.6. Parameters for Lee’s area-to-area model in various propagation environments, from 
[190]. 


(SEBS antenna height (m)" 


= 30.48 m 
(= MS antenna height a _ 
a = ——————S— 
3m 
ae c= transmitter pone) 2 
a 10 watts 
new BS antenna gain with respect to A,/2 dipole 
a4 ee 
4 
as = different antenna-gain correction factor at the MS (2.234) 


From these parameters, the correction factor a is 
Ap = + 2'a3':a4°A5 . (2.235) 


The parameters 8 and 44a, (d,) have been found from empirical measure- 
ments, and are listed in Table 2.6. 

Experimental data suggest that n in (2.233) ranges between 2 and 3 with the 
exact value depending upon the carrier frequency and the geographic area. For 
fe < 450 MHz in a suburban or open area, n = 2 is recommended. In an urban 
area with f, > 450MHz, n = 3is recommended. The value of «in (2.234) 
can also be determined from empirical data 


—_ { 2 foranew MS antenna height > 10m 


3 for anew MS antenna height < 3m (2.236) 


The path loss Lp (apy 18 the difference between the transmitted and received 
field strengths, Ly (ap) = HO, (apm) (40) — HA, (apm) 10 Compare with the 
Okumura-Hata model we must assume an isotropic BS antenna with 0 dB gain, 
so that a4 = —6 dB. Then by using the nominal BS transmitter power of 
40 dBm (10 watts) along with the parameters in Tab. 2.6 for uo d,) and 


(45m) ( 
B, the following path losses can be obtained 7 
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Figure 2.46. Path loss obtained by using Lee’s method; hy = 70m, hy = 1.5m, fo = 
900 Mhz. 


96.92 + 20.0 logy d+ 10n logig(f/900) —ap —- Free Space 
86.12 + 43.5 logi9 d + 10n logi9(f/900) —ag Open Area 
a _ J 99.86 + 38.4 logi9 d + 10n logi9(f/900) — ao Suburban 
p(dB) ~ ) 108.49 + 36.8 log;y d + 10nlog;9(f/900) — ay Philadelphia 
101.20 + 43.1 logig d + 10n logi9(f/900) —ap Newark 
123.77 + 30.5 log, d + 10n log;9(f/900) — ag Tokyo 
(2.237) 
These typical values from Lee’s area-to-area model are plotted in Fig. 2.46, 
for the same parameters used with Okumura-Hata model in Fig. 2.45. 


5.2. PATH LOSS IN OUTDOOR MICROCELLS 


Most of the future PCS microcellular systems are expected to operate in 
1800-2000 MHz frequency bands. Some studies have suggested that the path 
losses experienced at 1845 MHz are about 10 dB larger than those experienced 
at 955 MHz when all other parameters are kept constant [68]. The COST231 
study [69] has resulted in two models for urban microcellular propagation, the 
COST231-Hata model and the COST231-Walfish-Ikegami model. 


5.2.1 COST231-HATA MODEL 
The COST231-Hata model is based on the proposal by Mogensen [226] 
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et. al. to extend Okumura and Hata’s model for use in the 1500-2000 MHz 
frequency range, where it is known that Okumura and Hata’s model under 
estimates the path loss. The COST231-Hata model is expressed in terms of the 
carrier frequency 1500 < f. < 2000 (MHz), BS antenna height 30 < hy < 
200 (m), MS antenna height 1 < hy», < 10 (m), and distance 1 < d < 20 (km). 
In particular, the path loss with the COST231-Hata model is 


Ly (dB) = A+ Blogi9(d)+C (2.238) 
where 


A 46.3 + 33.9log i9(fe) = 13.82log 19 (hs) = a(hm) 
B = 44.9 — 6.55 logi9(hp) 
0 medium city and suburban areas 


C 


with moderate tree density 
3 for metropolitan centers 


Although both the Okumura and Hata and the COST231-Hata models are 
limited to BS antenna heights greater than 30 m, they can be used for lower BS 
antenna heights provided that the surrounding buildings are well below the BS 
antennas. They should not be used to predict path loss in urban canyons. The 
COST231-Hata model is good down to a path length of 1 km. It should not be 
used for smaller ranges, where path loss becomes highly dependent upon the 
local topography. 


5.2.22. COST231-WALFISH-IKEGAMI MODEL 


The COST231 -Walfish-[kegami model distinguishes between LoS and NLoS 
propagation. The model is accurate for carrier frequencies in the range 
800 < f, < 2000 (MHz), and path distances in the range 0.02 < d < 5 (km). 


LoS propagation:. For LoS propagation in a street canyon, the path loss is 
Lp (ap) = 42.6 + 26logio(d) + 20logio(f-), @220m —(2.239) 


where the first constant is chosen so that Ly is equal to the free-space path loss 
at a distance of 20 m. The model parameters are the distance d (km) and carrier 
frequency f, (MHz). 


NLoS propagation:. As defined in Fig. 2.47, the path loss for non line-of- 
sight (NLoS) propagation is expressed in terms of the following parameters: 
hy, = BS antenna height, 4 < hy < 50 (m) 
hm = MS antenna height, 1 < hm < 3 (m) 
hRoof = roof heights of buildings (m) 
Ahy = hp — hroor = height of BS relative to rooftops (m) 
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Figure 2.47. Definition of parameters used in the COST231-Walfish-Ikegami model. 


Ahm = = hrRoot — hm = height of MS relative to rooftops (m) 


width of streets (m) 
building separation (m) 


Qo & 
Ht 


= road orientation with respect to the direct radio path, degrees 


Ifno data on the structure of the buildings and roads are available, the following 
default values are recommended, b = 20...50 (m), w = b/2, @ = 90°, and 
hRoot = 3 Xx number of floors + roof (m), where roof = 3 (m) pitched and 
0 (m) flat. 

The NLoS path loss is composed of three terms, viz., 


Lo + Lrts + Imsa for Lrts + Iisa > 0 
Lo for Lits + Limsd < 0 


Lp (4B) (2.240) 


where 
Lo = free-space loss = 32.4 + 20log;9(d) + 20logi9( fc) 


Irts roof-to-street diffraction and scatter loss 
Lmsd = Mmulti-screen diffraction loss 


The roof-top-to-street diffraction and scatter loss is 
Lets = —16.9 ~ 10log,)(w) + 10logi9 (fc) + 20log;gAAm + Lori (2.241) 


where 


~10 + 0.354(¢) , 0<¢< 35° 
Lori = 4 2.5+0.075(¢ - 35°), 35°<o<55° (2.242) 
4.0-0.114(¢- 55°), 55°<o< 90° 


is an orientation loss. 
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The multi-screen diffraction loss is 
Lmsd = Lysh + ka + kalogyo(d) + kplogyg(fc) — 9logy(d) (2.243) 


where 


(2.244) 


~18log,)(1 + Ah hp >h 
ae { : 810( b) hy > root 


hy < hRoot 
is the shadowing gain (negative loss) for cases when the BS antenna is above 
the rooftops. The parameters kg and kg depend on the path length, d, and base 
station elevation with respect to the rooftops Ahy. The term k, accounts for 
the increase in path loss when the BS antennas are situated below the roof tops 
of adjacent buildings, and is given by 


54 7 hy > hRoot 
kg =< 54-—0.8Ah, , d > 0.5 km and hy < Aroor (2.245) 
54—-0.8Ah)d/0.5, d< 0.5 kmand hy < hpoot 


The terms kg and k+ control the dependency of the multi-screen diffraction loss 
on the distance and frequency, respectively, and are given by 


a 18, hy > hRoof 
ka = { 18 19A Ri /Manek> fs Since 229) 


AS: { 0.7(f¢/925 —1), medium city and suburban 
1.5(f./925 — 1), metropolitan area 
The COST231-Walfish-Ikegami model works best for hy >> ARoof. Large 
prediction errors can be expected for hy © hpoog. The model is poor for 
hy < hRoor because the terms in (2.245) do not consider wave guiding in street 
canyons and diffraction at street corners. 


ky 


(2.247) 


5.2.3. STREET MICROCELLS 


For ranges less than 500 m and antenna heights less than 20 m, some 
empirical measurements have shown that the received signal strength for LoS 
propagation along city streets can be described by the two-slope model [161, 
149, 175,360, 268, 345] 

7 ky 

HO = Ga(1 + d/g)® 
where 9; is the transmitted power, k is a constant and d (m) is the distance. 
Close into the BS, free space propagation will prevail so that a = 2. The 
parameter g is called the break point and ranges from 150 to 300 m [161, 
149, 175, 360]. At larger distances, an inverse-fourth to -eighth power law is 
experienced so that b ranges from 2 to 6. This is probably caused by increased 
shadowing at the greater distances [161]. The model parameters that were 
obtained by Harley [161] are listed in Table 2.7. Xia [366] has demonstrated 
that the break-point occurs where the Fresnel zone between the two antennas 


(2.248) 
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Base Antenna Height (m) a b Break point g (m) 
5 2.30 -0.28 148.6 
9 1.48 0.54 151.8 
15 0.40 2.10 143.9 
19 -0.96 4.72 158.3 


Table 2.7. Two-slope path loss parameters obtained by Harley, from (161]. 
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Figure 2.48. |The comer effect in a street microcell environment. 


just touches the ground assuming a flat surface. This distance is 


1 2 Xe ; Ac 
g= 52-07? 2(22 +07) (S) + (2) 224s) 
Ac 2 2 
where © = hy + hy, and A = hy — hy. For high frequencies this distance can 
be approximated as g = 4hphm/c. Notice that the break-point is dependent on 


frequency, with the break-point at 1.9 GHz being about twice that for 900 MHz. 


Street microcells may also exhibit NLoS propagation when a MS rounds a 
street corner as shown in Fig. 2.48. In this case, the average received signal 
strength can drop by 25-30 dB over distances as small as 10 m for low antenna 
heights in an area with multi-story buildings [51, 324, 207, 238, 286], and by 
25-30 dB over distances of 45-50 m for low antenna heights in a region with 
only one- or two-story buildings [286]. This phenomenon is called the corner 
effect. 

Grimlund and Gudmundson [149] have proposed an empirical street corner 
path loss model. Their model assumes LoS propagation until the MS reaches a 
street corner. The NLoS propagation after rounding a street corner is modeled 
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Figure 2.49. Average and instantaneous received signal strength for the street microcell en- 
vironment in Fig. 2.48. For the instantaneous received signal strength, og = 6 dB and 


$2, (aBm)%p (aBm) (4) = 0.10% at d = 30 m. 


by assuming LoS propagation from an imaginary transmitter that is located at 
the street corner having a transmit power equal to the received power at the 
street corner from the serving BS. That is, the received signal strength (in dBm) 
is given by 


—— it _. d<d. 
Ho» = at (Ut dia) : (2.250) 


1 
BU+d oe Ways dado | A > de 


where d, (m) is the distance between the serving BS and the corner. For the 
scenario depicted in Fig. 2.48, the received signal strength with this model is 
shown in Fig. 2.49. The heavy curves show the average received signal strength 
from the two BSs as the MS traverses the dashed path shown in Fig. 2.48. These 

curves were obtained by using a = 2, b = 2, g = 150 m,and d, = 250m 
in (2.250), and assuming that un, = 1 dBm at d = 1 m. The dotted curves 
superimposed on the heavy lines in Fig. 2.49 show the received signal strength 
with the combined effects of path loss, log-normal shadowing, and multipath- 
fading. The latter two were obtained by using the simulators described in 
Sections (4.1) and (3.2). 


114 


Building Frequency (MHz) B oa (dB) 
Retail stores 914 2.2 8.7 
Grocery stores 914 1.8 5.2 
Office, hard partition 1500 3.0 7.0 
Office, soft partition 900 2.4 9.6 
Office, soft partition 1900 2.6 14.1 


Table 2.8. Path loss exponents and shadow standard deviations for several different types of 
buildings, from [11]. 


5.3. PATH LOSS IN INDOOR MICROCELLS 


Indoor microcellular systems are becoming very important for providing 
wireless voice and data communications within the home and work-place. The 
characterization of in-building radio propagation is necessary for the effective 
deployment of these systems. In general, the path loss and shadowing charac- 
teristics vary greatly from one building to the next. Typical path loss exponents 
and shadow standard deviations are provided in Table 2.8 for several different 
types of buildings. 

For multistory buildings, the RF attenuation between floors is important for 
frequency reuse on different floors of the same building. Measurements have 
indicated that the greatest floor loss occurs when the transmitter and receiver 
are separated by a single floor. Typically, the floor loss is 15 to 20 dB for 
one floor and an additional 6 to 10 dB per floor up to a separation of 4 floors. 
For 5 or more floors of separation, the overall floor loss will increase only 
a few dB for each additional floor. This effect is thought to be caused by 
signals diffracting up the sides of the building and signals scattering off the 
neighboring buildings. Also important for the deployment of indoor wireless 
systems is the building penetration loss. This loss depends on the frequency 
and height of the building. Turkmani et. al. [323] have shown that the building 
penetration losses decrease with increasing frequency, in particular they are 
16.4, 11.6, and 7.6 dB at 441 MHz, 896.5 MHz, and 1400 MHz, respectively. 
In general the building penetration loss for signals propagating into a building 
tends to decrease with height, the reason being that a LoS path is more likely 
to exist at increased height. The building penetration loss decreases by about 
2 dB per floor from ground level up to about 9 to 15 floors and then increases 
again [346]. Windows also have a significant effect on penetration loss. Plate 
glass provides an attenuation of about 6 dB, while lead lined glass provides an 
attenuation anywhere from 3 to 30 dB. 
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APPENDIX 2.A: Derivation of Equation (2.205) 


This Appendix derives an expression for the second moment of a Ricean 
random variable in terms of its first moment. A Ricean random variable X has 
probability density function 


L x? + s* rs 
px(z) = Sem { SEE | (=) z>0 (2-2.A.1) 
and moments [270] 
2 2 
= 2\2 $ n+2. 8 
B[X”] = (20 )2 op {ga} r (c2+n1/2) 1F1 (255) 
(2-2.A.2) 


where [°( - ) is the gamma function, and , F(a, b; x) is the confluent hyperge- 
ometric function. The first moment of X is 


E[X] = = (207)te“K iF \(3/2,1;K) , (2-2.A.3) 


where K = s?/2o? is the Rice factor. The second moment of X is 


2a7e-* Fy (2,1; K) 
207(K +1) . (2-2.A.4) 


E[X?] =Q, 


Substituting 20° from (2-2.A.3) into (2-2.A.4) gives 


4e?* (K +1) 


j= 
Pw F?(3/2, 1; K) 


WeHC(K) 0! . (2-2.A.5) 


Note that C(0) = 4/2, C(oo) = 1, and 4/x < C(K) < 1for0 < K < o. 


APPENDIX 2.B: Derivation of Equation (2.222) 


From (2.222), the composite distribution for the squared envelope a2 is 


= PE) imal 
Pot) = fo iw T'(m) : w 
1 {-e wt in 


x ——=———- ex 
V2nboqw 202, 
(2-2.B.1) 
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where € = (In10)/10. The mean of the approximate log-normal distribution 
is 


E[10log19(a2)] 


oOo =f0° m\™ ml Mz 
on a exp ¢ — (10logiow — Ho, (ax) y 
V2rboqw 202, 
10m™ _ (10log;yw — Ho, aay 
Vinéool (m) (m) Jo are 


xf logio(x) 2™1e-“w dadw . (2-2.B.2) 
0 


H(dBm) 


dwdz 
202, 


Assuming that m is an integer, the inner integral becomes [147, 4.352.2] 
ia 1] me I'(m)w™ 
m1 _ = s 
[ logig(z)a™ ew dx = eT [p(m) —In(m/w)] .  (2-2.B.3) 
Then by using the change of variables z = 10log;9(w) we obtain 
(dBm) = €~"[(m) — In(m)] + Ho, (dB) (2-2.B.4) 
where 7( - ) is the Euler psi function, and 


m-1 
o(m) = -C + Xu : (2-2.B.5) 


and C' ~ 0.5772 is Euler’s constant. Hi the second moment of the 
approximate log-normal distribution is 


E[(10log19(a2))”} | 
i [ [10log19(x)]? ()"¢ tom xp {- a | 


10log,,w — 
— _MOlog iow = Hera)” | an 
202, 


= m™ [sm 1 _ (10 logi9 w— HQ, ey 
VantT(m) Jo wrt OP 202, 


oe m=z 
x i [10log,)(x)|?2" te" w drdw . (2-2.B.6) 
0 
Assuming again that m is an integer, the inner integral is [147, 4.358.2] 


- ch m—1)!w™ 
[otogie(a)Pa ede = ER 


x ([¥(m) — In(m/w))? + ¢(2,m)) 


(2-2.B.7) 
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leading to 
E{(10logig(a2))?] = C? (fh(m) — In(m)]?u2, 4) + 6(2,m)) 
+ 2¢[p(m) —In(m)|uo, (as) + 07 + HB, (apy * 


(2-2.B.8) 
where 
= 1 
¢(2,m) = D (m+kp (2-2.B.9) 


is Reimann’s zeta function. Finally, the variance of the approximate log-normal 
distribution is 


o? = E[(10log,9(a2))?] — E*(10log9(a2)} 
€-7¢(2,m) + of . (2-2.B.10) 


Problems 
2.1. Suppose that r(t) is a stationary band-pass random process 
r(t) = gr(t) cos 2a fet — ga(t) sin 27 fet 
Show that the autocorrelation of r(f) is 
E[r(t)r(t+7)] = ¢9;9,;(7) cos 2a fer 
— 9991 (7) sin 27 f,7 
2.2. Suppose that a vertical monopole antenna is used and the pdf of arriving 


plane waves, p(@) is given by (2.41). Find the band-pass Doppler power 
spectrum S,,(f). 


2.3. Determine and plot the (normalized) power spectral densities S,,(f) for 
the following cases. Assume 2-D isotropic scattering; 


a) A vertical loop antenna in the plane perpendicular to vehicle motion, 
G(0) = 3 sin? 6. 
b) A vertical loop antenna in the plane of vehicle motion, G(@) = 3 cos? 6. 


c) A directional antenna of beamwidth 8 directed perpendicular to vehicle 
motion with (see Fig 2.B.1(a)) 


Ge) = { Go, [5 —4| < 6/2 


0, otherwise 
d) A directional antenna of beamwidth 6 directed along vehicle motion 
with (see Fig. 2.B.1(b)) 
e)= { 0, otherwise 
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(b) 


Figure 2.B.1._ | Scenario for Problem 2.3 parts (c) and (d). 


2.4. Consider a 2-D isotropic scattering channel. Show that the psd of the 
received envelope a(t) = |g(t)| is given by (2.65). 


2.5. Consider the non-isotropic scattering environment shown in Fig. 2.5. 


a) Show that the psd of g(t) is given by (2.67). 
b) Show that the psd of the received envelope a(t) = |g(t)|is given by 
(2.68). 


2.6. Consider a wide-sense stationary zero-mean complex Gaussian random 
process g(t) having the autocorrelation function g(t) = 9,9,;(7) + 
JPgrgq(T). Show that the autocorrelation and autocovariance functions 


of the squared-envelope a?(t) = |g(t)|? are given by (2.71) and (2.72), 
respectively. 


2.7. Consider a wide-sense stationary non zero-mean complex Gaussian ran- 
dom process g(t) = g7(t) + jgq(t), where 
g(t) = gr(t) +mr(t) 
ga(t) = galt) + melt) 


and m;(t) and mg(t) are the means of g;(t) and gg(t), respectively. 
Show that the autocorrelation and autocovariance functions of the squared- 
envelope a:?(t) = |g(t)|? are given by (2.76) and (2.79), respectively. 


2.8 Establish the equivalence between (2.92) and (2.93). 


Propagation Modeling 119 


beam of antenna 


mobile 


Figure 2.B.2._ Mobile with directional antenna for Problem 2.10. 


2.9. Consider a situation where the received envelope is Rayleigh faded (K = 
0), but the Doppler power spectrum Sool f) is not symmetrical about f = 0, 
i.e., aform of non-isotropic scattering. Show that the envelope level crossing 
rate is given by 


where 
R R 


0 Vy Va 
and the 6; are defined in (2.92) with fy = 0. 


2.10. Consider the situation in the Fig. 2.B.2, where the MS employs a direc- 
tional antenna with a beam width of ¢°. Assume a 2-D isotropic scattering 
environment. 


a) In receiving a radio transmission at 850 MHz, a Doppler frequency of 
20 to 60 Hz is observed. What is the beam width of the MS antenna, 
and how fast is the MS traveling? 


b) Suppose that the MS antenna has a beam width of 13°. What is the 
level-crossing rate with respect to the rms envelope level, assuming that 
the MS is traveling at a speed of 30 km/h? 


2.11. A vehicle experiences 2-D isotropic scattering and receives a Rayleigh 
faded 900 MHz signal while traveling at a constant velocity for 10 s. The 
average duration of fades 10 dB below the rms envelope level is 1 ms. How 
far does the vehicle travel during the 10 s interval? How many fades is 
the envelope expected to undergo that are 10 dB below the rms envelope 
level during the 10 s interval? Assume that the local mean remains constant 
during travel. 


2.12. A vehicle receives a Ricean faded signal where the specular component is 
at the frequency f, and scatter component is due to 2-D isotropic scattering. 
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a) Compute the average duration of fades that 10 dB below the rms en- 
velope level for K = 0,7,20, and a maximum Doppler frequency of 
fm = 20 Hz. 


b) Suppose that data is transmitted using binary modulation at a rate of 
1 Mbps, and an envelope level that is 10 dB below the rms envelope 
level represents a threshold between “error-free” and “error-prone” con- 
ditions. During error-prone conditions, bits are in error half the time. 
Assuming that the data is transmitted in 10,000 bit packets, how many 
bits errors (on the average) will each transmitted packet contain? 


2.13. Show that for wide sense stationary (WSS) channels 


bu(f,m; V, 2) = bu(f,m; v)d(v > a) 
ds(t n,n) = bs(t.mv)d(v —y) . 
That is the channel correlation functions @y(f,m;v,u)and dg(7, nV, 1) 
have a singular behavior with respect to the Doppler shift variable. What is 
the physical interpretation of this property? 


2.14. Show that for uncorrelated scattering (US) channels 


dg (t, 8,T, n) = Pgl(t, 8; 7)5(n a T) 
os(t.nY,n) = bs(73v,4)5(n —7) . 
That is the channel correlation functions g(t, ;7,7) and .ds(T, 7; Vv, 1) 


have a singular behavior with respect to the time delay variable. What is 
the physical interpretation of this property? 


2.15. Consider the COST-207 typical urban (TU) and bad urban (BU) power 
delay profiles shown in Fig. 2.39 of the text with delays and fractional 
powers given in Tab. 2.1. 

a) Calculate the average delay, p-. 
b) Calculate the rms delay spread, o,. 
c) Calculate the approximate values of Ws and Wao 


d) If the channel is to be used with a modulation that requires an equalizer 
whenever the symbol duration T < 100,, determine the maximum 
symbol rate that can be supported without requiring an equalizer. 


2.16. The scattering function ws(r7,v) for a multipath fading channel is non- 
zero for the range of values 0 < rt < 1 psand —40 < X < 40Hz. 
Furthermore, 4)5(7, v) is uniform in the two variables 7 and v. 


a) Find numerical values for the following parameters; 
1. the average delay, 2, and rms delay spread, a, 
2. the Doppler spread, Bg 
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3. the approximate coherence time, T; 
4. the approximate coherence bandwidth, B, 
b) Given the answers in part a), what does it mean when the channel is 
1. frequency-nonselective 
2. slowly fading 
3. frequency-selective 


2.17. Suppose that the fading gain is modeled as a Markov process with state 
equation given by (2.156). 


a) What are the probability density functions of the envelope magnitude 


ax = |gx 
and envelope phase 


%, = Tan7! IQ.k 
9Lk 
at any epoch k. 


b) Derive the discrete autocorrelation function 


Porg1 (n) = E[97,491,k+n] = E[9Q,k9Q,k+n] 
and discrete crosscorrelation function 


$o19q(") = Elgr,k9Q,k+n] 
2.18. Consider Jakes’ fading simulator shown in Fig. 2.30. 


a) With the choice that a = 0 and 6, = mn/(M + 1)show that 
<gr(t)gg(t) > = 0 
< 9a(t) > = M+1 
<gi(t)> = M 


b) Rederive the time averages in part a) for the choice @ = 0 and 6, = 
mm/M. 


2.19. (computer exercise) You are to write a software fading simulator that 
uses Jakes’ method and plot typical sample functions of the faded enve- 
lope. By scaling gr(t) and gg(t) appropriately, generate a Rayleigh faded 
envelope having the mean-squared envelope 2» = 1. Plot a sample func- 
tion of your faded envelope assuming a maximum Doppler frequency of 
fmT = 0.1, where T is the simulation step size. 


2.20. (computer exercise) In this problem you are to generate Ricean faded 
by making appropriate modifications to Jakes’ Rayleigh fading simulator in 
Figure 2.30. Assume that the means m;(t) and mg(¢) of gr(t)and go(t), 
respectively, are generated according to Aulin’s model in (2.47) and (2.48). 
For fmT = 0.1, MN) = land K = 0,4,7, and 16, plot the following 
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a) The envelope a(t) = ,/97(t) + 9 (t). 


b) The wrapped phase $(t) = Tan™! (g9(t)/gr(t)), mod 2z. 


2.21. (computer exercise) This problem uses the fading simulator you devel- 
oped in Problem 2.20. We now want to compute an estimate of the mean- 
squared envelope Q, = E[a?(t)| from samples of g;(kT’) and gg(kT), 
where T is the sample spacing in seconds. The estimate is computed by 
forming the empirical average 


N 
O% = =D (sr) + 08007) 
i=1 


where NT is the window averaging length in seconds. Assuming a constant 
velocity, the distance the MS moves (in units of wavelengths) in a time of 
NT seconds is d 


a) For K =0,4,7, and 16, generate 1000 estimates of the of 0, by using 
non-overlapping averaging windows of size 
N = 50, 100, 150, 200, 250, 300 . 
Construct a graph that plots, for each K, the sample variance of the Q, 
estimate on the ordinate and the window size on the abscissa. 
b) Can you draw any qualitative conclusions from part a)? 


Note: Samples of the local mean Q, are often used in handoff algorithms. 


2.22. Consider a scattering environment where it is known that no plane waves 
arrive from either directly ahead or directly behind the direction of motion. 
We are interested in constructing a fading simulator similar to Jakes’ method 
to account for this fact. 


a) How might you modify Jakes’ method to account for the above situation, 
assuming that you only need to generate one faded signal? 


b) Assume that the received complex envelope has the form 


N a 
g(t) = S- e(2m fmt cos On) +n 


n=1 


where frm is the maximum Dopplerfrequency, ¢, is the random phase 
of the nth component, and 0, = 2a(n — .5)/N,n = 1,...,N is the 
angle of arrival for the nth component. Following the method used for 
deriving Jakes’ fading simulator and assuming that TV/4 is even, show 
that g(¢) can be written in the form 
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M 
g(t) =K > [cos(G,) + j sin(G,)] cos(27 fmt cos Ont + Yn) 
n=1 
where M = N/4. 


1. What are the values of G,, and- y, in terms of the phases bn? 

2. Determine K so that E[|g(t)|?] = 1. 

3. Assuming that 8, = mn/M, what is the crosscorrelation between 
the real and imaginary parts of g(t)? Is this a desirable result for 
the simulator? 


2.23. As shown in Fig. 2.34, Jakes’ approach can be used to generate M faded 
envelopes gx(t), k = 1,...,M, according to 


M 
K ¥~ [cos(@n) + j sin(Bn)| cos(2 fnt + Onk) 


n=1 


II 


gx (t) 


where K is a normalization constant, fy = fmcos@n, On = 2nxn/N. 
Bn = 17n/(M +1) and Ong = Bp + 20(k — 1)n/(M +1). 


a) What are some of the problems with this technique? 


b) It is claimed that this method can generate faded envelopes g,;(t) and 
g(t) that are almost uncorrelated for arbitrary j and k provided that 


On; — Onk =in +7/2 
for some integer i; otherwise, the correlation between certain pairs of 


faded envelopes may be significant. Justify whether this claim true or 
false. 


2.24. (computer exercise) It is claimed that the modified Jakes’s method in 
(2.181) can yield uncorrelated faded envelopes, because the rows of the 
Hadamard matrix are orthogonal. 


a) By using analytical methods determine whether or not this method can 
yield faded envelopes having a crosscorrelation of zero at a lag of zero, 
Le., 5 E[o¢ (t)9;(t)] = 0, for k A j. 
b) Write a software fading simulator to implement the modified Jakes’ 
method with M = 8 oscillators. 
1. Plot the normalized autocorrelation of g;(¢), defined in (2.175). 
2. Choosing two of the faded envelopes at random, plot the normalized 
crosscorrelation between g,(t) and g;(t), defined in (2.179). 


2.25. (computer exercise) In this problem we want to generate variations in 
the local mean 2 due to shadowing. The shadows are generated according 
to the state equation in (2.207). 


124 


a) Suppose that the simulation step size is T = 0.1s and the MS velocity 
is v = 30 km/h. We want a shadow decorrelation of 0.1 at a distance 


b) Using the value of & obtained in part a) and a shadow standard deviation 
of og = 8 dB, plot a graph of Q, (4g) against the distance traveled. 
Scale your plot so the distance traveled goes from 0 to 100 m. 


2.26. The measured path loss at a distance of 10 km in the city of Tokyo is 

160 dB. The test parameters used in the experiment were the following: 

= BS antenna heighth, = 30m 

« MS antenna heighth,, = 3m 

" carrier frequency f. = 1,000 MHz 

* isotropic BS and MS antennas. 
Compare the measured path loss with the predicted path loss from Okumura 
and Hata’s model and Lee’s model. 


Note: If any model parameters are undefined, then use the default values. 
2.27. Consider Fig. 2.B.3 and the following data 


« The symbol transmission rate is 24300 symbols/s with 2 bits/symbol 
« The channel bandwidth is 30 kHz 


« The propagation environment is characterized by an rms delay spread 
of 0, = 1ns 


A MS is moving from base station A (BSA) to base station B (BSB). Base 
station C (BSC) is a co-channel base station with BSA. 


Explain how you would construct a computer simulator to model the re- 
ceived signal power at the MS from (BSA) and (BSC), as the MS moves 
from BSA to BSB. Clearly state your assumptions and explain the relation- 
ship between the propagation characteristics in your model. 
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Streets 
Buildings 


Figure 2.B.3. Base station and street layout for Problem 2.27. 
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Chapter 3 


CO-CHANNEL INTERFERENCE 


For cellular radio systems the radio link performance is usually limited by 
interference rather than noise and, therefore, the probability of ourage due to co- 
channel interference outage, O;, is of primary concern. Since this chapter deals 
with co-channel interference there is no need to distinguish between thermal 
noise and co-channel interference outages. For the remainder of the chapter, the 
probability of outage refers to the probability of co-channel interference outage. 
The definition of the outage probability depends on the assumptions made about 
the radio receiver and propagation environment. At higher velocities, the radio 
receiver can usually average over the fast envelope variations by using coding 
and interleaving techniques. In this case, the transmission quality will be 
acceptable provided that the average received carrier-to-interference ratio, A, 
exceeds a receiver threshold A;,. The receiver threshold A;, is determined by 
the performance of the radio link in the presence of envelope fading. Once Ath 
has been determined, the variations in A due to path loss and shadowing will 
determine the outage probability. At lower velocities, the radio receiver cannot 
average over the fast envelope variations due to the delay constraints imposed by 
voice traffic. In this case, the transmission quality will be acceptable provided 
that the instantaneous received carrier-to-interference ratio, A, exceeds another 
receiver threshold A,},'. Once 4, has been specified, variations in A due to path 
loss, shadowing, and envelope fading, will determine the outage probability. 

The effect of co-channel interference on the radio link performance depends 
on the ability of the radio receiver to reject co-channel interference. Some of the 
more advanced receivers incorporate sophisticated signal processing methods 
for the rejection or cancellation of co-channel interference, e.g., equalization 


‘Note thatA¢h and A¢p, are not the same. 
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and interference cancellation techniques. In this case, the radio receiver is more 
tolerant to co-channel interference and the receiver thresholds Ayy, and Atp are 
reduced. This will reduce the outage probability. 

Evaluating the outage probability for the log-normally shadowed signals that 
are typically found in cellular frequency reuse systems requires the probability 
distribution of the interference power that is accumulated from the sum sev- 
eral log-normal signals. Although there is no known exact expression for the 
probability distribution for the sum of log-normally random variables, several 
approximations have been derived by various authors. All of their approaches 
approximate the sum of log-normal random variables by another log-normal 
random variable. A method that matches the first two moments of the approxi- 
mation has been developed by Fenton [118]. Sometimes Wilkinson is credited 
with this method, as in [295]. Here we called it the Fenton-Wilkinson method. 
Schwartz and Yeh developed another log-normal approximation that uses the 
exact first two moments for the sum of two log-normal random variables [295]. 
The Schwartz-and-Yeh method generally provides a more accurate approxima- 
tion than the Fenton-Wilkinson method but it is more difficult to use. Prasad 
has corrected some errors in Schwartz and Yeh’s paper in [264]. Another 
log-normal approximation is the cumulants matching approach suggested by 
Schleher [293]. With this approach, different log-normal approximations are 
applied over different ranges of the composite distribution. A good comparison 
of the methods of Fenton-Wilkinson, Schwartz-and-Yeh, Parley, and Schleher 
has been undertaken by Beaulieu, Abu-Dayya, and McLane [28]. 

The above log-normal approximations have been extensively applied to the 
calculation of the probability of outage in cellular systems. For example, 
Fenton’s approach has been applied by Nagata and Akaiwa [240], Cox [74], 
Muammar and Gupta [235], and Daikoku and Ohdate [75]. Likewise, the 
Schwartz-and-Yeh approach has been applied by Yeh and Schwartz [372], 
Prasad and Arnbak [264], and Prasad, Kegel, and Arnbak [266]. 

Current literature also provides a thorough treatment of the probability of 
outage when the signals are affected by fading only, including the work of Yao 
and Sheikh [369], Muammar [234], and Prasad and Kegel [265]. Section 3. 
shows that the probability of outage is sensitive to the Rice factor of the desired 
signal, but it is insensitive to the number of interferers provided that the total 
interfering power remains constant. Calculations of the probability of outage 
for signals with composite log-normal shadowing and fading have considered 
the cases of Rayleigh fading by Linnartz [203], Nakagami fading by Ho and 
Stiiber [165], and Ricean fading by Austin and Stiiber [24]. Sections 4. and 5. 
show that shadowing has a more significant effect on the probability of outage 
than fading. Furthermore, the probability of outage is dominated by fading 
of the desired signal rather than fading of the interfering signals, e.g., with 
Ricean fading, the probability of outage is sensitive to the Rice factor of the 
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desired signal but is insensitive to the Rice factor of interfering signals. Finally, 
all of the above references assume a channel characterized by frequency non- 
selective (flat) fading. If the channel exhibits frequency selective fading, then 
the same general methodology can be used but the instantaneous carrier-to- 
interference ratio, A, must be appropriately defined. The proper definition 
depends on the type of receiver that is employed, e.g., a maximum likelihood 
sequence estimation (MLSE) receiver for TDMA systems. 

Most of the literature dealing with the probability of outage assumes that the 
interfering co-channel signals add noncoherently. The probability of outage 
has also been evaluated by Prasad and Kegel [267,265] for the case of coherent 
addition of Rayleigh faded co-channel interferers and a Ricean faded desired 
signal. The coherent co-channel interferers are assumed to arrive at the receiver 
antenna with the same carrier phase. However, as discussed by Prasad and Kegel 
[267] and Linnartz [203], it is more realistic to assume noncoherent addition 
of co-channel interferers in mobile radio systems because of the scattering 
environment. Coherently addition of co-channel interferers generally leads to 
pessimistic predictions of the probability of outage. 

The remainder of this chapter begins in Section 1. where approximations are 
derived for the sum of multiple log-normally shadowed interferers. The various 
approximations are compared in terms of their accuracy. Section 2. derives the 
probability of outage with multiple log-normal interferers. Section 3. considers 
the outage probability for multiple Rayleigh or Ricean faded interferers without 
shadowing. Sections 4. and 5. do the same for multiple log-normally shadowed 
Nakagami faded interferers, and for multiple log-normally shadowed Ricean 
faded interferers, respectively. 


1. MULTIPLE LOG-NORMAL INTERFERERS 


Consider the sum of N; log-normal random variables 


Nr Nr 
T= 35% = > 10%(aBm/10 (3.1) 
k=1 k=1 


where the Q, (qBm) are Gaussian random variables with means Ho, (apm) and 


variances a2, , andthe Q, = 10%(48™)/19 are the log-normal random variables. 
Unfortunately, there is no known closed form expression for the probability 
density function (pdf) of the sum of multiple (Ny; > 2)log-normal random 
variables. However, there is a general consensus that the sum of indepen- 
dent log-normal random variables can be approximated by another log-normal 
random variable with appropriately chosen parameters. That is, 


Nr 
T = S~10%(aBm/10 x 192% anm/10 = f (3.2) 
k=1 
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where Z(qpm) is a Gaussian random variable with mean fz (qBm) and variance 
o%,. The problem is to determine pz (dBm) and o% in terms of the HO, (apm) and 
of, k =1,...,Ny. Several methods have been suggested in the literature to 
solve this problem including those by Fenton [118], Schwartz and Yen [295], 
and Farley [295]. Each of these methods provides varying degrees of accuracy 
over specified ranges of the shadow standard deviation ag, the sum /, and the 
number of interferes N7. 


1.1 FENTON-WILKINSON METHOD 


With the Fenton-Wilkinson method, the mean 44z (qpm) and variance o% of 
Z(aBm) are obtained by matching the first two moments of the sum J with the 


first two moments of the approximation [. To derive the appropriate moments, 
it is convenient to use natural logarithms. We write 


Qe = 10% (4Bm)/10 — ¢fQ% (aBm) — otk (3.3) 


where € = (In aes = 0.23026 and Q = EQ4 (dBm): Note that pe, = 
CAG. ais and oF — = éo3 . The nth moment of the log-normal random vari- 


able Q, can be obtained from the moment generating function of the Gaussian 
random variable O; as 


, 252 
Paar +(1/2)n20 


E[QR] = Ble"™] = (3.4) 


To find the appropriate moments for the log-normal approximation we can use 
(3.4) and equate the first two moments on both sides of the equation 


T= ic we% =] (3.5) 


where Z = E€Z(apm). For example, suppose that Q,,k = 1,...,Ny have 
means po ,k = 1,...,Ny and identical variances o2. Identical variances 
are often sassunied because the standard deviation of log-normal shadowing is 
largely independent of the radio path length [188, 190]. Equating the means 
on both sides of (3.5) 


wr = Bll] = So Ble] = Ble] = Elf] = py, 3.6) 


gives the result 


(3 vo) (1/2)02 — ete t(l/2)o4 ; (3.7) 
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Likewise, we can equate the variances on both sides of (3.5) under the assump- 
tion that the Q,,k =1,...Ny are independent 


oF = EI?) - ui = E[P’] = 07 (3.8) 
giving the result 
Ni Dus oe ae 
doe % | e7A(e%A — 1) = e*4Ze7Z(e7Z — 1) . (3.9) 
k=1 


By squaring each side of (3.7) and dividing each side of resulting equation by 
the respective sides of (3.9) we can solve for 0%, in terms of the known values 
of ua ,k = 1,...,Ny and o2. Afterwards, jzz can be obtained from (3.7). 
This procedure yields the following solution: 


o2 —o2 Ni 
ig = in| > (3.10) 
k=1 
2 yr evi, 
o% = In| (e% — 1) ati]. (3.11) 


Finally, LbzZ (dBm) = Ens and of = E703. 

The accuracy of this log-normal approximation can be measured in terms of 
how accurately the first two moments of (gp) = 10logio/ are estimated, and 
how well the cumulative distribution function (cdf) of I(gp) is described by a 
Gaussian cdf. It has been reported in [295] that the Fenton-Wilkinson method 
breaks down for gg > 4 dB. Unfortunately, for cellular radio applications the 
standard deviation of log-normal shadowing typically ranges from 6 to 12 dB. 
However, as pointed out in [28], the Fenton-Wilkinson method only breaks 
down if one considers the application of the Fenton-Wilkinson method for the 
prediction of the first two moments of J(gpy. Moreover, in problems relating 
to the co-channel interference outage in cellular radio systems, we are usually 
interested in the tails of both the complementary distribution function (cdfc) 
FF (x) = P(I > x) and the cdf Fy(x) = 1 — F7(x) = PU < 2). In this case, 
we are interested in the accuracy of the approximation 


- ] ae gens 
F;(x) = P(e? > 2) =Q (“=—*2 (3.12) 
o% 
for large and small values of x. It will be shown later that the Fenton-Wilkinson 
method can approximate the tails of the cdf and cdfc functions with good 


accuracy. 
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1.2 SCHWARTZ-AND YEH-METHOD 


The Schwartz-and-Yeh method [295] uses exact expressions for the first 
two moments of the sum of two log-normal random variables. Nesting and 
recursion techniques are then used to find exact values for the first two moments 
for the sum of N; log-normal random variables. For example, suppose that 
T= 01) 4+Q2 +93. The exact first two moments of In (Q]}+Qe2) are computed. 
We then define Z = In(Q; + 2) as a new Gaussian random variable, let 
I = e#2 + Q3, and again compute the exact first two moments of In J. Since 
the procedure is recursive we only need to detail the Schwartz-and-Yeh method 
for the case when Ny = 2, ie., 


Tae 460% wet =] (3.13) 
or ; ; : 
Z = In(e™ + &%) (3.14) 


where the Gaussian random variables 2, and Qghave means Me and pe, and 


variances 02 and on »Tespectively. 
1 


Define the Gaussian random variable QV a On= Q, so that 


Ha, = Ha, — Ha, (3.15) 
a. 28 2 
|, = Gy + %, (3.16) 


Taking the expectation of both sides of (3.14) and assuming that the approxi- 
mation holds with equality gives 


lz = E [in (e™ + e@)] 


B [In (e™ (1+ Al 


= E[0]+E [In (1+e%) (3.17) 
The second term in (3.17) is 
Q foe) 
B [In (1+ e%)] = [ [In (1 + €*)] pq, (w)ax - (3.18) 
We now use the power series expansion 
(—1)**# 
n(1+ 2) >> cpa* ; Ch = i (3.19) 


where |z| < 1. To ensure convergence of the power series and the resulting 
series of integrals, the integration in (3.18) is broken into ranges as follows: 
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co 0 
/ [In(1+€*)]pq,(z)de = / [In (1 + €)] pg, («)da 
-—co —-cO 
foe} 
+ } [In (1 + e~*) + 2] pp, (7)da(3.20) 
The second integral is obtained by using the identity 


In(l +e”) = In[(e~* + 1)e?] 
= In(l+e~*) + In(e’) 
In(l+e™*) +2. (3.21) 


After a very long derivation that is detailed in [295], 


Mz =e, + Gy (3.22) 
where 
He PH, HZ /203 
G cin) atid + tid Qa Qa 
1 Ha, (e) Poe 
CO A2g2 79 . —pe, — ko? 
+>" cre Fag! | ektage | —% 4) a 7} (3,23) 
k=1 A, 
with : 
a Me, — koe 
Teaser ap | 2 | (3.24) 
%G. 


The variance can be computed in a similar fashion, resulting in the expression 


[295] 


0} = 03, —G}—202 G3 + Gr (3.25) 


where 


0° 
G2 = S> b. To + 


at 2 2 
1-6 (-2%) (ue, + a4) 


k=1 Qe 
5 OF, -p2 a? 
toe #4,/22%,) (3.26) 
Tv 
oo = ; 2,2 » —o2 (k+1 
+ 5 bye OM HeIeG My ( Hg ~ ng(t F9) 
k=1 °°, 
pg k+k2o2 /2 He Om, -u2 /(202 ) 
—?2 Cre Hag Qg a ® OK = —id_» Qy Qy 
dX k Ha, o6, an 
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a k?a2 /2 = 
G3 = Do(-Dter “8a T, + S7(-1)'T (3.27) 
with 
—e — (k + 1)o? 
1 a aie ee Pa Ha, (k + 6, (3.28) 
%9, 
and 
2(—-1)*+1 k aa 
= a 3.2 
' k+1 23 (3:29) 
He, = He, +kog . (3.30) 


It has been reported in [295] that approximately 40 terms are required in 

the infinite summations to achieve four significant digits of accuracy in the 

moments. On the next step of the recursion it is important that we let a2 =o 
1 


Z 
and Me, = bg: otherwise, the procedure fails to converge. 


13.9 FARLEY’S METHOD 


Consider N; normal random variables Q ,. each with mean Le and variance 
a. Farley approximated the cdfc of the sum 


Ny 7 
l=>> =e" (3.31) 
k=1 
as N; 
P(I>2)x1- h-9 (72-48) (3.32) 
a 


As shown in [28], Farley’s approximation is actually a strict lower bound on 
the cdfc. To obtain this result let 


F7r(z) = P(Q) +0 +--+ + Qn, > 2) (3.33) 
and define the two events 

A = {atleast one 0; > x} 

B = AS‘, the complement of event A . (3.34) 


Events A and B are mutually exclusive and partition the sample space. There- 
fore, 
P(I>z) = P(I>z2, A)+P(I>z2, B) 
P(A)+P(I >a, B) . (3.35) 
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The second term in (3.35) is positive for continuous pdfs such as the log- 
normal pdf. For example, the event 


CO = {2/N; <9; < 2, Vi} (3.36) 


is a subset of the event B. Under the assumption that the 2; are independent 
and identically distributed, the probability of event C is 


Nr 


Therefore, P(I > 2) > P(A). Since the Q; are independent and identically 
distributed 


Ni 
P(A) = 1-][P(Q; <2) 
t=1 
Inz — pe a 
a: ee f =0 ("40 (3.38) 
%% 
Finally, we have the lower bound on the cdfc 
Inz — pe ue 
P(I>a)>1- p-9 ("40 (3.39) 
% 
or, equivalently, the upper bound on the cdf 
Inz — pe a 
P(I <2) > 1-9( Ht) (3.40) 
%%} 


14 NUMERICAL COMPARISONS 


Fig. 3.1 compares the cdf for Ny = 2and Ny; = 6 log-normal random 
variables with the various log-normal approximations. Likewise, Figs. 3.2 - 
3.4 provide comparisons of the various log-normal approximations for the cdfc. 
Exact results are also shown that have been obtained by computer simulation. 
Observe that the cdfc is approximated quite well for all the methods, but the 
best approximation depends on the number of interferers, shadow standard 
deviation, and range of distribution. The cdf is approximated less accurately, 
especially for Ny = 6 log-normal random variables. 


2. PROBABILITY OF OUTAGE 


Consider the situation shown in Fig. 1.15, where a mobile station (MS) is 
at distance dp from the desired base station (BS) and at distances dy,k = 
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—— Wilkinson - 
-~-- Schwartz and Yeh 44 
----- Farley io 
o— Simulation 


Figure 3.1. Comparison of the cdf for the sum of two and six log-normal random variables 
with various approximations; pin, (43) = 0,00 = 6 GB. 
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Figure 3.2. Comparison of the cdfc for the sum of two log-normal random variables with 
various approximations; in, (an) = 0, 70 = 6 GB. 


Co-channel Interference 137 


—— Wilkinson 

---- Schwartz and Yeh 
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Figure 3.3. Comparison of the cdfc for the sum of six log-normal random variables with 
various approximations; “20, (4p) = 0,2 = 6 dB. 
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Figure 3.4. Comparison of the cdfc for the sum of six log-normal random variables with 
various approximations; #0, (ap) = 0,09 = 12 dB. 
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1,2,---, Ny, from the first tier of Ny co-channel BSs. For convenience, define 
the vector d = (do, d),---, dy,) as the set of distances for a particular MS 
location. The average received carrier-to-interference ratio as a function of the 
vector d is 


Nr 
Acap)(d) = Q(4pm)(do) — 10 logy) $_ 10%aBm)(44)/10 (3.41) 

k=1 
For the case of a single interferer (N; = 1) the sum on the right side of (3.41) 
only has one term. Therefore, A(gpy(d) is Gaussian with mean pip, 4,.y(do) — 
HO apm) (d1) and variance 202. For the case of multiple interferers, the second 
term is approximated as a Gaussian random variable. We first obtain the 
mean jiz and the variance 0% for the log-normal approximation using the 


techniques discussed in Section 1.. The mean and variance of Z(gpm) = Z/€ 
are, respectively, 


Lz (dBm) Eg (3.42) 
o, = € 0%. (3.43) 

Then 
Acap)(d) = Q(aBmy(do) — ZaBmy(di, da, .--, dn;) (3.44) 


where we have again shown the dependency of the co-channel interference on 
the set of distances. Note that A(qpy(d) has mean and variance 


UA(apy(d) = HO(apm)(do) ~ HZ (dBm) (3.45) 
xa) = IHA+9Z « (3.46) 


If there were only one possible choice of serving BS, then the probability of 
outage at a particular location is 


(3.47) 


ort) = 9 {Menta co he 


(0% + 0% 


When handoffs are allowed the analysis is more complicated. In this case, 
the probability of outage will depend on the handoff algorithm that is employed. 
In the simplest case, we can consider soft handoffs where the BS that provides 
the most robust link is always used. In this case, an outage occurs only when 
no BS can provide a link having a carrier-to-interference ratio that exceeds Ath. 
In this case, the probability of outage at a particular location is 


M je saat (48) 


0;,=|[@ 5 


k=0 a8 + (oz,)? 
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where M is the number of handoff candidates. The outage can then be calcu- 
lated by averaging the probability of outage over the random location of a MS 
within a reference cell. 


3. MULTIPLE RICEAN/RAYLEIGH INTERFERERS 


In microcellular environments, the received signal often consists of a direct 
line of sight (LOS) component, or perhaps a specular component, accompanied 
by a diffuse component. In this case, the envelope of the received signal 
experiences Ricean fading. In the same environment, the co-channel signals 
are often assumed to be Rayleigh faded, because a direct LOS between the 
co-channel cells is not likely to exist and the propagation path lengths are much 
longer. In this section, we calculate the probability of outage for the case of 
fading only. The combined effect of shadowing and fading is deferred until 
the next section. Let the instantaneous power in the desired signal and the Ny 
interfering signals be denoted by sg and sy, k = 1, ---, Ny, respectively. 
Note that s; = a7, where aa is the squared-envelope. For a specified receiver 
threshold Ay, the probability of outage is 


Ny 
O; =P (A < Ath) =P (. < Ath Si +) (3.49) 


k=1 


where A = 80/ ae s,. The instantaneous received signal power, sg, has 
the non-central chi-square (Ricean fading) distribution in (2.44), while the 
instantaneous power of each interferer, s,, has the exponential distribution 
(Rayleigh fading) in (2.39). 

For the case of a single interferer, the probability of outage reduces to the 
simple closed form [369] 


Ath { KA, } 
O; = ————e ee 3.50 
: Ath + Al ap Ath + Ai ve 


where K is the Rice factor of the desired signal, Ay = Q/(K + 1)Q), and 
Q, = Efs,]. If the desired signal is Rayleigh faded, then the probability of 
outage can be obtained by setting K = Qin (3.50). For the case of multiple 
interferers, each with mean power 22,, the probability of outage has the closed 
form [369] 


Nr 

Mth KA, 

O; =1- p- {-; -}] 3.51 

: 2 Ath + Ak = ray Neon Aj on ( ) 
er 


where Ay = Q9/(K + 1)Qx. This expression is only valid if Q3 4 Q; when 
i # j, ie., the different interferers have different mean power. If some of 
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the interferers have the same mean power, then an appropriate expression for 
the probability of outage can be derived in straight forward manner. [If all 
the interferers have the same mean power, then the total interference power 
SM = a Sz has the Gamma pdf 


gNi71 x 4.59 
= ————_ ex ate ces, ; . 
Psy (2) on (N; — 1)! p{ =| ( ) 


The probability of outage can be derived as [369] 


Ox = Ath ey {37} 
a Oro ted ae eT 


at A OV SL R\ 1 De V" 
>. ws 7 ) ~ ( \5 (5 7 ) (3.53) 
k=0 ( th + 1 m=0 my}m: th + 1 
Again, if the desired signal is Rayleigh faded, then the probability of outage 
with multiple Rayleigh faded interferers can be obtained by setting K = 0 in 
either (3.51) or (3.53), which ever is appropriate. In Fig. 3.5, the probability of 
outage is plotted as a function of the carrier-to-interference ratio 
Q 

A= 54 
for various Rice factors and a single interferer. Observe that the Rice factor of 
the desired signal has a significant effect on the probability of outage. Fig. 3.6 
plots the probability of outage for K = 0 and 7 and varying numbers of 
interferers. Observe that the number of interferers does not affect the probability 
of outage as much as the Rice factor, provided that the total interfering power 
remains constant. 


4. MULTIPLE LOG-NORMAL NAKAGAMI 
INTERFERERS 


The probability of outage has been evaluated in the literature for a single 
Nakagami interferer [364] and multiple Nakagami interferers [5, 370], in the 
absence of shadowing. Here we analytically formulate the probability of outage 
with multiple log-normal Nakagami interferers. For the case when the interfer- 
ing signals have the same shadowing and fading statistics, we derive an exact 
mathematical expression for the probability of outage. Let the instantaneous 
power in the desired signal and the N; interfering signals be denoted by sg and 
8~, kK =1,---, Nz, respectively. Again, for a specified receiver threshold Atp, 
the probability of outage is 


Nr 
Or =P(\< An) =P (« <n >, «| (3.55) 
k=1 
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Figure 3.5. Probability of outage with a single interferer. The desired signal is Ricean faded 
with various Rice factors, while the interfering signal is Rayleigh faded; 4}, = 10.0 dB. 


where X = So/ ie sz. Since the kth signal is affected by log-normal 
shadowing and Nakagami fading, s, has the composite pdf 


Co Sp \ Me gM} { me | 
; _ = ke 3.56 
Ps, (2) [ (s) Tim) LO O% os 
1 (10log 192% — pa, jas 
x — = ? — edb®>, 
V 2nEo9, Qk ep 20%, 7 


LetW = 4 Sp be the total power from the Ny interfering signals, X 
so/W, and Y = W. Then the joint pdf of X and Y is pxy(xry) 
YPso,w(ry,y) and 


px (x) = | YPso(zy)pwy)dy . (3.57) 


It follows that the probability of outage is 
50 
P{—<,X 
(<>) 


Li : . dz [ YPsy (xy) pw (y)dy (3.58) 


O; 
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Figure 3.6. Probability of outage with multiple interferers. The desired signal is Ricean faded 
with various Rice factors, while the interfering signals are Rayleigh faded and of equal power; 
Ath = 10.0 dB. 


Substituting the Nakagami pdf for so and integrating with respect to x gives 
the conditional probability [147] 


mo-l h 
80 ao. “Hes Morty \" 1 
P (7 < Ath 1%) = ] dX (a ) hl 


fo.) 
x [ exp {_-Mocut} y"pw(y)dy (3.59) 
0 Qo 


4.1 STATISTICALLY IDENTICAL INTERFERERS 

Here we assume statistically identical co-channel interferers so that on, = 
ogand m, = my, 21 =1, ..., N7. Following Linnartz [203], the integral in 
(3.59) can be obtained by using Laplace transform techniques. The Laplace 
transform of the pdf pw(y) is 


Lw(s) = [ * e Yay (y)dy (3.60) 


The integral in (3.59) is then equal to the hth derivative of Ly (s) with respect 
to s evaluated at the point s = (moAtn)/Qo. That is, 
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[ ey py(y)dy = (-1)*L{")(s) (3.61) 
dh 
a ier Hl MD, (Yk nine 


where the last line follows under the assumption of statistically independent 
interferes. By using the composite distribution in (3.56) with m, = my 


00 (yx) LT mple™ 
e S¥kn Yk dy, = — | Un Gane a 
| - Vr Joo (10"" (apy tV2en2)/10 . my)™ 


(3.62) 
Averaging over the log-normal shadowing distribution of the desired signal 
gives the final result 


mo—1 h 
oe moAth 1 
1-f 1S: (-") hl oo 


h=0 


dt i” mrie-™ da | - 
dsh —0o Jm(10" (dB) PV RIOD 5 a. ay Sir = a 


k=1 


Or 


x fe exp __ (10log 19% — HO, am)” dQ . 
V 2raQQo dae, 


Equation (3.63) is an exact expression for shadowed Nakagami fading chan- 
nels. When mq = my = 1, it reduces to the simple expression obtained by 
Linnartz [203] for shadowed Rayleigh fading channels. Ifthe path loss associ- 
ated with each interferer is the same, then 2 = Q; and the product in (3.63) 
reduces to taking the N;th power. Let 


2 


fo <) ent 
“ = > Gate 2 (3.64) 
(s) — (1949 (apy tV2212)/10 5 ym 
and use the identity [147] 
dh N; 
G(s) = FalF(s)] 
h—Ny A th [F(s)}-% qh ; 
- oe a ares (3.6 
wi ( N; px 1) (?) We ae at FOO! G65) 


Observe that G(s) is just a function of the derivatives of F(s), and 
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CG. i. se ed 
dw a ds® | Jooo 4p, (ua; +V2aq2)/10 — 
(10% cae) s+ my)™ 
(my +w-—1)! 
= me 
= i (m; — 1)! 
(10491 (ap) +V20n07)/10\ 92? 


oo 
x i. (101 (apy tV2enz)/10 


(3.66) 


dz . 
s+my)mtw 


We can obtain G(s) from (3.65) and (3.66), and substitute it into (3.63). Then 
by using a change of variables the probability of outage in (3.63) becomes 


mo-1 my Nj 


= hom 
Op Sts morn 10” (apy /10)" Tr (3.67) 
dX (—moAtn ) ei 
x [ 107 V27nth/10.-2? g (mormntor ia dx 
—co 


The integrals in (3.66) and (3.67) can be efficiently computed by using Hermite- 
Gauss quadrature integration. Applying the Hermite-Gauss quadrature formula 
to (3.66) gives 


7 w(mr+w-—1)! 
FM)(s) = (-1) wee 
Np (ua +V2onz1)w/10 
1 I (dB) 
x >) He, : (3.68) 


er (102 (apy + V2en2+)/10 


s+ my)™te 

where Hz, are weight factors, x; are the zeros of the Hermite polynomial 
H(z), and Np is the order of the Hermite polynomial. By using this result and 
the values in Table 3.1 (listed for convenience) we have 


mn my Ny 
/10\h my 
Or, = 1- —moA 104% (4B) mys | ae) 
» ( ‘ ) Vai py 
Np 
x S> Hy, 10-V2207h/0G (me Yen 0 %0 aad) ee. 
é=1 


Fig. 3.7 shows the probability of outage as a function of the carrier-to- 


interference ratio 
_HQ9 


~ Nrpo, | 
Results are plotted for N; = 6 interfering signals and varying degrees of fading 
on the desired and interfering signals. Observe that the probability of outage is 


(3.70) 
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Zeros Lj Weight Factors Hz, 
+0.27348104613815 5.079294790166 x 107! 
+0.82295144914466 2.806474585285 x 107! 
+1.38025853919888 8.381004139899 x 107? 
+1.95178799091625 1.288031153551 x 107? 
+2.54620215784748 9.322840086242 x 1074 
+3.17699916197996 2.711860092538 x 107° 
+£3.86944790486012 2.320980844865 x 10-” 


+4.68873893930582 2.654807474011 x 107? 


Table 3.1. | Zeros and weight factors of 16 order Hermite polynomials [1]. 
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Figure 3.7. Probability of outage when the desired and interfering signals are Nakagami faded. 
Results are shown for various fading distribution parameters; on = 6 dB, Arn = 10.0 GB. 


insensitive to changes in the m values for interfering signals. This phenomenon 
demonstrates that co-channel interference is dominated by the fading of the 
desired signal rather than fading of the interfering signals. Fig. 3.8 shows 
the probability of outage for different values of the shadow standard deviation 
og. We can conclude that the number of interferers and the shadow standard 
deviation have the most significant effect on the probability of outage. 
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Probability of Outage, O, 


A (dB) 


Figure 3.8. Probability of outage when the desired and interfering signals are Nakagami faded. 
Results are shown for various shadow standard deviations; mo = 8, mr = 2, Atn = 10.0 dB. 


5. MULTIPLE LOG-NORMAL RICEAN/RAYLEIGH 
INTERFERERS 


This section presents an exact method for evaluating the probability of 
co-channel interference for Ricean/Rayleigh faded channels with log-normal 
shadowing. The results can be applied for a Ricean faded desired signal and 
a single 

Rayleigh faded interferer, or vice versa. It can also be applied for a Rayleigh 
faded desired signal with multiple Ricean or Rayleigh faded interfering signals. 
Once again, let the instantaneous power in the desired signal and the Ny 
interfering signals be denoted by so and s4,k = 1, «++, Ny, respectively. For 
a specified receiver threshold Aty, the probability of outage is, again, 


Ny 
O; =P (A < Ath) =P ( < Ath x +) (3.71) 
k=1 


where A = 8q/ pwiEe sx and each s, has either a composite log-normal expo- 
nential (Rayleigh fading) distribution or a composite log-normal non-central 


chi-square (Ricean fading) distribution. The s,,k = 0, ..., Ny in (3.71)can 
be reordered such that (so < se AthSk) = (So < YS 5p8x), Where Sq is 
exponentially distributed, the s,,4 = 1, ..., Ny are either exponentially or 


non-central chi-square distributed. When the desired signal is Rayleigh faded 
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So = 89 and S_ = 8, and 6; = Ath. Otherwise, when the desired signal 
is Ricean faded and a single Rayleigh interferer is present, we observe that 
P(so < Ath$1) =P(s1/(80/Ath) > 1). Therefore, using 39 = s), 5, = so, and 
61 = 1/Ath, the 

probability of outage is 1 — P(s1/(so/Atn) < 1) = 1 — P(8/6)8, < 1). 
Thus, let X = 3/W and Y = W, where W = 3“), 55x. The joint pdf of 
X and Y is pxy(2,y) = y Pio,w(zy, y) and 


oo 
px(z) = [ yP3o(xy)pw(y)dy . (3.72) 
Therefore, 


<2 oe) oe) 
O; =P (# = : =1 -j dx | yps(ry)pw(y)dy . —- (3.73) 


Substituting the exponential pdf for p;,(xy) and integrating with respect to x 
gives the conditional probability 


~2 oo 
Pp (# <i 0 =] -f exp {-X} ewiey (3.74) 


where Q9 = E[S9]. Following Linnartz [203], the integral in (3.74) can be 

simplified by using Laplace transform techniques. Since the 8%, k = 1,..., Ny 

are all independent random variables, pw(y) is the convolution of the densities 
of the 6,8. Hence, (3.74) becomes 


3 al 
P (# < 119 = rE) 


(3.75) 


s=6;,/Q0 


where F;,(s) is the Laplace transform of the pdf pz, (x), given by 


oo co K, 
F;,(s) = i | Ar + a {-Ks — (Ke + Ia kt vel 
0 0 OQ, Q% 


K, (ky +1 
x Ip (: fale te) Po, (Qk) dda 
% 
co 6 CUwKy, +1 a {- bp sQeKE } 
pREL ieee Ll Ke +14 oe 
10log,), — 2 
” E exp A 81054 : HO, (ap) dO 
Vv 2no9, Qe 200, 


(3.76) 
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where Ky is the Rice factor of the kth signal. Averaging over the shadow 
distribution for the desired signal yields the final result 


oo { Nr 
OS t= i LI Fis (5e/%) (3.77) 
0 k=1 


a exp __ (10log19%o — HN (as) dQ 
Vv 2700 Qo 20%, 


The integrals in (3.76) and (3.77) can be efficiently computed using Hermite- 
Gauss quadrature integration, as explained earlier. Corresponding expressions 
for Rayleigh fading can be obtained by setting the A, = Oin (3.76). 


5.1 SINGLE INTERFERER 


For a Rayleigh faded desired signal and a Ricean faded interferer, (3.77) can 
be used directly with Ny; = land 6; = Atn. If we assume the simple path loss 
model in (1.6), and define the normalized reuse distance as dy /do, where do and 
d, are the radio path lengths of the desired and interfering signals, respectively, 
then the average carrier-to-interference ratio is 


A = Ua, (apy — 4% apy = 10Blog9 (di/do) dB. (3.78) 


The probability of outage is plotted against the normalized reuse distance in 
Fig. 3.9, where it is shown to be insensitive to the Rice factor of the interferer. 
Likewise, Fig. 3.10 plots the probability of outage against the normalized reuse 
distance when the desired signal is Ricean faded and there is a single Rayleigh 
faded interferer. Observe the strong dependency of the probability of outage 
on the Rice factor of the desired signal. 


5.2.) MULTIPLE INTERFERERS 


For a Rayleigh faded desired signal with multiple Ricean/Rayleigh interfer- 
ers, (3.77) can be used directly leading to the same (not shown) result as the 
single interferer case; the probability of outage is insensitive to the Rice factors 
of the interferers. 

For a Ricean faded desired signal with multiple Ricean/Rayleigh interferers, 
a different approach must be taken. An exact solution for the case of a Ricean 
faded desired signal with multiple Rayleigh interferers has been presented by 
Wang and Lea [349]. However, the case of a Rician faded desired signal 
with multiple Ricean interferers is still an open problem. One possibility is to 
approximate the Rice distribution with a Nakagami distribution as discussed in 
Sectionnaka, and use the results of Section 4.. 
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Probability of Outage, O, 


1 2 3 4 5 
Normalized Reuse Distance (d/d,) 


Figure 3.9. Probability of outage against the normalized reuse distance for a Rayleigh faded 
desired signal and one Ricean faded interferer. The Rice factors of the interfering signal varied; 
Ath = 10 dB, ON, = OQ = 6 dB, B = 4, 


Problems 


3.1. Consider the scenario in Fig. 3.11 which depicts the worst case situation 
for the first tier of co-channel interference on the forward channel. Assume 
a cluster size of 7 cells, a cell radius of R = 3 km, a path loss exponent of 
@ = 3.5, and carrier-to-interference threshold A; (qp)=10 dB.Ignore the 
effect of handoffs and assume that the MS must stay connected to the BS in 
the center cell. 


a) Using the simple path loss model in (1.6) with a, (apm) (40) = —10dBm 
at ds = 1 km, a shadow standard deviation og = 8 dB, calculate the 
probability of outage O;(d) in (3.47) by using the Fenton-Wilkinson 
method. 


b) Foro = 4 dB, what is required threshold At} such that the probability 
of outage is less than 1%? 


c) Repeat b) for og = 12 GB. 


32. Consider the Fenton-Wilkinson method for approximating the sum of 
log-normal random variables. Consider the sum of N log-normal random 
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Figure 3.10. Probability of outage against the normalized reuse distance for a Ricean faded 
desired signal and one Rayleigh faded interferer. The Rice factors of the desired signal are 
varied; Ayn = 10 dB, ong = on, = 6 dB, B = 4. 


Figure 3.1]. | Co-channel interference on forward channel for Problem 3.1. 


variables 
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Figure 3.12. Proposed highway microcell system for Problem 3.8. 


where the {, are independent zero-mean Gaussian random variables with 
og = 8 dB. Plot the mean 42g (gpm) and variance oa, of the approximate 
Gaussian random variable Z(q) as a function of N for N = 2,3,4,..., 10. 


3.3. This problem uses computer simulation to verify the usefulness of the 
Schwartz-and-Yeh approximation and the Fenton-Wilkinson approximation 
for the sum of two log-normal random variables. Consider the sum of two 
log-normal random variables 


P=, 402 


where the Gaussian random variables 9; (qp) and N, (dB) are independent 
and identically distributed with zero mean and variance og. By using the 
Schwartz-and- Yeh method, plot the values of jz (apy) and ot as a function 
of the variance a2. Repeat for the Fenton-Wilkinson method. Now obtain 
the same results by using computer simulation and compare the analytical 
results. What are your conclusions? 


3.4. You are asked to design a highway microcell system as shown in Fig. 3.12. 
Each cell has length 2R. 


a) A BS with an omnidirectional antenna is placed at the center of each 
cell. Ignoring shadowing and envelope fading, determine the minimum 
reuse factor needed so that the worst case carrier-to-interference ratio, 
A, is at least 17 dB. State whatever assumptions you make. 


b) Now suppose that directional antennas are used to divide each cell into 
two sectors with boundaries perpendicular to the highway. Repeat part 
a). 

c) Consider again the sectored cell arrangement in part b). If shadowing 
is present with a standard deviation of og dB, what is the probability 
of outage on a cell boundary? Assume soft handoffs between adjacent 
cells. 


3.5. Derive equation (3.50). 
3.6. Derive equation (3.51). 
3.7. Derive equation (3.53). 
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3.8. Consider a microcellular environment where a Ricean faded signal is af- 
fected by a single Rayleigh faded interferer. Neglect the effect of path loss 
and shadowing. Suppose that the transmission quality is deemed accept- 
able if both the instantaneous carrier-to-noise ratio and the instantaneous 
carrier-to-interference ratio exceed the thresholds, 7, and Ath, respectively. 
Analogous to (3.53) derive an expression for the probability of outage. 


Chapter 4 


MODULATED SIGNALS 
AND THEIR POWER SPECTRA 


Modulation is the process where the message information is embedded into 
the radio carrier. Message information can be transmitted in the amplitude, 
frequency, or phase of the carrier, or a combination of these, in either analog or 
digital form. Most first generation cellular systems such as AMPS use analog 
FM, because analog technology was well understood when these systems were 
developed. However, the pressing need for greater spectral efficiency lead to 
the use of digital modulation techniques in second generation digital cellular 
systems. 

To achieve high spectral efficiency, modulation schemes for FDMA and 
TDMA systems have a high bandwidth efficiency, measured in units of bits 
per second per Hertz of bandwidth (bits/s/Hz). As discussed earlier in this 
book, the link quality in many wireless systems is limited by co-channel inter- 
ference. Hence, modulation schemes must be identified that are both bandwidth 
efficient and capable of tolerating high levels of co-channel interference. More 
specifically, digital modulation techniques are chosen for FOMA and TDMA 
wireless systems that satisfy the following three properties: 


®# Compact Power Density Spectrum: To minimize the effect of adjacent 
channel interference, the power radiated into the adjacent band should be 
60 to 80 dB below that in the desired band. Hence, modulation techniques 
with a narrow main lobe and fast roll-off of side-lobes are needed. 


= Good Bit Error Rate Performance: A low bit error probability must be 
achieved in the presence of fading, Doppler spread, intersymbol interfer- 
ence, adjacent and co-channel interference, and thermal noise. 


= Envelope Properties: Portable and mobile applications typically employ 
non-linear (Class-C) power amplifiers to minimize battery drain. Nonlinear 
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amplification may degrade the bit error rate performance of modulation 
schemes that transmit information in the amplitude of the carrier. Also, 
spectral shaping is usually performed prior to up-conversion and non-linear 
amplification. To prevent the regrowth of spectral side-lobes during non- 
linear amplification, relatively constant envelope modulation schemes are 
preferred. 


A variety of digital modulation techniques are currently being used in wire- 
less communication systems. Two of the more widely used digital modulation 
techniques for cellular mobile radio are 7/4-DQPSK and GMSK. The former 
is used in the North American IS-54 and Japanese PDC and PHS systems, while 
the latter is used in the European GSM, DCS 1800, DECT, and CT2 systems. 

This book does not treat analog FM in detail and we refer the reader to 
other textbooks on the subject, such as those by Haykin [164] and Stremler 
[308]. Section 1. begins the chapter with a general characterization of band- 
pass modulated signals. Section 2. discusses Nyquist pulse shaping for ISI- 
free transmission. Sections 3. through 8. then provide a detailed treatment 
of the various linear and nonlinear digital modulations techniques that are 
suitable for mobile radio applications, including QAM, PSK, 7/4-DQPSK, 
orthogonal modulation, OFDM, CPM, OMSK, and others. Since bandwidth 
efficiency is of great concern in mobile radio systems, Section 9. discusses the 
spectral characteristics of digitally modulated signals, beginning with a general 
framework followed by specific cases. 


1. REPRESENTATION OF BAND-PASS MODULATED 
SIGNALS 


Band-pass modulation schemes refer to modulation schemes that transmit 
information by using carrier modulation. The carrier modulated waveform can 
be expressed in the complex envelope form 


s(t) = Re [3(t)e*F*] (4.1) 


where 
§(t) = §7(t) + jSQ(t) (4.2) 


is the complex envelope and f, is the carrier frequency. For any digital modu- 
lation scheme, the complex envelope can be written in the standard form 


5(t) = AS _W(t—nT,xn) (4.3) 


xX, = (tn, Tn-1s ees En-K) (4.4) 


where A is the amplitude and {zn} is the sequence of complex data symbols 
that are chosen from a finite alphabet. One data symbol is transmitted every 
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T seconds, so that the baud rate is R = /T symbols/s. The function _ b(t, x;) 
is an equivalent shaping function whose exact form depends on the type of 
modulation that is employed. For example, with binary phase shift keying 
(BPSK) 


b(t, Xn) = Lnur(t) (4.5) 
where 
Zn € {-1,+1} = data symbol transmitted at epoch n 
ur(t) = u(t) -—u(t-—T) = unit amplitude rectangular pulse of length T 


and where u(t) is the unit step function. Many other types of modulation 
are considered later in this chapter, where information is transmitted in the 
amplitude, phase, and/or frequency of the carrier. In each case, the modulated 
signal will be represented in the standard form in (4.3) so as to simplify the 
task of finding its power spectral density (psd). 

By expanding (4.1), the band-pass waveform can also be expressed in the 
quadrature form 


s(t) = 87(t) cos 2a ft — Sg(t)sin27fct . (4.6) 


The waveforms 7(¢) and 8g(t) are known as the quadrature components s(), 
because they amplitude modulate the phase quadrature carrier components 
cos 2a ft and sin 27 fet. 

Finally s(t) can be expressed in the envelope-phase form 


s(t) = a(t) cos(2mf.t + P(t)) (4.7) 
where 
a(t) = 4/33 (t) + 33(t) (4.8) 
(t) 


a(t) = Tan" [207 


The three representations in (4.1), (4.6), and (4.7) are equivalent and will be 
used interchangeably. 


1.1 VECTOR SPACE REPRESENTATIONS 


For digital modulation schemes, the bandpass signal that is transmitted 
at each baud interval will belong to a finite set of finite energy waveforms 


: (4.9) 


with a few exceptions. Let {sg(t), s1(t),..., $s¢-1(t)} denote the set of such 
waveforms, where M is the size of the set. The corresponding complex 
envelopes are denoted by {So(€), §1(t),.-.,Sa—1(t)}. For now we will work 


with the complex envelopes. 
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An N-dimensional complex vector space is defined by the set of complex 
orthonormal basis functions {yo(t), yi(t),---,;¢@n—1(t)}, where 


i, : yi(t)y;(t)dt = 44; (4.10) 


and 6;; = 1,4 = 7 and 0 otherwise. Each waveform §;(t) can be projected 
onto the set of basis functions to yield a signal vector 


Sm. == (Srigi 8m) 4 Swe) 3 m=0,...,M-1 (4.11) 

where a 
= / 3m(t)p? (t)dt . (4.12) 

—-o 


If the basis functions are chosen appropriately, then the §,,(t)can be expressed 
exactly in terms of the basis functions. That is, 


N-1 
5m(t) = >> 3m,vi(t), m=0,...,M—-1. (4.13) 
1=0 


A systematic procedure for constructing an appropriate set of basis functions 
is now described. 


1.2 GRAM-SCHMIDT PROCEDURE 
Define the inner product between two waveforms u(t) and v(t) as 
tive / * u(t)o" (t)dt (4.14) 


and define the norm of the waveform u(t) as 


Ilul| = V(u,u) - (4.15) 


Note that the squared-norm 


co 
ul? = (uu) =f ju(e)Pae (4.16) 
is the energy contained in u(?). 

Given the finite set of finite energy signals {8o(t), 51(¢),..., $—1(t)}, an 
orthonormal set of basis functions {yo(t), y1(t),...,@N—1(t)} can be con- 
structed according to the following algorithm: 


I: Set go(t) = S(t) and define 


_ gol(t) 


= (4.17) 
IIgoll 


yo(t) 
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so(t) OG) 
0 T 2T/3 
s(t) . 3 
1 


Figure 4.1. Signal set {3;(t)} for Example 4.1. 


2: Set gi (t) = 81(¢) — (50, 90) Po(¢) and define 


91 (t) 
= 4.18 
vil) Ilgu I : 


3: Set gi(t) = 5:(t) — D5=H(5j, es) = Silt) — DIZ Sj; (t) and define 


s(t 
eilt) = 7, ue (4.19) 


Repeat Step 3 until all the §;(t)’s have been used. If one or more of the above 
steps yields g;(t) = 0, omit these from consideration. In the end a set of 
N < M complex orthonormal basis functions {yo(t), yi (t),...,en—1(t)} 
is obtained. The dimensionality of the complex vector space N equals M 
if and only if the set of waveforms {8o(t), $1(t),...,$s¢—-1(t)} is linearly 
independent, i.e., none of the waveforms is a linear combination of the others. 
Example 4.) 

Construct and orthonormal basis set for the set of waveforms shown in 
Fig. 4.1. 


go(t) _ B/E , CS FaT3 
~ 10, else 


2: Set gi(t) = 81(t) — (81, 0) Po(t), where 


(51,0) = f * ai(tyh(t)dt = i  [ajrat = TP 
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%) 0,00 
aT in \3/T 
0 TB T 0 T/3) (2TA T 
at 
ar + a 
6 3 www 


Figure 4.2. _ Orthonormal basis functions {; } for Example 4.1. 


Then 


gilt) _ 3/T , T/3<t< 27/3 
~L0, else 


2T/3 
Z i 3/Tdt = /T/3 
T/3 
Then 
g2(t) ae Jor <t<T 
po(t) = io 2 || = , else 


4: Set g3(t) = §3(t) — (83, yo) po(t) — (83, 91)y1(t) — (83, G2) ye(t). But 
g3(t) = 0, so ignore Step 4. 


The set of basis function is shown in Fig. 4.2. 

The §;(t) can be expressed as a linear combination of the basis functions, 
according to (4.13), and the corresponding signal vectors in (4.11) can be 
constructed. For the above example, the signal vectors are 


8) = (\/T/3,0,0) 
& = (/7/3,/T/3,0) 


8. = (0,,/7/3, \/T/3) 
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4, 


5 (0) 


Figure 4.3. Four signal vectors in 3-D signal space. 


(/7/3, 7/3, VT/3) 


These four signal vectors can be plotted in a 3-D signal space, as shown in 
Fig. 4.3. 


13. SIGNAL ENERGY AND CORRELATIONS 


Define the inner product between two length-N vectors u and v as 
(u,v) =u-v* UzV; (4.20) 
and the norm of the vector u as 


N-1 
lull = (uu) = > [u,|? (4.21) 
i=0 


Consider the set of band-pass waveforms 
Sm(t) = Re [8m(t)e?"t], m=0,...,.M—1 (4.22) 
The energy in the waveform s(t) is 


BR, =(ees, j= / s2,(t)dt (4.23) 


—co 
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Using the relation in (4.22) along with the identity Re[z] = (z + z*)/2we 
obtain 


Em 


II 
ee 
8 
“oN 
fH 
3 
ore! 
na 
+ 
far 
* 
= 
3 
~— 
Ne” 
bo 
Q 
oh 


- / 7 al . |Srn(t) [Pat 
+5 [. » lim(t)(2 cos daft + 26(t))dt 


)|? 
[ta 


= 5 Ce : (4.24) 


2 


where ¢(t) = Tan~! [&9(t)/8;(t)]. The above approximation is accurate when 
the bandwidth of the complex envelope is much less than the carrier frequency 
so that the double frequency term can be neglected. For digital band-pass 
modulated signals with baud rate R = 1/T, this condition is equivalent to 
f2 Si, 

By using the Gram-Schmidt procedure, the s,,(t) can be expressed in terms 
of a set of N (real) basis functions {yo(t), yi(t),..., @n—1(t)} where N is 
the dimension of the real vector space. 


= DY sm,yi(t), m=0,...,M-1 (4.25) 


yielding the corresponding signal vectors 
Bi = (Sigs Baya coe Bigg a OPS Ore, AH (4.26) 
It follows the energy in s(t) is 


N- 


oo /N-1 
Em = i ( > omit) a rye = ||Smn||? (4.27) 
oo \i=0 


1=0 


where we used the orthonormal property of the basis functions in (4.10). Notice 
that the energy in $,,(t) is equal to the squared norm of the corresponding signal 
vector Sm. 

Likewise, the 8,,(t) can be expressed in terms of a set of N complex basis 
functions {po(t), ¢1(t),...-;n-—1(t)} where N is the dimension of the com- 
plex vector space. Note that the dimensionality of the vector space and the set 
of basis functions for the s(t) and the §,,(¢) are different, but related. The 
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energy in S(t) is 


N-1 2 N-1 
La 2 1 ~ 2 1ye 42 
Em = al > 8m, Vi(t) dt = 2 a Seag| = ~||Sml| . (4.28) 
2 Ico | + 24 2 
1=0 1=0 
Hence Fi 
Ex = \|Smll? = 5l8ml|? - (4.29) 
The correlation between the waveforms s(t) and s,(t)is defined as 
1 [ d 
i Sm(t)s,(t)at 
Pkm VE. Em — m( ) k( ) 
_ (8m; 8k)_ 
[Sm Ilse 
Re { Gu-sel | (4.30) 
[Sr II I18x 


Finally, the squared Euclidean distance between s;,(t)and sm(t)is 


Bn =f (sm(t)— sult)? at 


—0o 


1. ~ 
\Sm — Sell? = =[l3m — Sell? - (4.31) 
2 


2. NYQUIST PULSE SHAPING 


Consider a modulation scheme where the complex envelope has the form 


5(t) = A> tnp(t — nT) (4.32) 


where p(t) is a shaping pulse, {zp } is the complex data symbol sequence, and 
T is the baud period. Now suppose the complex envelope is sampled every T 
seconds to yield the sample sequence {yz }, 


Yk = HRT + to) = AS_ tnp(kT + to — nT) (4.33) 
n 
where to is a timing offset assumed to lie in the interval [0, 7). First consider 


the case when t, = 0; the effect of having ¢, 4 0 will be dealt with later. When 
to = 0 


Uk A \- InPk—n 
n 


Axypo + A > InPk—n (4.34) 
nZ£=k 
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where pm = p(mT) is the sampled pulse. The first term in (4.34) is equal 
to the data symbol transmitted at the kth baud epoch, scaled by the factor po. 
The second term is the contribution of all other data symbols on the sample y,. 
This term is called intersymbol interference (ISI).. To avoid the appearance 
of ISI, the sampled pulse response {p;} must satisfy the condition 


Pk = SkoPo (4.35) 
where 6, is the Dirac delta function defined by 
J 0, gG#k 
Ojk = { i, j=k (4.36) 
In this case 
Yk = Xkpo - (4.37) 


Therefore, to avoid ISI the pulse p(4) must have equally spaced zero crossings 
at intervals of T seconds. This requirement is known as the (first) Nyquist 
criterion. 

We now derive an equivalent frequency domain requirement by showing that 
the pulse p(f) satisfies the condition py, = dgopo if and only if 


PSs Db P(t+R) =p. (4.38) 


n=—o 


The term Pp(f) is called the folded spectrum. To avoid ISI, the folded 
spectrum must be a constant value or in other words “flat.” Using the Fourier 
transform, we can write 


De = i P(f Jel? FkT ag 


=» k ee P(fedeAIT af 


ne HQn-1)/2T 
= 3 [" P(f'+ Re jomk( f'+B)T gp 
Jie 
_ i 3 P(f+z) ef 7 fkT ag 
—19r |S r 
1/27 
a & / Pa(fler2™F*T ap (4.39) 
-1/2T 


It follows that pz and Ps(f) are a Fourier series pair, 1e., 


Po(f) = > ppeF?mhit (4.40) 


k=—00 
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Now suppose that the condition in (4.38) is satisfied. Then Pp(f) = poT 
and from the last line of (4.39) 


1/2T sintk 
Me / iT yy taf = OTS, = Sopp. (4.41) 


-1/2T Tk 
Conversely, suppose that the condition py, = podxo is satisfied. Then from 
(4.40) 
Ps(f) = po - (4.42) 


The requirement on the folded spectrum in (4.38) allows us to design pulses 
in the frequency domain that will yield zero ISI. First consider the pulse 


P(f) = Trect(fT) (4.43) 
where : <a 
’ < oT 

ae { 0, elsewhere os) 


This pulse yields a flat folded spectrum. In the time domain 
p(t) =sinc(t/T) . (4.45) 


This pulse achieves the first Nyquist criterion because it has equally spaced 
zero crossings at T second intervals. Furthermore, from the requirement of a 
flat folded spectrum, it achieves zero ISI while occupying the smallest possible 
bandwidth. Hence, it is called an ideal Nyquist pulse. Sometimes the edge 
frequency f = 1/2T is called the Nyquist frequency. 

We now examine the effect of the sampling or timing offset ¢, with the aid 
of the ideal Nyquist pulse. With a timing offset 


Ye = A)” apsine((kT +nT +t,)/T) 
n 


= Azgsinc(t,/T)+A > rpsinc((kT + nT +t,)/T) (4.46) 
nk 


In this case, the ISI term is not zero. Furthermore, with the ideal Nyquist 
pulse the effect of the timing offset is exasperated because the ISI term is not 
absolutely summable as shown in Problem 4.1. This is caused by the slow time 
decay of the ideal Nyquist pulse, in this case 1/t. To make our communication 
systems more robust to timing errors, we would like to construct pulses that 
satisfy the Nyquist criterion but decay faster with time. 

To construct other Nyquist pulses, we start with the ideal Nyquist pulse, 
Py(f), shown in Fig. 4.4(a). To the pulse Py(f), we add a “transmittence” 
function P,(f) as shown in Fig. 4.4(b). The critical requirement is that the 
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Figure 4.4. Construction of pulses satisfying the (first) Nyquist criterion. 


transmittence function have skew symmetry about the Nyquist frequency 1/27. 
Any function with skew symmetry will do. The resulting Nyquist pulse P(/) 
is shown in Fig. 4.4(c). Clearly, the pulse has a flat folded spectrum. The 
corresponding time domain pulse p(t) can be obtained by taking the inverse 
Fourier transform of P(f). Notice that the pulse P(f) takes up additional 
bandwidth in exchange for the faster decay of the corresponding time domain 
pulse p(t). 


Raised cosine and root raised cosine pulse shaping:. The raised cosine 
pulse is defined by 


T 0<|fl<(1-p)/2r 
P(f)=4 F[l-sin't (f-ae)| G-AAT<Ifl< +A) 
0 If 2 B)/27 _ 


The bandwidth of the raised cosine pulse is (1 + 8)/2T. The roll-off factor 
8,0 < 6 < 1 controls the bandwidth that is in excess of the Nyquist bandwidth. 
Taking the inverse Fourier transform of P(f) gives the time domain pulse 


_ sinat/T cos Bxt/T 


oe nt/T 1 —462t2/T? oe 
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For 8 = 0, p(t) reduces to the sinc pulse in (4.45). Notice that the raised cosine 
pulse decays as a function of 1/¢°. 

As discussed in Chapter 5, the pulse shaping is usually divided between the 
transmitter and receiver filters. Very often the receiver filter h,(t)is “matched” 
to the transmitter filter hg(t), in which case h,(t) = hg(—t). The overall 
pulse consisting of the cascade of the transmitter and receiver filters is p(t) = 
ha(t) * ha(—t), where « denotes the operation of convolution. The equivalent 
condition in the frequency domain is P(f) = |Ha(f)|?. In this case, the 
transmitter filter has transfer function Ha(f) = |P(f)|1/2. If the overall pulse 
p(t) is a raised cosine pulse with the transfer function P(f) in (4.47), then the 
pulse hg(t) is said to be a root raised cosine pulse. Taking the inverse Fourier 
transform of Ha(f)gives the corresponding time domain root raised cosine 
pulse 


cos[(1 + @)xt/T] + sin{(1 — 8)nt/T](46t/T)—! . 


ha(t) =4 4.4 
a nV/T(l — 1667t2/T?] oe 
For 6 = 0, ha(t) reduces to the sinc pulse 

h(t) = Js sinc(t/T) . (4.50) 


Raised cosine and root raised cosine pulses corresponding to 8 = 0.5 are 
shown in Fig. 4.5. Strictly speaking the pulses in (4.49) and (4.5) are non- 
causal. Therefore, in practice a truncated time domain pulse must be used. For 
example, in Fig. 4.5 the pulses are truncated to 67 and time shifted by 37 to 
yield causal pulses. Later we will look at the effect of the pulse truncation 
length. Notice that the raised cosine pulse is a Nyquist pulse with equally 
spaced zero crossings at the baud period 7, while the root raised cosine pulse 
isnot. 


3. QUADRATURE AMPLITUDE MODULATION 
(QAM) 
With QAM, the complex envelope is 


5(t) = AS- b(t — nT, xn) (4.51) 


where 
bit, x) = 2,Aalt) (4.52) 


ha(t) is the amplitude shaping pulse, and zp = £7, + 7£Q,n is the complex 
data symbol that is transmitted at epoch n. It is apparent that both the amplitude 
and the phase of a QAM signal depend on the complex symbol. QAM has 
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Figure 4.5. Raised cosine and root raised cosine pulses with roll-off factor 8 = 0.5. The 
pulses are truncated to length 6T and time shifted by 3T to yield causal pulses. 


the advantage of high bandwidth efficiency, but amplifier nonlinearities will 
degrade its performance due to the non-constant envelope. 
The QAM waveforms that are transmitted at each baud epoch have complex 
envelopes 
Sm(t) = Atmha(t) m=0,....M—-1. (4.53) 
To represent the 5,,(t),m =0,...,M — 1in terms of a set of signal vectors, 
the required basis function is 


A2 
yo(t) = 4/ 2B, a) (4.54) 


where 
AZ (eo) 9 
Re ] h(t) dt (4.55) 
2 J-0o 
is the energy in the band-pass pulse Ah,(t) cos 27 f,t. Using this basis function 
8m(t) = /2En 2m Yo(t) (4.56) 
and the QAM complex signal vectors are’ 
5m = V2E, tm, m=0,...,M—-1. (4.57) 


"Since only one basis function is needed, we use the scalar Sy rather than the vector 5. 


Modulated Signals and Their Power Spectra 167 


Figure 4.6. _ Complex signal-space diagram for square QAM constellations. 


QAM signal constellations:. A variety of QAM signal constellations may 
be constructed. Square QAM constellations can be constructed when M is 
a power of 4 by choosing 274m,2qm € {+1, +3, ..., &(N — 1)} and 
N = VM. The complex signal-space diagram for the square 4-, 16, and 64- 
QAM constellations is shown in Fig. 4.6. Notice that the minimum Euclidean 
distance between any two signal vectors is 2,/2Fy,. 

When M is not a power of 4, the signal constellation is not square. Usually, 
the constellation is given the shape of a cross to minimize the average energy 
in the constellation for a given minimum Euclidean distance between signal 
vectors. Examples of the QAM “cross constellations” are shown in Fig. 4.7. 

Other types of QAM constellations are possible as well. Fig. 4.8 shows two 
different 8-QAM constellations. 


PAM signal constellations:. Pulse amplitude modulation (PAM) can be 
viewed as a special case of QAM, where information is transmitted only in 
the cosine component of the carrier. With our formulation, this can be ac- 
complished by using real data symbols tm = 2y,m, belonging to the set 
{+1,+3,...,+(m —1)}. The PAM complex signal vectors are 


3m = V2E,(2m—-1-M), m=1,...,M. (4.58) 


Typical 4- and 8-PAM signal constellations are shown in Fig. 4.9. 
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Figure 4.7. Complex signal-space diagram for cross QAM constellations. 


6 (1) 


Figure 4.8. | Complex signal-space diagram for 8-QAM constellations. 


4. PHASE SHIFT KEYING (PSK) 


The complex envelope of a PSK signal has the form 


3(t) = A}_ W(t — nT, xn) (4.59) 


where 
b(t, xn) = ha(t)et™ (4.60) 


hq(t) is the amplitude shaping pulse. The carrier phase takes on values 


2 
i= wen 4, (4.61) 
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M=4 


4, (1) 


6, (1) 
Figure 4.9. _ Complex signal-space diagram for 4- and 8-PAM constellations. 


where 6, is an arbitrary constant phase, and the data symbols are defined as 
In = n,n € {0,1, ..., M —1}, with M being the alphabet size. 
The PSK waveforms that are transmitted at each baud epoch have complex 
envelopes 
3m(t) = Aha(t)e?®™ , m=0,...,M—1 (4.62) 


Using the basis function in (4.54) 
3m(t) = V/2Ep,e9™ yo(t), m=0,...,M—1. (4.63) 
The PSK complex signal vectors are 
3m = V2Ene!® | m=0,...,M—1 (4.64) 


The complex signal-space diagram for 8-PSK (with 6) = 0) is shown in 
Fig. 4.10. Notice that all PSK waveforms have the same energy Ep. 


4.1 OFFSET QPSK (OQSPK) 

QPSK or 4-PSK is equivalent to 4-QAM, where zp = %7,n + j£Q,n and 
Lin,ton € {—1/V2,+1/V2}. The QPSK signal can have either +90° 
or 180° phase shifts from one baud interval to the next. With offset QPSK 
(OQPSK), the complex envelope is 


5(t) = A}_ W(t — nT, xn) (4.65) 


where 
b(t, Xn) = tr nha(t) + jtanhalt — Ts) (4.66) 


and 7, = T/2 is the bit interval. With OQPSK signals the possibility of 180° 
phase shifts is eliminated. In fact, the phase can change by only +90° every 
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Figure 4.10. | Complex signal-space diagram for 8-PSK signals; 0, = 0. 
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Figure 4.11. | Complex signal-space diagram QPSK and OQPSK signals. 


T, seconds. With OQPSK, the amplitude shaping pulse h(t) is often chosen 
to be the root raised cosine pulse in (4.49). 

The signal-space diagrams for QPSK and OQPSK are shown in Fig. 4.11, 
where Ep is the symbol energy. The dotted lines in Fig. 4.11 show the allowable 
phase transitions. The exact phase trajectories depend on the amplitude shaping 
function. Note that the phase trajectories do not pass through the origin. This 
property reduces the peak-to-average ratio of the complex envelope, making the 
OQPSK signal less sensitive to amplifier nonlinearities than the QPSK signal. 
It also reduces the dynamic range that is required of the power amplifier. 
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42 7/4-DQPSK 

QPSK transmits 2 bits/baud by transmitting sinusoidal pulses having one 
of 4 absolute carrier phases. 2/4-DOQPSK also transmits 2 bits/baud, but 
information is encoded into the differential carrier phase, and sinusoidal pulses 
having one of 8 absolute carrier phases are transmitted at each baud epoch. 

Let 8, be the absolute carrier phase for the nth data symbol, and let A@é, = 
On — On—1 be the differential carrier phase. With 7/4-DQPSK, the differential 
phase is related to the quaternary data sequence {zn}, zn € {+1, +3} through 
the mapping 

On = 207 (4.67) 

Notice that the phase differences are +7/4 and +32/4. The complex envelope 
of the 7/4-DQPSK signal is 


5(t) = A}_ b(t — nT, xn) (4.68) 
where 
W(t,%n) = halt)exp {3 (Ori +n +4) } 


n-1 
ha(t) exp {4 s- at] +0 (4.69) 


k=—0o 


The summation in the exponent represents the accumulated carrier phase, while 
the last term is the phase change due to the nth information symbol. Assuming 
that 8, = 0, the absolute carrier phase during the even and odd baud intervals 
belongs to the sets {0,1/2, 7, 3/2} and {1/4, 37/4, 52/4, 77/4}, respec- 
tively, or vice versa. With 7/4-DQPSK the amplitude shaping pulse hg(t) is 
often chosen to be the root raised cosine pulse in (4.49). 

The signal-space diagrams for QPSK and 1 /4-DQPSK are shown in Fig. 4.12, 
where Ey, is the symbol energy. The dotted lines in Fig. 4.12 show the allow- 
able phase transitions. The phaser diagram for 1/4-DQPSK with root raised 
cosine amplitude pulse shaping is shown in Fig. 4.13. Note that the phase 
trajectories do not pass through the origin. Like OQPSK, this property reduces 
the peak-to-average ratio of the complex envelope, making the 2/4-DQPSK 
signal less sensitive to amplifier nonlinearities. Finally, we observe that unlink 
QPSK the carrier phase of /4-DQPSK changes by +2/4 or +32/4radians 
during every baud interval. This property makes symbol synchronization is 
easier with 7/4-DQPSK as compared to QPSK. 
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Figure 4.12. | Complex signal-space diagram QPSK and 7 /4-DQPSK signals. 
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Figure 4.13. Phaser diagram for 7/4-DQPSK with square root raised cosine amplitude pulse 
shaping; 3 = 0.5. 


5. ORTHOGONAL MODULATION AND VARIANTS 
Orthogonal modulation schemes transmit information by using a set of wave- 

forms, {8m(t)}@=j that are orthogonal in time. Many different types of or- 

thogonal waveforms can be constructed and here we consider a few methods. 
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Orthogonal FSK modulation:. Orthogonal M-ary frequency shift keying 


(MFSK) modulation uses a set of M waveforms that have different frequencies. 
The MFSK complex envelope is 


a(t) = AS- b(t ~ nT, xn) (4.70) 


where 


b(t, X,) = F*™4 stu 7 (t) (4.71) 


and zy, € {+1, +3, ..., +M—1}. The MFSK waveforms that are transmitted 
at each baud epoch have complex envelopes 


3m(t) = Ad*™™™4stup(t), m=0,...,M—-1. (4.72) 
By choosing the frequency separation Ay = 1/2T,the §,,(t),m =0,...,M— 
1 are orthogonal (see Problem 4.1). Since the §,,(¢) are orthogonal, the MFSK 


signal vectors have dimension N = M. The appropriate set of basis functions 
is 


i); 2c = (4.73) 


where 


E, = —— (4.74) 


is the energy in the band-pass pulse Auy(t) cos 27 f.t. The MFSK complex 
signal vectors are 


8m = /2Enem, m=0,...,M@—-1 (4.75) 
where €m = (€0, €1,.--,€M-—1) is a vector of length M with a “1” in the mth 


co-ordinate and zeros elsewhere. 


Orthogonal modulation with binary orthogonal codes:. Another type of 
orthogonal modulation starts with the rows of a Hadamard matrix Hy. The 
Hadamard matrix is generated recursively according to 


Hyj2 Huo 
Hy = 
si | Hyj2 —Houj2 


174 
where H, = {1]. For example, 


+1 4+1 +1 +1 41 +1 +1 +i 
sl ot i, oi ee Sy Sr 
A doe el A ae 
a ad Le, a Se ed, 
Be od ad ad. a hk a a | 3 (4.76) 
oF oh a at. Sh. Se. od, | 
ef MH] ad a2 Gy 4a 41 
ea ah ab eb ae a 


Notice that the rows of the Hadamard matrix are mutually orthogonal. A set of 
equal energy M orthogonal waveforms can be constructed according to 


M 
8m(t) = AS— hm, he(t —kT:), m=0,...,M—-1 (4.77) 
k=1 


where hm, is the kth co-ordinate in the mth row of the Hadamard matrix, 
T = MT, is the symbol duration, and h,(t) is a shaping pulse either having 
duration T, or satisfying Nyquist’s first criterion with equally spaced zero 
crossings at intervals of T, seconds. The energy in the waveform §,,(t) is 


2 poo 
E, = Me h2(t)dt . (4.78) 


2 J-00 


To construct signal vectors, the appropriate choice of basis function is 
A&M 
yi(t) = By De Pinlelt — BT) i=0,...,.M-1 (4.79) 


and once again 
8m = V2Enem, m=0,...,.M—-1. (4.80) 


Biorthogonal signals:. A set of M biorthogonal signals can be easily con- 
structed from a set of M/2 orthogonal signals. The M-ary biorthogonal 
waveforms have complex signal vectors 


te V2EnG; , i=0,...,M/2-1 
“S —8i-mj2, t=M/2,...,.M—1 (4.81) 


where the vectors e; have length M/2. By using an appropriate set of basis 
functions, for example in (4.73) or (4.79), the complex envelopes of the signal 
waveforms can be easily constructed. 


Modulated Signals and Their Power Spectra 175 


Orthogonal multipulse modulation:. With binary orthogonal codes only 
k = logyM bits are transmitted at each baud epoch. A more bandwidth 
efficient scheme can be obtained by using the rows of the Hadamard matrix 
Hy to define N orthogonal amplitude shaping pulses 


N-1 
hi(t)= A >— hihe(t - kT), 1=0,...,N—-1 (4.82) 
k=0 


With orthogonal multipulse modulation, a block of N serial data symbols, 
each of duration T,, is first converted into a block of N parallel data symbols. 
The block of N information symbols is transmitted in parallel by using the 
N orthogonal amplitude shaping pulses in (4.82). The transmitted complex 
envelope is 


3(t) = > W(t — nT, x,,) (4.83) 
where 
N-1 
b(t, Xn) = D> rn, he (t) (4.84) 
k=0 


T = NT,, and Xn = (no, Lny,+--)Lny_,) is the block of N data symbols 
transmitted at epoch n. 


6. ORTHOGONAL FREQUENCY DIVISION 
MULTIPLEXING (OFDM) 


Orthogonal frequency division multiplexing (OFDM) is a modulation tech- 
nique that has been suggested for use in cellular radio [54, 39], digital audio 
broadcasting [119], digital video broadcasting, and wireless LAN systems such 
as IEEE 802.11, HIPERLAN, and MMAC [333]. OFDM is ablock modulation 
scheme where data symbols are transmitted in parallel by employing a (large) 
number of orthogonal sub-carriers. A block of N serial data symbols, each of 
duration J’, is converted into a block of N parallel data symbols, each with 
duration T = NT. The N parallel data symbols modulate N sub-carriers that 
are spaced 1/T Hz apart. 

The complex envelope of an OFDM signal is given by 


5(t) = A}> b(t — nT, xn) (4.85) 


where 


N-1 In ({k—-N=\¢t 
b(t, Xn) = a(t) En, CXP {aby} (4.86) 
k=0 
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where nis the block index, Nis the blocklength, xX», = {%n9, n,, +++; Lny_1} 
is the data symbol block at epoch n, and The frequency offset 


— {aN De) 


just ensures that band-pass signal is centered about the carrier frequency. 

The data symbols zn, are often chosen from a QAM or PSK constellation, 
although any 2-D signal constellation can be used. Ifa rectangular shaping 
pulse ha(t) = Aur(t) is chosen, then the 1/T Hz frequency separation of the 
sub-carriers ensures that they are orthogonal regardless of the random phases 
that are imparted due to data modulation (see Problem 4.4). As we will see 
later, other choices for hg(t) may result in a more compact psd, but the error 
rate performance will degrade due to the loss of sub-channel orthogonality. 

The OFDM system typically operates over a non-ideal channel with transfer 
function 7(f), such that the amplitude response |T(f)| is not constant across 
the channel bandwidth W. The power spectral density of the additive Gaussian 
noise Snn(f) may not be constant either. Shannon [299] proved that the 
capacity of a non-ideal additive Gaussian noise channel is achieved when the 
transmitted power 2:(f) is adjusted across the bandwidth W according to 


_f K-Sml(f/ITP, FEW 
(Ff) = { few } (4.87) 


’ 


where K is a constant chosen to satisfy the constraint 


i Qu(f)df < Qav (4.88) 
Ww 


and Qay is the average available power to the transmitter. One method to 
achieve capacity is to divide the bandwidth W into N sub-bands of width 
W/Ays, where Ay = 1/T is chosen small enough so that |T(f)|?/Snn(f) is 
approximately constant within each sub-band. The signals in each sub-band 
may then be transmitted with the optimum power allocation N,(f),, while being 
individually coded to achieve capacity. 

If the number of sub-carriers N is chosen so that Ay = 1/T is essentially 
constant across each sub-band, then no equalization is necessary because the 
ISI is negligible. Viewing the problem another way, if the block length N 
is chosen so that T = NT; >> LT;, where LT, is the length of the channel 
impulse response, then the effect of the intersymbol interference (ISI) is greatly 
reduced. To eliminate the ISI altogether at the expense of a small decrease in 
capacity, a guard interval of length GT, > LT; can be inserted between 
successively modulated OFDM blocks. 

It is clear from (4.86) that the data symbols zx, for fixed n modulate 
the nth sub-carrier. From (4.87), the transmitter power should be high when 
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|T(f)|?/Snn(f) is large and small when T(f)/Snpn(f) is small. In a practical 
system with a target bit error rate, this implies the use of a larger signal 
constellation in sub-bands where |T(f)|?/Spn(f) is larger. The technique of 
using different sized signal constellations on the different OFDM sub-carriers 
is sometimes called discrete multitone modulation (DMT). 


6.1 MULTIRESOLUTION MODULATION 


Multiresolution modulation (MRM) refers to a class of modulation tech- 
niques where multiple classes of bit streams are transmitted simultaneously 
that differ in their rates and error probabilities. MRM is easy to implement 
in OFDM schemes by using multiplexed, interleaved, and embedded signal 
constellations. Multiplexed MRM divides the sub-carriers into contiguous 
blocks, and a different size signal constellation and transmit power is used 
in each block. A larger signal constellation will transmit more bits/baud but 
also require a higher signal-to-noise ratio to achieve a given error probability. 
Interleaved MRM interleaves the different classes of bit streams onto the sub- 
carriers in a cyclic fashion, ie., if there are K different classes of bit streams, 
then the sub-carriers @,2 + K,2+2K,..., are assigned to the @th bit stream. 
Each class of bit stream can be transmitted by using a different sized signal 
constellation and power level. 

Embedded MRM is more subtle and relies upon the use of asymmetric 
signal constellations. Fig. 4.14 shows an example of a 16-QAM MRM signal 
constellation, that can be used to transmit two different classes of bit streams, 
called low priority (LP) and high priority (HP). In Fig. 4.14, two HP bits are 
used to select the quadrant of the transmitted signal point, while two LP bits are 
used to select the signal point within the selected quadrant. In order to control 
the relative error probability between the two priorities a parameter A = d’/d” 
is used, where d! is the distance between LP symbols and d" is the distance 
between centroids in the HP symbols. In general, A should be less than 0.5, 
since the MRM constellation becomes symmetric 16-QAM at A = 0.5. As A 
becomes smaller, more power is allocated to the HP bits and, hence, they are 
received with a smaller error probability. 


6.2 FFT-BASED OFDM SYSTEM 


A key advantage of using OFDM is that the modulation and demodulation 
can be achieved in the discrete-domain by using a discrete Fourier transform 
(DFT). The fast Fourier transform (FFT) algorithm efficiently implements the 
DFT. 

Consider block n = 0 in (4.86) and ignore the frequency offset 


aes {7 1)t } 
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Figure 4.14. _16-QAM embedded MRM signal constellation, defining two priority classes. 


Further assume that h(t) = w(t). Then the complex envelope has the form’ 
N-1 ; 
2 j2nkt 
s(t) =A D L, exp { NT, bur ; (4.89) 


Suppose the complex envelope is sampled at epochs t = nT; to yield the 
sequence 


N-1 : 
. _ gankn 
Xn = (ni) = AY sex | 7 ys n=0,1,..., N—1. (4.90) 


Notice that the vector X = {X,}N=} is just the inverse DFT (IDFT) of 
the vector Ax = A{z,};""). After taking the IDFT, the sample sequence 
(Xi can be passed through a D/A converter and carrier modulated. 
When the OFDM modulator is implemented as using an IFFT algorithm, the 
amplitude shaping pulse h(t) is no longer the ideal rectangular pulse u(t). 
Rather, the pulse is generated by using a discrete-time approximation to the 
rectangular pulse. To obtain this pulse, we pass the rectangular impulse train 


N-1 
Sr(t) = S> d(t — kTs) (4.91) 
k=0 


2. . . . . 
“For the remainder of our discussion we remove the block index 0. 
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Figure 4.15. | Time domain OFDM amplitude shaping pulse. 


through an ideal low-pass filter with impulse response 
h(t) = sinc(t/T;) . (4.92) 


The gives the amplitude shaping pulse 
N-1 
ha(t) = S> sinc(t/T, — k) . (4.93) 
k=0 


which is plotted in Fig. 4.15. Notice that the pulse is non-causal. As discussed 
in Section 9.6 this has some interesting implications for the transmitted power 
spectrum. 

Another key advantage of OFDM is the ease by which the effects of ISI can 
be mitigated. A guard interval consisting of a cyclic prefix or suffix of length G 
can be appended to the sequence X. Assuming a cyclic suffix, the transmitted 
sequence with guard interval is 


X£ = Xa)y (4.94) 
= jarkn 
= A Dp ex { iz n=0,1,..., M+G— 14.95) 
u k EXP ) ( 


where G is the length of the guard interval in samples, and (n) vis the residue 
ofn modulo N. To avoid a reduction in data rate, the baud duration with guard 


G,) 3o(2) 


Figure 4.16. _ Block diagram of OFDM transmitter. 


intervalis T? = T;/(1 + $). The overall OFDM baseband modulator simply 
consists of an IFFT circuit to implement the IDFT followed by a D/A converter, 
as shown in Fig. 4.16. 

The combination of the D/A converter, waveform channel g(t), anti alias- 
ing filter, and A/D converter yields an equivalent discrete-time channel with 
sampled impulse response {gm}%_9, where LT; is the length of the channel 
impulse response. The discrete-time convolution of the transmitted sequence 
{X2}N+2-! with the discrete-time channel produces the received sequence 
{R32}, where 


L 
B= gaat (4.96) 


m=0 


Note that for our present discussion we have neglected the effects of noise. 
The length of the guard interval, G, is assumed to equal or exceed the channel 
length, L. 

When a block is received, the firsts G > L samples are assumed to be 
corrupted by ISI from the previous block. The ISI is removed by replacing 
these samples with the cyclic suffix according to 


Rn = RG+(n-G)n 
L 
= S$) omXin—my 1 OS NSN-1. (4.97) 


m=0 


This operation is illustrated in Fig. 4.17. 
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Figure 4.17. | Removal of ISI by using the cyclic suffix. 
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Figure 4.18. Block diagram of OFDM receiver. 


As shown in Fig. 4.18, the OFDM demodulator then performs an FFT on 
the vector R = {R,}V=). The demodulated sequence is 


1 N= eon 
4 = eI 
oe 2, Bn 


nAr, O<i< N-1 (4.98) 


where 


L 
n= do gme (4.99) 


m=0 


Notice that Z; is equal to Az; multiplied by the equivalent complex channel 
gain n;. Hence, the ISI due to the channel has been completely removed. When 
noise is present, then the Z; must be used to make data symbol decisions. This 
is the purpose of the serial metric computer in Fig. 4.18. The metric computer 
will be discussed further in Chapter 5. 
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7. CONTINUOUS PHASE MODULATION (CPM) 


Continuous phase modulation (CPM) refers to a broad class of frequency 
modulation techniques where the carrier phase varies in a continuous manner. 
A comprehensive treatment of CPM is provided in Anderson et. al. [12]. 
CPM schemes are attractive because they have constant envelope and excellent 
spectral characteristics, i.e., a narrow main lobe and fast roll-off of sidelobes. 
The complex envelope of a general CPM waveform has the form 


5(t) = Aexp {7 (¢(¢) + 40)} (4.100) 


where A is the amplitude, @, is initial carrier phase at t = 0, and 
2 =a" [ 3 hgthy(t — kT) dr (4.101) 


The term ¢(t) is called the excess phase. In (4.101), the symbols are defined 
as follows: 


ws {z,} is the data symbol sequence and T is the baud period. The data 
symbols are chosen from the alphabet {+1, +3, ---,+(M — 1)}, where 
M is the modulation alphabet size. 


m {hx} is the sequence of modulation indices. When hy = h the modulation 
index is fixed for all symbols. With multi-r CPM, the sequence {hy} 
is chosen in a cyclic fashion from set {hy, ho,.-- ; hit} of H modulation 
indices. That is, hig 47 = hy. 


= h,;(t) is the frequency shaping function, that is zero fort < Oandt > LT, 
and normalized to have an area equal to 1/2. A full response CPM has 
L = 1, while partial response CPM has L > 1. Some possible frequency 
shaping pulses are shown in Table 4.1. A more compact power density spec- 
trum is obtained by using frequency shaping functions having continuous 
higher-order derivatives, such as the raised cosine pulse in Table 4.1. 


An infinite variety of CPM signals can be generated by choosing different 
frequency shaping pulses, modulation indices, and modulation alphabet sizes. 
It is useful to define the phase shaping function, G(¢),as 


0 t<0 
B(t) = Sghy(r)dr ,O<t<LT . (4.102) 
1/2 ,€> LT 
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pulse type hy (t) 
L-rectangular (LREC) sppurr(t) 

L-raised cosine (LRC) at (1 — cos (2zt)] uxt (t) 
L-half sinusoid (LHS) ato sin(nt/T)urr(t) 
L-triangular (LTR) a (2 — lesb yal ) 


Table 4.1. | CPM frequency shaping functions. 


7.1 FULL RESPONSE CPM 


Consider a full response CPM signal with a single modulation index, hy = h. 
Within the time interval [nT (n + 1)T], the excess phase £(¢) is 


nT n—1 t 
b(t) = Qnh | So aghy(7 — kT) dr + 2h / anh (7 —nT)dr 
0 K=0 nT 
n-1l 
= th) > 2% + 2the,G(t — nT) (4.103) 
k=0 


The first term in (4.103) represents the accumulated excess phase up to time 
nT, while the second term represents the excess phase increment for ¢ within 
the interval [nT,(n + 1)T]. Note that the phase is continuous so long as the 
frequency shaping function h(t) does not contain impulses, which accounts 
for all practical cases. 

Since (4.103) represents the phase within the interval [n7’,(n + 1)T], the 
corresponding complex envelopes for all such intervals can be concatenated 
together to write the full response CPM complex envelope as 


5(t) = A} b(t — nT, xn) (4.104) 
where 


b(t, Xn) = exp f (m5 tet arhanbt) ur(t) (4.105) 


k=0 


where we have assumed an initial phase 0, = 0. 
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Figure 4.19. Phase tree of binary CPFSK with an arbitrary modulation index. CPFSK is 
characterized by linear phase trajectories. 


Continuous phase frequency shift keying (CPFSK) is a special type of full 
response CPM obtained by using the rectangular frequency shaping function 
LREC with Z = 1. For CPFSK 


0 ,t<0 
B(t)=< t/2T ,O<t<T . (4.106) 
1/2 ,t>T 


CPM signals can be visualized by sketching the evolution of the excess phase 
@(t) for all possible data sequences. This plot is called a phase tree, and a 
typical phase tree is shown in Fig. 4.19 for binary CPFSK. Since the CPFSK 
frequency shaping function is rectangular, the phase trajectories are linear as 
suggested by (4.106). In each baud interval, the phase increases by zh if the 
data symbol is +1 and decreases by wh if the data symbol is -1. 


7.1.1 ©MINIMUM SHIFT KEYING (MSK) 


Minimum shift keying (MSK) is a special case of binary CPFSK, with 
modulation index h = 1/2. The MSK bandpass signal is s(t) = Acos ¢,(t), 
where ¢-(t) = 2a f,t + o(t) + 6. Assuming that @, = 0, the phase ¢,(t) 
within time interval (nT, (n + 1)T] can be obtained from (4.103) as 


eo x t—nT 
Qafet + mt ~£n—— 


det) — 


n-1 
TLn T Tm 
(2n4. + oT ) t+ 9 2 Tk — > En - (4.107) 


The MSK signal can be described in terms of the phase tree in shown in 
Fig. 4.19 with h = 1/2. At the end of each symbol interval the excess phase 
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$ (t) (Mod 2r, ) 


3n/2 


Figure 4.20. _ Phase-trellis diagram for MSK. 


#(t) takes on values that are integer multiples of 2/2. Since excess phases that 
differ by integer multiples of 27 are indistinguishable, the values taken by $(t) 
at the end of each symbol interval reduced modulo 27 belong to the finite set 
{0, 1/2, , 37/2}. In this fashion, the phase tree collapses into the phase trellis 
shown in Fig. 4.20. 

Consider the MSK band-pass waveform in the interval (nT, (n+ 1)T], given 
by 


s(t) = Acos (2» (4.+ is) t+— a> Lk en] . (4.108) 


Observe that the MSK signal has one of two possible frequencies 


1 it 


The difference between these frequencies is Af = fy — fr = 1/(2T). This 
is the minimum frequency separation to ensure orthogonality between two 
co-phased sinusoids of duration T (see Problem 4.4) and, hence, the name 
minimum shift keying. 

Another interesting form for the MSK signal can be obtained by starting 
with (4.104) and (4.105). After a lengthy derivation which we omit here, we 
can write the MSK complex envelope as 


ao” (e1nhel (¢ — 2nT) + jzgnha(t — 2nT ~ 7)) (4.110) 


where 


Zin = —LQn-1%2n-1 (4.111) 
ZQ,n LI nL2n (4.112) 
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and 


ha(t) 


t 
cos (=) ugr(t + T) (4.113) 


Aa(t ~ ZT) 


t 
sin (=) uer(t) . (4.114) 


Note that {x7,»} and {xg,n} are independent binary symbol sequences that take 
on elements from the set {—1,+1}, and the half sinusoid amplitude shaping 
pulse Aa(t) has duration 27. Notice that the information symbols 2z7,, and 
Qn are transmitted on the quadrature branches with an offset of T seconds. 
It follows that MSK is equivalent to OQPSK with a half-sinusoid amplitude 
shaping pulse. This property can be exploited in practice to generate and detect 
MSK signals. 


8. PARTIAL RESPONSE CPM 


Partial response CPM signals have a frequency shaping pulse h(t) with 
duration LT where LE > 1. Partial response CPM signals have better spectral 
characteristics than full response CPM signals, i.e., a narrower main lobe and 
faster roll-off of side lobes. 

The partial response frequency shaping function can be written as 


L=1 
hy(t) = SY hy(t)ur(t - kT) 
k=0 
L-1 
= So hya(t — kT) (4.115) 
k=0 
where 
hpp(t) =hy(t +kT)ur(t) . (4.116) 
Likewise, for the phase shaping function 
LA 
A(t) = >> Be (t — kT) (4.117) 
k=0 
where 
Bx (t) = B(t + kT)ur(t) . (4.118) 
Note that 
0 :t<—9 
By(t) = i hpe(t)dr ,O<t< LT (4.119) 
By (T) ,t2T 
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and 
Et i 
A(T) = 5 - (4.120) 
k=0 


An equivalent frequency shaping function of duration T can be derived by 
noting that the baseband modulating signal has the form 


g(t) = > tnhy(t — nT) 
n 
L-1 
= YOY anhsa(t — (n+k)T) 
n k=0 
L-1 
= Od an-ehya(t - mT) . (4.121) 
m k=0 
It follows that 
a(t) = >> hy(t —mT,Xxm) (4.122) 
where 
£L-1 
hg(t,Xm) = D> tm—Khye(t) (4.123) 
k=0 
and 
i 2 Sas Deis 004 Sins (4.124) 


Likewise, an equivalent phase shaping function of duration T can be defined as 
L-1 

B(t,Xm) = S> tm—KBe(t) - (4.125) 
k=0 


Therefore, the partial response shaping functions h(t) and (t) can been 
replaced by equivalent shaping functions h(t, x) and G(t,x) of duration 
T whose value depends on the current data symbol and the LZ — Ipast data 
symbols. 
Example 4.2 LREC Frequency Shaping Function 
For an LREC frequency shaping function 
1 


hy(t) = app et) . 


Hence, 
hg (t, Xn) — tnhzo(t) + In—1h51(t) a a Gy—L4ihpp—1(t) 


where 


hpo(t) = hyga(t) =--- = hy-1(t) (é) . 


eh 
~ ar 
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Therefore, 


eS 


Example 4.3 LRC Frequency Shaping Function 
For an LRC frequency shaping function 


hy(t) = aT f — cos (=) utr(t) . 


Hence, 


g(t, Xn) = Inhzo(t) + tn—-rhpi(t) +--+ + tn—Lhzn-1(t) 


hypa(t) = E — cos (aoe) ur(t) . 


It follows from the above development that the complex envelope of a partial 
response CPM signal can be written in the standard form 


where 


u(t) = AS- b(t — nT, xn) (4.126) 
where 
n—-1 
b(t, Xn) = exp {2m (= B(T,x;) + att) ! ur (t) (4.127) 
i=0 


and we have assumed an initial phase 9, = 0. The excess phase over the 
interval [nT (n + 1)T] is 


+ nm 
d(t) = 2nh / Do aehg(r —kT)dr (4.128) 
= th = rE +2mh 3 r,G(t — kT) (4.129) 
k=n-L+1 

n-1 

= O,+2th SY) x,B(t — kT) + 2ehxp A(t — nTY4.130) 
k=n-L+1 
where 

fa 

0, =7h S> 2, modulo 2m (4.131) 


is the accumulated phase state. During the interval [nT, (n + 1)T], the excess 
phase depends on the data symbol z,, the L — 1 previous data symbols, 
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{@n-1,;£n—-2,---,£n—L41}, and the accumulated phase state @,. The state of 
the CPM signal at time t = nT’, is defined by the L-tuple 

Sn = (On; Tn-1,%n—-2,+--, In—L+1) (4.132) 
Since the vector (%n_1,Zn—2,---,;Zn—L+1) can take on M=-! values, the 


number of states equals 144—! times the number of values that 6,, can take on. 

The modulation index is often restricted to be a rational number, h = m/p, 
where m and p are integers that have no common factors. This constraint 
ensures that the number of phase states is finite which required for the imple- 
mentation of some types of CPM receivers. Ifm is even, then 


ne fo, On 2s eaten | (4.133) 
Pp P Pp 
while if m is odd 
2n —-1 
an € {0 LL ied (4.134) 
Dp Pp Pp 


Hence, there are p phase states for even m, while there are 2p phase states for 
odd m. In conclusion, the number of CPM states is 


_ Jf pM, — meven 
= 2pM*-!, ~=modd a) 
For example, if h = 1/4, M = 4,and L = 2, then 
n un 31 5a 3x Tr 
ee) ee a ee 4.136 
On € {0, 4° 2” 4 ’ TT, 4 ’ 2 b] 4 } ( ) 


and the number of states is 32. 

CPM signals cannot be described in terms of a signal-space diagram, like 
QAM and PSK. However, the CPM signal can be described in terms of the 
trajectories from one phase state to another. Figs. 4.22 and 4.21 show the phase 
state diagrams for MSK and binary CPM with h = 1/4, respectively. Since 
binary modulation is used, the phase trajectories are only allowed to adjacent 
phase states as shown by the dotted lines in the figures. 


8.1 GAUSSIAN MINIMUM SHIFT KEYING (GMSK) 


It will be shown in Section 9. that MSK has all the desirable attributes for 
mobile radio systems, except for a compact psd. This can be alleviated by 
low-pass filtering the modulating signal 


co 


= ahy(t—nP) = = > xpur(t — nT) (4.137) 


n=—CO n=—Cco 
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Figure 4.2]. Phase state diagram for binary CPM signals with h = 1/4. 


Figure 4.22. _ Phase state diagram for MSK signals. 


x(t) a(t) FM s(t) 


Figure 4.23. Pre-modulation filtered MSK. The modulating signal is low-pass filtered to re- 
move the high frequency components prior to modulation. 


prior to modulation, as shown in Fig. 4.23. Such filtering removes the higher 
frequency components in x(t) and results in a more compact psd. 


GMSK is a special type of partial response CPM that uses a low-pass pre- 
modulation filter having the transfer function 


2 n 
H(f) = exp { - (4) +} (4.138) 
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where B is the 3 dB bandwidth of the filter. It is apparent that H(f) is 
bell shaped about f = 0, hence the name Gaussian MSK. Transmitting the 
rectangular pulse 


1 1 
pprect(t/T) = apart + T/2) 


through this filter yields the frequency shaping pulse 


9 ake 2 2 BT 22:2 
Ri ar ps8? ds 1/2 exp | ~ . a - ae 
_ t/T + 1/2 | 
= oF =(@ a )- Q (Fe (4.139) 
where 
Q(a) = . ee ae (4.140) 
2 _ In2 


It is not difficult to show that the total pulse area is [°° hy (t)dt = 1/2 and, 
therefore, the total contribution to the excess phase for each data symbol is 
a /2. 

The excess phase change over the time interval from —T'/2 to T'/2 is 


p(T /2) — o(-T/2) = nap(T) + S> tnBn(T) (4.142) 
ore 
where 
nf" ) (r) d (4.143) 
Bult) = [sp hel) ar | 


The first term in (4.142) is the desired term, and the second term is the inter- 
symbol interference (ISI) introduced by the premodulation filter. 

Fig. 4.24 plots a GMSK frequency shaping pulse (truncated to ST and time 
shifted by 2.5T) for various normalized filter bandwidths BT. Because the 
frequency shaping pulse has a duration greater than 7, ISI is introduced. As 
BT decreases, the ISI increases. Thus, while a smaller value of BT results in 
a more compact power density spectrum, the induced ISI will degrade the bit 
error rate performance. This leads to a tradeoff in the choice of BT. Some 
studies have indicated that BT’ = 0.25 provides a good tradeoff for mobile 
radio systems [239]. 
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sis BT =0.2 
0.8 | BT = 0.25 
BT =03 
0.6 | a 
= 0.4 
0.2 
0.0 |e 
o2.— a a i , I 
0.0 1.0 2.0 3.0 4.0 5.0 


delay, ¢/T 


Figure 4.24. GMSK frequency shaping pulse for various normalized filter bandwidths BT’. 


8.2. LINEARIZED GMSK (LGMSK) 


GMSK is a not linear modulation scheme. A linearized GMSK (LGMSK) 
signal is useful because it simplifies signal generation, receiver algorithms, and 
performance analysis. Here we derive a simple and accurate linear approxi- 
mation to GMSK in the discrete-time domain, from which a continuous time 
GMSK signal can be generated with a D/A converter. 

The GMSK phase shaping function is the integral of the frequency shaping 
function as defined in (4.102). Using integration by parts we can show that 


A(t) = ; (c (F+3) -c(=-5)) (4.144) 
where ; 
G(x) =Q (3) - ae (4.145) 


Since the phase shaping pulse ((t) is strictly non-causal, it must be approx- 
imated in practice by using a truncated and time shifted version. Here we 
consider the time shifted pulse 


A(t) = B(t-T) . (4.146) 


The phase shaping pulse A(t) is shown in Fig. 4.25. 
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Figure 4.25. _ LGMSK phase shaping pulse for BT = 0.3. 


Suppose that the data symbol sequence {x,,} is differentially encoded to 
yield the sequence 
Yn =In%n-, ZF E {—-1,+1} (4.147) 


The sequence {y,,} is then applied to the GMSK modulator to produce the 
complex envelope 


&(t) = exp {i 3 y.B(t — ea} ; (4.148) 


k=0 


Now observe from Fig. 4.26 that G(t) = 0,t < Oand @(t) = 4,t > 2T. We 
now sample the complex envelope with a sample spacing of J/T to give 


8(nT + mT/J) 


ry 


exp { > yn B((n — k)T + my} 


k=0 


= TRIoSye- exp f S_ yeB((n — k)T + mnia| 
k=n—1 
= i lyoun—2- exp {j(Yn—2¥n—1B(T + mT/J) 
+ Yn—1YnB(mT/ J) } 


= ji" yoyn—2 [cos(yn—2¥n—1A(T + mT/J)) (cont'd) 
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7 jsin(yn—24n—18(T 3 mT/J))| 
x [cos(¥n—1unA(mT/J)) 
+j sin(yn—1ynA(mT/J))] (4.149) 


By using the fact that cos(x) is even function and sin(x) is odd function, and 
Yn-1Yn € {—1, +1}, the cosine and sine terms can be rewritten as 


a(nT+mT/J) = g"~lyoyn-2 [cos(B(T +mT/J)) 
+J8n—28n-18in(A(T + mT/J))] 
x [eos(B(mT/J)) + j8n—15» sin(A(mT/J))] 


(4.150) 
Since ye = 1, the sampled signal reduces to 


a(nT t+ mT/J) & 5" yoyn—2 [cos(B(T 4+ mT /J))cos(A(mT/J)) 
+i¥n—1Yn cos(A(T + mT/J)) sin(6(mT/J)) 
+JYn-2Yn-1 sin(6(T ate mT /J)) cos(f(mT/J)) 
+3?5n—28n sin(B(T + mT/J)) sin(B(mT/J))| 
= j"-)cos(A(T + mT/J)) cos(B(mT/J))Yn—2 
+3" |cos(B(L + mT'/J)) sin(B(mT/J))yn—2Yn—19n 
+ sin(G(T +mT/J)) cos(3(mT/J))yn—1| 
+5"+! sin(B(T + mT/J)) sin(B(mT/J))yn 
(4.151) 


Finally, we can eliminate the nonlinear terms, since they are much smaller than 
the others. This leads to the LGMSK complex envelope 


3(nT +mT/J) = 57) cos(B(T + mT/J)) cos(B(mT/J))yn—2 
+j" sin(@(T + mT/J)) cos(6(mT/J))yn-1 
+5"! sin(B(L + mT/J)) sin(B(mT/J))yn 
(4.152) 
The sampled LGMSK shaping pulse can now be obtained from the approximate 
sampled complex envelope in (4.152). Assuming that J = 8 we have the 
following: 


sin(G(T + mT/8)) sin(G(T + mT/8)), 


m=0,...,7 
hg(mP/8) = 4 Sin(B(T' + (m — 8)7/8)) a 
cos(3(T' + (m — 16)T/8)) cos(B((m — 16)T/8)), 
m= 16,...,24 


(4.153) 
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A, 


Figure 4.26. _ LGMSK shaping pulse for BT = 0.3. 


Fig. 4.26 plots the interpolated LGMSK pulse, h,(t). Just as MSK is equivalent 
to OQPSK with a half-sinusoid shaping pulse, LGMSK is equivalent to OQPSK 
with the shaping pulse h(t). 


8.3.5 TAMED FREQUENCY MODULATION (TFM) 

Tamed frequency modulation (TFM) is a special type of partial response 
binary CPM that was introduced by Jager and Dekker [80]. To define TFM 
signals, recall that the excess phase for MSK obeys the difference equation 

7 


d(nT +T) — d(nT) = tn> (4.154) 


For TFM, the excess phase trajectory is smoothed by using the partial response 
condition 
TW (ln-1 , Xn , Ln+1 
T+T)—- (nT) == — ' 

nT +7) - (nT) = 5 (4 By Set) (4.155) 
The maximum excess phase change over any bit interval is equal to 7/2. To 
complete the definition of the TFM signal, an appropriate premodulation filter 
must be defined. If the premodulation filter has impulse response h(t), then 
the excess phase can be written as 


o(t) = S° 24 A(t — kT) (4.156) 
k=0 
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where ‘ 

A(t) = 2mh / hj(t)dt (4.157) 
The excess phase change over the time interval (nT, (n + 1)T]is 


¢(nT +T)—¢(nT) = 2h 3 ay (B(nT + T — kT) — B(nT — kT)) 


k=-00 


Qh 3 Ine (G(T +T) — B(ET)) . (4.158) 


L=—00 


Expanding (4.155) in more detail gives 


(nT +7) —¢(nP) = F(t tn-2 0+ Mt 


+e + =n Aare cae Os ‘) _ (4.159) 
Comparing (4.158) and (4.159) gives the condition 
cr» (l=1 
BCT +T)- BET) =4 & , £=0 , (4.160) 
0 , otherwise 
From the definition of @(t) in (4.157) the above equation leads to 
(¢41)T iph » |el=1 
[ hp(t)dt=4 o e=0 (4.161) 
~ 0 , otherwise 


One way of obtaining h(t) is to use apulse hy (t) that satisfies Nyquist’s third 
criterion [248, 259] 


MP a aval ty BO 4.162 
t)dt = ’ 
nies v(t) { 0 , £40 ( ) 


and generate h(t) by using scaling and delay operations through the filter 
shown in Fig. 4.27. The transfer function of this filter is 


1 . 1 1 ; 
= eee eT 4s a eT 
OME = Gene aR GA 
= 1 2 
= 7 (7fT) . (4.163) 
The overall pulse hy(t) has the form 
Ay(f) = Hn(f)S(f) 
= Hy(f)—- cos*(n fT) : (4.164) 


4h 
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hy(t) 


Figure 4.27. Filter to generate a TFM frequency shaping pulse. 


The filter S(f) ensures that the phase constraint in (4.155) is satisfied. 
However, Hy(f) determines the shape of the phase trajectories and, hence, 
can influence the TFM power density spectrum. In general, Hy(f)has the 


form : 7 fT . 
NW) = Sa PT) i(f) 


where N,(f) is the Fourier transform of a pulse that satisfies Nyquist’s first 
criterion [248, 259]. One example is the raised cosine pulse |Ha(f)|* defined 
in (4.47). Consider, for example, the ideal Nyquist pulse (raised cosine pulse 
with 8 = 0) 


(4.165) 


1 , O<|f| <1/2T 
M(f) = { QO , poles ; (4.166) 
Using (4.164)(4.166) gives 
1 T 
Ay(f) = aD cos*(r fT) . (4.167) 


The corresponding frequency shaping pulse mhh(t) is plotted in Fig. 4.28. 
Note the close similarity to the GMSK pulse in Fig. 4.24. 

Generalized tamed frequency modulation (GTFM) is an extension of 
TFM where the phase difference has the form 
$;(nT +T) — ¢;(nT) = 5 (atn—1 + b&n +4241) (4.168) 
The constants a and b satisfy the condition 2a + 6 = 1 so that the maximum 
change in ¢;(t) during one symbol period is restricted to +/2. A large class 
of signals can be constructed by varying the value of b and by varying the pulse 
response ((t). TEM is a special case of GTFM where 6 = 0.5. 
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nk, h(t) 


0.0 1.0 20 30 4.0 5.0 
Delay, t/T 


Figure 4.28. |TFM frequency shaping pulse. 


9. POWER SPECTRAL DENSITIES OF DIGITALLY 
MODULATED SIGNALS 


A digitally modulated band-pass signal can be written in the generic form 


s(t) = Re {a(t)e%ret+e) | 


; {a(t)eiOrtet+%) + a (etl (4.169) 


II 


where 6, is a random phase uniformly distributed over (—7, 7). Modulated 
signals are not wide sense stationary, but belong to a class of random processes 
that are cyclostationary. The autocorrelation function of s(f) is 


gss(T) = Els(t + 7)s(t)] 
iz [(3 (t+ r)eA(2mfett2nfert+4o) 4. 5*(¢ 4 pe Hm fot+2n fer +Oo) ) 
x (a(t) A Prtet+ 4) i eee) | 

iz [s(t + r)5(thelAnlettonser+28o) + 5¥(t + 7) (tye Iter 

+ 


S(t + 1) "(thelr + *(t + 7)5* (te IAt Fett 2afer+26)| 
(4.170) 
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To proceed further, we note that 
Ep [erates eenieartteH) = 6 (4.171) 


where Eg,[ - | denotes the ensemble average over the random carrier phase. 
Using this result, 


1 ; 1 = 
bsa(T) = shaa(r)e™T + SPie(r)e Pe (4.172) 
Finally, the power density spectrum is the Fourier transform of ¢55(7),i.¢., 


Sss(f) = 5 (Sss(/ — fc) + Si(-f ~ fe)] (4.173) 


where S35(f) is the power density spectrum of the complex envelope §(¢). 
Observe that S'35(f) is real, even though 5(t) and @53(r) are complex; this 
property follows from the fact that ¢gs(7) = @3;(—7)as shown in Appendix A. 
Therefore, 


Ssolf) = 5 (Sss(F fo) + Sis(-F- fe). 4.174) 


From the above expression, it is apparent that the psd ofthe band-pass waveform 
s(t) is completely determined by the psd of its complex envelope &(t). 


9.1 PSD OF A COMPLEX ENVELOPE 


We have seen that the complex envelope of any digitally modulated signal 
can be expressed in the standard form 


5(t) = AD W(t — nT, xn) . (4.175) 
n 
The autocorrelation of §(¢) is 


pe eee a sE [a(t + 7)3"(2)] (4.176) 
= © SB t+ r= iT xi) b"(t - KT, xe) . 
1 k 


Observe that §(¢) is a cyclostationary random process, meaning that the auto- 
correlation function 33(¢ + 7,t) is periodic in ¢ with period T. To see this 
property, first note that 


gss(¢t+T+7,t+T) 

A? . 

q cert Tee (t+T — kT, x,)] 
v) 


AZ 
= 2 > BE [b(t +T- iT, X41)" (t al KT, Xx!41)] . 
a! ki 
(4.177) 
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Under the assumption that the information sequence is a stationary random 
process we Can Wr ite 


da(t+T+7,t+T) 


ULE [o(t +7 — iT, xy)b*(t — k'T, xy) ] 


= bss(t +72) (4.178) 


Therefore §(t) is cyclostationary. 
Since &(t) is cyclostationary, the autocorrelation $33{7) can be obtained by 
taking the time average of @s3{t + 7, t), given by 


33(T) < $53(t + 7, t) > 


2 T 
= -vyz/ B [b(t + + — iT, x:)b*(t — kT, xz)] dt 
ik 0 


-z yy A Blb(a +7 — (1 RYT, x:)0°(2, x4) do 
= a il "Rbeee oma cE ade 
= oy Piet — mT, Xm)b* (z,xa)] dz 


= a =i. E(b(z +7 — mT, Xm)" (z, Xo)] dz ; (4.179) 


where ( - ) denotes time averaging and the second last equality used the station- 
ary property of the data sequence {x,}. The psd of 8{t) is obtained by taking 
the Fourier transform of baa(r)>, 


2 eo 706 . 
Sa(f) = E Em I. b(z +7 — MT, Xm)b* (z, Xp) dzeF2"F" dr 


A? oo 
peice a ~j2nf(z+r—mT) 
ead [bets MT, Xm)e dr 
[oe] i 7 
x i Ue, xo)ei*ledzesartm | 
—-0o 
aes E i. b( U ) —g2nfr' get 


foe) , F 
x / b*(z, xp )e??*F#dzeI27F | (cont’d) 
—o 


*Note that expectation and integration are linear operations and their order can be exchanged. 
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A’ j2a fmT 
oS * —j2nfm 
oT DEBS, Xm)B"(f, Xo)} (4.180) 


where B(f,xm) is the Fourier transform of b(t,xm). To express the power 
density spectrum in a more convenient form, let 


Sim F) = SELB, xm) BU, 20)] (4.181 
Then ; 
555(f) = & Sale ON 5 (4.182) 


Note that the psd in (4.182) depends on the correlation properties of the 
information sequence xX, and the form of the equivalent pulse shaping function 
b(t, Xm). Now suppose that the data characteristics are such that x, and x 
are independent for |m| > K. Then 


So.m(f) = So,x(f), |m| >K (4.183) 
where 
Sic(f) = ZBIB(F%m)]E[B*(f,x0)] ml > K 


7 5BIB(F,x0)] E[B*(F,xa)] |m| > K 


= SELB xalI? » ml > (4.184) 
It follows that 
Saa(f) = S$(f) + S95(f) (4.185) 
where 
A? . 
S§s(f) = - > (Sbm(F) — St.«(f)) e227 
|m[<K 
A? 
Silf) = FSnlf) pe Pm? (4.186) 


The terms $$;(f) and S¢,(f) represent the continuous and discrete portions of 
the psd. The fact that S$;(f) represents the discrete portion, can be seen more 
clearly by using the identity 


T 5 ecm = >. 6 (s -_ 7) (4.187) 
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to write ; 
shin =(F) Se NDS(T-F) ns) 


Finally, by using the property Sp, m(f) = Sf,(f),the continuous portion of 
the psd can be written as 


A? 
Si(f) = T (Sp0(f) — So,«(F)) 
A = 
te > {(Si,m(f) — S4,K(f))ePrimr 
m=1 
+ (Shn(f) — Ss,x(f)) Frm? } 
2 
= © (Sro(f) — Sox()) 
A? us , 
+7 2Re DE (Som(f) — Se, (f)) PF “a (4.189) 
m=1 


Note that the ensemble average and Fourier transform are interchangeable 
linear operators. Therefore, if the complex envelope Ss(t) has zero mean, i.e., 
B[b(t, xo)] = 0, then E[B(f, xo)| = 0. Under this condition 


SoK(f) = 5 BIB(,x0)]? =0. (4.190) 


Hence, if b(t, x9) has zero mean, then $3(f) contains no discrete components 
and Ss3(f) = S§;(f). Conversely, if b(t, xo) has nonzero mean, then 535(f) 
will contain discrete components. 


Alternative Method. An alternative method of computing the psd is as fol- 
lows. From the first line in (4.180) 


Ae 00 foo ; 
Ss(f) = E E > / / b(z + 7 — MT, Xm)b* (z, Xp )dzeF?"4" dr 


Bs J? P” pried os 
= SL [EDC xm)b"(e,x0)] 
m ¥—co 4-00 
xe FIT —2) dzdr! e Fan fmT (4.191) 
Therefore, S},m(f) is given by the double Fourier transform 
oo fora) . j 
Spml(f) =[ / dbom(T', ze 27 —dedr' . (4.192) 
—0o J —00 


where j 
din(t 2) = 55 [b(7’,Xm)b*(z,xX0)] (4.193) 
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Uncorrelated Source Symbols. Suppose that b(t, x,,) depends on one sym- 
bol only 


bt. Xen) = OE, Bp) (4.194) 
and that the data symbols 2, are independent. Then 
1 
Srolf) = 58 [IBF 20)?| (4.195) 
1 
Sim(f) = 5 |E[B(f,20)]|" mj 21. (4.196) 
Hence, 533(f) is given by (4.185), where 
si = Sa.inde(s-2) (4.197) 
53 T2 bt — T : 
A? 
Ss(f) = a (Soo0(f) — Spalf)) - (4.198) 


Once again, if b(¢, 2) has zero mean, then 5, 1(f) = 0 (no discrete spectral 
components) and 


Sas(f) = a Soolf) - (4.199) 


Linear Full Response Modulation. Consider linear full response modula- 
tion schemes where b(t,x,) = 2nha(t) and B(f,xn) = 2nHa(f). From 
(4.181) 


Sbm(f) = drx(m) |Ha(f) |? (4.200) 
where : 
Pan(m) = SE[ze+me,] - (4.201) 
Hence, from (4.182) the psd of the complex envelope is 
A? 
Sia(f) = Fr |Hal AI? See(f) (4.202) 
where . 
Sre(f) = So dsalme Pm . (4.203) 


Note that the psd is the product of two components; one depends on the 
amplitude shaping function and the other depends on the correlation of the data 
sequence. With uncorrelated data symbols 


Sro(f) = 5BlleP Hel)? (4.204) 


Som(f) 


| 


1 
5 Mel |Ha(f)/? » (ml >1 . (4.205) 
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where fz = E[zm]. The psd S33(f) is then given by (4.185), (4.197), and 
(4.198). If 4 = 0, then S,1(f) = 0 and 
A2 


Sis(f) = roe Half)!’ (4.206) 


where o? = $E[|:,|*]. 


Linear Partial Response Modulation. Consider linear partial response mod- 
ulation schemes where Ag(t) has duration LT. Following the development in 
Section 8. the equivalent shaping function has the form 


b(t, Xm) = ha (t, Xm) 


L-1 
= > an-chsi lt) (4.207) 
k=0 
where 
hak(t) = ha(t + kT)Ur(t) (4.208) 
Taking the Fourier transform gives 
L-1 
B(f,Xm) =D) tm-KHas(S) - (4.209) 
k=0 
From (4.181), 
1. fee Li 
Spm(f) = 5B) D0 tm-eHaw(f) 0 et eHe elf) 
k=0 ¢=0 
L-1L-1y 
= aoos(m—k+ OHow(f)Hae(f) - (4.210) 


For the special case of uncorrelated zero-mean data symbols, ¢z.(m—k+2) = 
o26(m —k + €). Hence, 


L-1 
Sion) 02 >, Heyneel He olf) (4.211) 
#=0 


where ; 
o = SEllzol"} . 


Example 4.4 Duobinary Signaling For duobinary signaling, LZ = 2 and 
hao(t) = haz(t) = Sa(xt/T) and Hao(f) = Hai(f) = Trect(fT), where 


_{T. \fls1/@r) 
rect(fT’) = { 0, elsewhere 
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With uncorrelated zero-mean data symbols 


Som(f) 


SE [(abHzo(f) +22 HEa(f)) (tmFool) + tm-1Ha(F)) 


202T*rect(fT) , m=0 
o2T*rect(fT)  , |mj=1 
0 , otherwise 


and from (4.182) 
S33(f) =4A?To? cos?(nfT)rect(fT) . (4.212) 


Example 4.5 Modified Duobinary Signaling 
For modified duobinary signaling, L = 3and heo(t) = he,o(t) = Sa(at/T) 
and Ag,1(t) = 0. With uncorrelated zero-mean data symbols, 


—o2T*rect(fT) , |m| =2 
0 , otherwise 


202Trect(fT) , m=0 
So.m(f) = 


and from (4.182) 
Sas(f) = 4A?To? sin?(2afT)rect(fT) . 


9.2 PSD OF QAM 


The psd of QAM with uncorrelated zero-mean data symbols is given by 
(4.206). If ha(t) = ur(t), then 


sina fT \? 
Si3(f) = A?T 0? (a) ; (4.213) 
To fairly compare bandwidth efficiencies with different M, the frequency 
variable should be normalized by the bit interval J}. For M-ary signaling 
T = T, logy M. Hence, 


. M 2 
sin 7 fT} logs } (4.214) 


22 
Sul) = ATs (ST oes 
With root raised cosine pulse shaping, |Ha(f)|? = P(f) has the form 
defined in (4.47) with ha(t) in (4.49). The root raised cosine pulse is non- 
causal. When the pulse is implemented as a digital FIR filter, it must be 
truncated to a finite length r. This truncation produces the new pulse hg(t) = 
ha(t) rect(t/7). The Fourier transform of the truncated pulse hg(t) is Ha(f) = 
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Sf) (dB) 


Frequency, fT 


Figure 4.29. Psd of QAM with a truncated square root raised cosine pulse with various 
truncation lengths; 3 = 0.5. Pulse truncation leads to side lobe regeneration. 


H,(f) *7Sa(fr), where * denotes the operation of convolution taken over the 
frequency variable f. The psd of QAM with the pulse Ag(t) can again be 
obtained from (4.206) by simply replacing Ha(f)with H,(f). As shown 
in Fig. 4.29, pulse truncation can lead to significant side lobe regeneration. 
Again, to fairly compare bandwidth efficiencies with different M, the frequency 
variable should be normalized by the bit interval 7}. The has the effect of 
dividing the elements on the horizontal axis in Fig. 4.29 by a factor of logyM. 


9.3 PSD OF PSK 

For PSK signals with the uncorrelated data symbols and the equivalent 
shaping function in (4.60), the psd is given by (4.206) with o? = 1/2. Hence, 
PSK signals have the same psd as QAM signals. The psd with rectangular and 
root raised cosine pulse shaping is given by (4.213) and (4.214), respectively. 
Again, to fairly compare bandwidth efficiencies with different M, the frequency 
variable must be normalized by the bit interval Tp. 


9.4 PSD OF OQPSK 
For OQPSK, the equivalent shaping function is 


b(t, Xn) = b(t, 2n) = Zr nha(t) + jzqnha(t — T/2) (4.215) 
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where tn, ZQn € {—1/V2, +1/V2}. It follows that 
B(f,Xn) = Cae + jrqne PTT?) HA (f) (4.216) 
With uncorrelated data symbols, 
1 
Spol(f) = 5b [|BUY 20)/?| 
1 
= 5lHalf)! (4.217) 
Therefore, 
A? 2 
Sis(f) = aplHalf)| (4.218) 
Hence, OQPSK has the same power density spectrum as QPSK. 
9.5 PSD OF 7 /4-DQPSK 


To find the power density spectrum of 7/4-DQPSK we first compute the 
autocorrelation 


Pbn(7’, 2) = se [b(7", Xm)b*(z,xo0)] (4.219) 
Form > 0, 
1 re ae 
Chant 2) = 5F [het exp {i » | h(a) 
1 1 < 
= 3F eso {745} ha(t \ha(z) 
= 0 (4.220) 
For m = 0, 
Boon(t"s2) = GE har’) exp {7720 ha(z) exp {~i 720 | 
= 5ha(r')ha(2) . (4.221) 
Taking the double Fourier transform gives 
Spo(f) = / . / do m(t', ze F277" —2) dzdr! 
—oo J—0o 
1 
= 5 lH? . (4.222) 
Finally, the psd is 
AZ 
Si(f) = salHalf)l? - (4.223) 


Just like OQPSK, 7/4-DQPSK has the same power density spectrum as QPSK. 


208 


9.6 PSD OF OFDM 


The psd of an OFDM signal can be obtained by treating OFDM as in- 
dependent modulation on N sub-carriers that are separated in frequency by 
1/T. Ignoring the guard interval the data symbol period on each sub-carrier 
is T = NT, where T; is the serial source data symbol period. Suppose the 
data symbols that are modulating each sub-carrier have zero mean and variance 
o2 = $E||x,,|7]. To keep the 1/T-spaced sub-carriers orthogonal in time, the 
amplitude shaping function h(t) must be the rectangular pulse ha(t) = ur(t). 
However, if a loss of sub-channel orthogonality can be tolerated, then other 
types of amplitude shaping pulses can be used, such as the root raised cosine 
pulse. Assuming that the amplitude shaping pulse is ha(t), the psd of the 


OFDM complex envelope is 
1 N-1 
ens (py eee ea 
#a($-3(#-“)) 


Consider the rectangular amplitude shaping pulse Aa(t) = u(t) with 
Fourier transform H,(f) = Sa(afT). The corresponding OFDM psd is shown 
in Figs. 4.30 and 4.31 for block sizes of N = 4and N = 32, respectively. As 
the block size N is increased, the psd becomes flat in the N/T = 1/T; band- 
width containing containing the sub-carriers, while the side lobes decrease. In 
fact, in the limit as TV becomes very large, the sidelobes diminish to zero and 
the complex envelope of the OFDM signal occupies the band 


2 


N-1 
Sii(f) = A’T 02 » (4.224) 
=0 


< N 1 
fl (Qf) oT, 
This is the minimum possible bandwidth required for transmitting data sym- 
bols at a rate of 1/T; symbols per second without intersymbol interference 
(ISI). It can be achieved by transmitting the serial source data symbols using 
single carrier modulation and the amplitude shaping pulse ha(t) = Sa(zt/Ts). 
However, as mentioned earlier, the transmission of data symbols with such a 
high baud rate will suffer from channel induced ISI and require equalization at 
the receiver. 
For smaller values of N, improvement in the psd can be obtained by using 
a root raised cosine pulse shaping on each of the sub-carriers. Fig. 4.32 shows 
the effect of using such pulse shaping, which can be compared directly with 
Fig. 4.30. However, we repeat that the use of root raised cosine pulse shaping 
will destroy the sub-carrier orthogonality. As shown in Chapter 5 the cost is a 
floor in the bit error rate performance. 
Finally, it is interesting to examine the OFDM power spectrum, when the 
discrete-time IFFT modulator is used. After D/A conversion, the complex time 


S,,#) (dB) 


S,,P) (dB) 
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Figure 4.30. | Psdof OFDM with N = 4. 
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Figure 4.31. Psd of OFDM with N = 32. 
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Figure 4.32. Psdof OFDM with N = 4 and truncated square root raised cosine pulse shaping; 
8 = 0.25. 


domain waveform that is transmitted on the kth sub-carrier is 


3,(t) = Arphag(t) (4.225) 
where 
N-1 
hak (t) = D> e??™4e"Tsinc(t/T; — n) (4.226) 
n=0 


and f,, = k/NTs. It follows that the psd for the kth sub-carrier is 
a A’ 2 
Skk(f) = poe \Hak(f)|" - (4.227) 
Taking the Fourier transform of hg (t) gives 
t) sin(t(f — fe) NTs) —jn(f—f4)(N-DTs 
Ts/ sin(m(f — fx)Ts) 
Z) sin(n(NfTs —k)) jn (the) (N-DT. 
at S *(4.228 
sin(m(fT, —k/N))~ vet] 
The power spectrum for the kth subcarrier is 


. _ 2 
Sun(f) = A?To2rect (4 ) wa (Soy) (4.229) 


Hux(f)=Tsrect (= 


= T,rect (4 


Ts 


Modulated Signals and Their Power Spectra 211 


0 b 
~20 § 
S -40 | 
17) 
-60 
-80 + 4 


-15 -10 -05 00 05 10 15 
ff, 


Figure 4.33. Psd of OFDM with implemented with IFFT algorithm. 


Since the data symbols on the subcarriers are independent, we can just add their 
psds together to yield the overall psd 


N=) / sin(x C=) 47 


which is plotted in Fig. 4.33. Note that the psd has the ideal rectangular form 
rect(fT). 


Finally, the above results were obtained by using an ideal reconstruction 
filter in the D/A converter. This leads to a non-causal amplitude shaping pulse 
h(t) shown in Fig. 4.15. Any practical implementation will truncate this pulse 
in the time domain. This in turn will lead to spectral sidelobes outside the band 
Fl <1/2Ts. 


9.7. PSD OF FULL RESPONSE CPM 


Recall that the equivalent shaping function for CPM is given by (4.105). To 
compute the psd, we define the auxiliary function 


r(t, cp) & cup (t) (4.231) 


and calculate its mean and autocorrelation function. If M-ary signaling is used 
with the values of x, defined by 


Le E {2mM—-1-M:m=1, 2,---, M}. (4.232) 
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then 
mr(t) = Efr . rr) 


7 ee j(2-1-M)B() a(t) 


tl 
= sinf((@(t))ur(t) . (4.233) 
where sinf(x) is defined by 
; A sinMz 
sinf(z) = ——— Mana’ (4.234) 
Also 
Peonlt, f) = se [r(t,2m)r*(t',z0)] . (4.235) 


Evaluating the above expression for m = 0 gives the following result which 
will be used later 


br o(t, t') 


NleE ple ple bole 


E [r(t, xo)r*(t’, Zo) | 

E jeter) g=Fe0r(=)| ur(t)ur(t!) 

E [pene a0h)) ur(t)ur(t") 

sinf (i — ate’) ur(t)ur(t’) . (4.236) 


To evaluate the psd, it is necessary to compute the autocorrelation of b(t, Xm). 
This can be done as follows 


Pilih) = *E [b( (t, Xm)b"(t', xo) 


E [exp Um" (PY > nel rh (t, 2m)r “sa 


k=0 


= =e (i r(T, xx ) rt, om) ts) 


E (i rT, Lk ) r(t,¢m)r(T, car (0) 
(4.237) 


Now suppose that the data sequence is uncorrelated. Then for m > 0 
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dol) = 5 [me(T)P"—! mst) 0(T 2 
= 5 [sinf (Pf [sint9(e)] [sine (B() — A(C'))] wr(hure!) 
(4.238) 
where we have used (4.236). Likewise, for m = 0 
do(t,t) = SE [O(t, xo)6*(t,xo)] 
= ln feA(ob(t)—se08(e))} ur(t)ur(t') 
2 
= saint (4 — att)) ur(t)ur(t’) 
= ¢gro(t,t’) . (4.239) 


Finally, the psd is obtained by using (4.238) and (4.239) along with (4.182) and 
(4.192). 


Alternative Method. There is an alternate method for obtaining the psd that 
provides more insight. Similar to the way that (4.189) was derived, we use 
(4.182) along with the property S),m(f) = S$._(f) to obtain 


Sss(f) = a (suot0 + 2Re 3 Sil fervetn | (4.240) 


m=1 


Taking the double Fourier transforms of (4.238) and (4.239) gives 


Sro(f) m=0 
Spm(f) = mT) M,(f)MEE(f) ee (4.241) 
where 


mT) = sinf”1Q(T) 
M,(f) = F{m,(t)] = F[sin£A(t)ur(t)} 


1 1 Oomky 
f) = 5Elr(T,20)R*(f,20)] = 5B [e?"™R"(f,20)] 
F[-] denotes the Fourier transform and 

RY (f,20) = F[r*(t, 20)] = F [eM ur()] (4.242) 


Then, 
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Sis(f) = = (Sro(f) + 2Re{M,(f) MF (Ff) 


(4.243) 


Observe that 
Ir(t, x) = [e™*Fur(t)| = 1 (4.244) 


so that 
le (Te 27s =|m,(T)| <1. (4.245) 


The implication of equation (4.245) is that two separate cases must be consid- 
ered when evaluating the psd. 


Case 1: |m,(T)| <1. In this case the sum in (4.243) converges so that 


= M,(f) My (f) 
Sii(f) = al (so + 2Re |p tier. ini} . (4.246) 


and the psd has no discrete components. 
Case 2: |m,(T)| = 1. This case is possible only if 
Im,(T)| = [E Cae Ea (4.247) 
For this condition to be true we must have 
eteB(T) = oie Wk (4.248) 


where c is a constant. However, 6(T) = 2xksT so that x,8(T) = 2nksT 
mod(2z7) for all 2,. Then r(T, 29) = exp {j2nk;T} is a constant so that 


m,(T) = E[r(T, x9)] = ef27*/T (4.249) 


and 


a 


Mi(f) = Mt(f)ed2tksT (4.250) 


rT 
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Hence, the psd is 


Sul t)=4 (suo +|M,(f)/?2Re 3 et He 


mal 
2 
= (Sof) — IMAI + IMAP 
: 3 ett Tt | 
2 a = 
== (s.0th IMAP + IM Yo 8 (1 -F- *)) 


2 


7 aa ( Sro(f) - IM, (AP) 


+ () 3S [meen s (s-%~F) 


(4.251) 


Clearly, the second term in the above expression is a discrete spectral compo- 
nent. Finally, if x, assumes the values defined in (4.232), then 


ap2aksT = 2nksT mod (27) . (4.252) 
However, h = 8(T)/m = 2k;T. Therefore, 
tein = hr mod (2n) . (4.253) 


Hence, / must be an integer for there to be a discrete spectral component. 


9.7.1 PSD OF CPFSK 
Suppose that / is a non-integer so that the psd has no discrete components. 
Then 


T : 
R(f, 0) = [ el2mkstxo : e J 20 ft gy 
0 


Te I™f-tok AT Sa (n( f — kpzo)T) (4.254) 


where 
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M,;(f) = E [R(f, £0) ] 
- T > e It (f—(2m—-1-M) ks )T 
M m=1 
xSa (a (f — (2m —1—M)ky)T) (4.255) 
1 
Sro(f) = 5E[IR(F. 20)? | 
[2 M 
ay 2(n(f —(2m-1-—M)kys)T) . (4.256) 
m=1 
Also, 
MA(f) = ie 3 eit f+(2m=1-M)ky)T 
m ~ aM 2 
xSa(a(f — (2m —1—M)k;)T) (4.257) 


These expressions are used in (4.246) to obtain the psd. If is an integer, then 
the psd will have a discrete component and 


T _; a8 
M,(f) = ao sin(nfT) S> eI™-@m—-1- MRT (4,258) 
m=1 
This expression can be used in (4.250) to obtain the psd. 


Ifa binary modulation (M = 2) is used, the above expressions simplify even 
more. For the case when / is not an integer 


Sno(f) = T’ {802 (w(f — ky)T) + S02 (a(f + ky)T)} (4.259) 
Ma(f) = {Fer INT Sa (nlf + A/T) 

eIUk IT Sa (a ( f — k,)D)} (4.260) 
Mp(f) = Df esa nlf + kT) 

+ IEE NT Sa (x (f — k/)T)} (4.261) 
m(T) = sinf(2rk/T) = sinf(hr) . (4.262) 


When h is an integer 


_ T?sin? fT i 3 t+ 
®r0(f) = ——3- { (soz) (=e) (4.263) 
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Figure 4.34a. _ Psd of binary CPFSK for various modulation indices. 


_ Te IIT sin fT 1 1 
MAL) = 2 tsa —k,)T = a(f + a nae) 


Figs. 4.34a and 4.34b plot the psd 4533(f)/A?T against the frequency fT. 
The psd of MSK corresponds to h = 0.5. Note that modulation indices other 
than h = 0.5 result in a narrower main lobe than MSK, but larger sidelobes. 
Fig. 4.34b demonstrates the appearance of discrete components as h — 1. 


9.7.2 PSD OF MSK 


An alternative method for computing the psd of MSK starts by recognizing 
that MSK is equivalent to OQASK with a half-sinusoid amplitude shaping 
pulse. It follows from (4.110) that the MSK baseband signal has the form 


3(t) = AD b(t - 2nT, rn) (4.265) 


where 
b(t, tn) = a ha(t) + ja@ho(t — T) (4.266) 


and 
nt 


ha(t) = cos (=) : (4.267) 
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Figure 4.34b. _ Psd of binary CPFSK for various modulation indices. 


The Fourier transform of (4.266) is 
B(f,2n) = (2h + 528 exp {—j2nfT}) Half) - (4.268) 
Since the data sequence is uncorrelated, the psd can be computed from (4.195) 
and (4.196). Since the data sequence has zero mean, Sp1(f) = 0. Also, 
1 
Srolf) = 5B (en)? + (@2)?] Half)? 
= Bl (e5)? } Half)!’ 
= lA . (4.269) 


From (4.199) 


32A°T ? 
_3 cos 2n fT (4.270) 


Sia(f) = a | 16 f2T2 
Once again, the psd of MSK is plotted in Fig. 4.34a. 


9.8 PSD OF GMSK AND TFM 


GSMK and TFM are special cases of partial response CPM. In general, 
the psd of partial response CPM is difficult to obtain except for a rectangular 
shaping function. One solution has been suggested by Garrison [131], where 
the modulating pulses are approximated by using a large number of rectangular 
sub-pulses with properly chosen amplitudes. 
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Figure 4.35. Psd of GMSK with various normalized filter bandwidths BT. 


Fig. 4.35 plots the psd of GMSK with various normalized filter bandwidths 
BT. Note that a smaller BT results in a more compact psd. Likewise, 
Fig. 4.36 plots the psd of TFM and GMSK with BT = 0.25. Observe that the 
psd of TFM compares well with that of GMSK. This is not surprising since their 
corresponding frequency shaping pulses are quite similar, comparing Figs. 4.24 
and 4.28. 

Finally, it is interesting to compare the spectral characteristics of GMSK and 
mt /4-DQPSK since both methods are extensively used in mobile communication 
systems. To make a fair comparison, we must remember that GMSK transmits 
1 bit/baud while 7/4DQPSK transmits 2 bits/baud. If 7/4-DQPSK uses root 
raised cosine pulse shaping, then the spectral occupancy normalized to a bit 
duration is is obtained by dividing the elements on the horizontal axis of 
Fig. 4.5 by a factor of 2. For example at f = 1/(27T,) (corresponding to 
fT = 1.0) the side lobes are about 44 dB down from the main lobe (f = 0) 
when t = 6T. From Fig. 4.35, with f = 1/(2T), almost the same roll off is 
obtained. However, for larger values of f, the GMSK pulse is seen to decay 
faster. 
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Figure 4.36. _ Psd of TFM and GMSK with BT = 0.25. 
Problems 
4.1. Assume that a received signal is given by 
oo 
y(t) = >> tnp(t — nT) 
n=~0o 


where x, = £1, and p(t) is the ideal Nyquist pulse 


p(t) = sinc(t/T) 
Pf) = Trect(f{T) . 


There are two problems associated with this pulse shape. One is the problem 
of realizing a pulse having the rectangular spectral characteristic P( f) given 
above. The other problem arises from the fact that the tails in p(t) decay as 
1/t. Consequently, a sampling timing error results in an infinite series of 
ISI components. Such a series is not absolutely summable and, hence, the 
sum of the resulting interference does not converge. 


Assume that p(t) = 0 for |t| > NT, where N is a positive integer. In spite 
of the restriction that the channel is band-limited, this assumption holds in 
all practical communication systems. 


a) Due toa slight timing error, the received signal is sampled at t = kT'+tp, 
where 0 < to < T. Calculate the response for ¢ = kT + to. Separate 
the response into two components, the desired term and an ISI term. 
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b) Assume that the polarities of x; are such that every term in the ISI is 
positive, i.e., worst case ISI. Under this assumption show that the ISI 
term is 


N 
ISI = = sin (xto/T) vs 


n=l 


n? IIa a/T2 ° 
and, therefore, ISI — co as N > oo. 


4,2. Show that 16-QAM can be represented as a superposition of two four- 
phase constant envelope signals where each component is amplified sepa- 
rately before summing, i.e., 


s(t) =[A, cos 2rf,t + B, sin2rf.t] + [C, cos 2af.t + Dy sin 27 fet] 


where {A,}, {B,}, {C,}, and {D,,} are statistically independent binary 
sequences with elements from the set {—1,+1}. Thus, show that the 
resulting signal is equivalent to 


s(t) = I, cos 2afpt + Qn sin 2a fet 
and determine J,, and Q, in terms of Ay, Bn, Cp, and Dn. 


4.3. An important parameter for digital modulation schemes is the peak-to- 
mean envelope power ratio (PMEPR), defined by 


[5(t)  eak 
(|5(¢)|?) 
where |5(t)|?,, is the largest value of |5(¢)|? and (|5(t)|*) is its time 


average. When non-linear power amplifiers are used it is desirable to keep 
the PMEPR as small as possible. 


PMEPR = 


a) Plot PMEPR for 7/4-DQPSK with root raised cosine pulse shaping, as 
a function of the roll-off factor (. 


b) Repeat part a) for QPSK. What conclusions can you draw? 


4.4. Two new modulation schemes have very recently been proposed for the 
UWC-136HS third generation system, called Q-O-QAM and B-O-QAM. Q- 
O-QAM transmits 2 bits/symbol, while B-O-QAM transmits 1 bit/symbol. 
The mapping of Q-O-QAM data bits (a@2,¢,@2441) to symbols by is as 
follows: The symbols 6; are used to generate the symbols x, which are 
given by 

rp = bgel*? 


For B-O-QAM the mapping of data bits ay, to symbols by is as follows: The 
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(@2k,@2k41) de 


0,0 +3 
0,1 +1 
1,0 3 
1,1 -1 


symbols a, are also used to generate the symbols x, which are given by 
lh= be? ae) 


a) Plot the signal space diagram for Q-O-QAM and B-O-QAM and show 
the allowable transitions between the signal points in the signal con- 
stellation. Why would these modulation schemes be useful for radio 
transmitters that use non-linear power amplifiers. 


b) Assuming an AWGN channel and coherent detection, write down an 
expression for the probability of symbol error for Q-O-QAM and B-O- 
QAM in terms of the bit energy to noise ratio Yp. 


4.5. Consider two sinusoids waveforms 
s(t) = Acos2rfet 
sg(t) = Acos2r(fo+Ay,)t 


a Determine the minimum value of Ay such that the inner product 
(81, $2) = 0 over the interval 0 << ¢ < T. Assume that f,T > 1. 


b Repeat part a) for the two sinusoids 


$1(t) 
s(t) 


where ¢, and ¢g are arbitrary phases. 


Acos(2m fet + $1) 
Acos(2m(f, + As)t + d2) 


lI 


4.6. Suppose that an OFDM system is implemented with a guard interval that 
is a cyclic extension of the IFFT co-efficients as shown in (4.95). 


a) Show that the output of the OFDM demodulator is given by (4.98). 


b) Now suppose that the guard interval simply consists of a blank interval 
where nothing is transmitted. Assuming that G > Z > 0can the 
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data block xg be recovered by taking an FFT of the received block 
Ro = {Rox}poo? 
0 = {Rok}e=o ? 


4.7. Consider a CPM signal that is generated by using a triangular frequency 
shaping pulse shown below 


h(t) 
1 


— 
0 7 r .¢ 
Z 


Figure 4.37. | Frequency Shaping Pulse 


a) Find the peak frequency deviation kyso that (T) = 1/2. 


b) Sketch the phase tree and phase trellis for the binary source symbol 
sequence 


x = (+1, 4+1,+4+1, -1,-1,+1,-1,-1) 


48. A CPM signal is generated from a baseband signal with a half-sinusoid 
shaping function. 


a) Ifh = 1/2find the peak frequency deviation from the carrier frequency. 
b) Sketch the phase tree and phase trellis if the data symbol sequence is 
x = {+3, -1,+1,+3,-3,4+1,-1} . 


4.9. Sketch the phase-tree, the phase trellis, and phase state diagram for partial 
response CPM with h = 1/2and 


hy(t) = uar(E) . 
4.10. Consider a partial response CPM signal 


a) Generate a shaping function of duration 3T by convolving a rectangular 
shaping function of duration T with a rectangular shaping function of 
duration 27. 


b) Define and sketch the three segments of the shaping function, hs ,(t), 
k = 0,1,2. 
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c) Sketch the baseband signal if the symbol sequence is 
x = {+1,-1,+1,-1,-1} . 
4.11. What are the phase states and states for the following CPM signals: 
a) Full response binary CPFSK with either h = 2/3 or h = 3/4. 
b) Partial response L = 3 binary CPFSK with either h = 2/3 0r h = 3/4. 


4.12. Consider a multi-h CPM waveform with the h sequence {h1, hg} = 
{+, 4} and the frequency shaping pulse Ay(t) = Ur(t). In the ith signaling 
interval the excess phase changes by +7/4 radians if hy = 3 is used and 
by 7/2 radians if hz = 4 is used. 

a) Plot the phase-trellis assuming the initial phase 8, = 0. 


b) Indicate the phase trajectory for the symbol sequence 
x = {1,-1,-1,1,1,1,-1} . 


4.13. Design a Gaussian pulse-shaping filter with BT = 0.5 for a symbol rate 
of 19.2 kbps. Write expressions for and plot, i) the impulse response and 
frequency response of the filter, and ii) the frequency shaping pulse h(t). 
Repeat for the case of BT = 0.2 and BT=0.75. 


4.14. Consider TFM with the frequency shaping pulse 


nxn «fT 


Ay (f) = than(nfD) % (FT) : 


Suppose that this pulse is obtained by exciting a filter h(t) with a gate 
function rect( ¢/T ). Find and sketch the impulse response of the filterh(t). 


4.15. Prove the identity 
—j2nfmT _ 5 = *) 
a > e 2, ( [= 


4.16. Consider the case of uncorrelated data symbols. 
a) Show that if the symbols are equiprobable, then 
B||B(f,20)/] — [E[B(F, 20)]!? 


M M 


>~ 2 |B(f. 21) — BUF. re)!’ 


t=Lk=1 


1 
2M?2 
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b) Compute the value of part a) for M = 2. 
4.17. Consider the complex low-pass binary modulated signal 


5(t) = AD) tnha(t — nT) 
n 
where x, € {—1, +1}. The data sequence {,,} is correlated such that 


1 * 
brx(n) = 5 leet +n] = pinl 
Compute the power density spectrum of 8(t). 


4.18. Suppose that a binary data sequence x,x; € {—1,+1} is correlated 
such that P(ry, = 2n41) = 3/4, i.e., adjacent data bits are the same with 
probability 3/4 and different with probability 1/4. 

a) Compute the autocorrelation function ¢z,(m)for this data sequence. 
b) Compute the power spectrum S,7(f). 


4.19. Suppose that an uncorrelated binary data sequence is transmitted by 
using binary PAM with a root-Gaussian amplitude shaping pulse 


Ay(f) = [Are *(F7)"] 1/2 


a) What is the transmitted power density spectrum? 
b) Find the value of 7 so that the power density spectrum is 20 dB below 
its peak value at frequency 1/T, where T is the baud duration. 
c) What is the corresponding time domain pulse ha(t)? 
4.20. Consider a system that uses a set of M = 16 bi-orthogonal signals that 
are derived from the Hadamard matrix Hg in (4.76). The set of 16 signals 
is constructed according to 


itt 
5i(t) = AS” highe(t — kTe) , STs 1298 
k=0 
= —8,(t), k=9,...,16 


where T’ = 77, is the baud period. Note that 4 bits are transmitted per 
baud. 
Assume an uncorrelated data sequence and assume that all 16 waveforms 
are used with equal probability. 
a If h.(t) = ur,(t), find the psd of the transmitted complex envelope 
Sss(f). 
b Plot the power spectrum $3;(f) against the normalized frequency fT), 
where 7, = T/4 is the bit duration. 
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Chapter 5 


DIGITAL SIGNALING 
ON FLAT FADING CHANNELS 


The performance of a digital modulation scheme is degraded by many 
transmission impairments including fading, delay spread, Doppler spread, co- 
channel and adjacent channel interference, and noise. Fading causes a very 
low instantaneous received signal-to-noise ratio (SNR) or carrier-to-noise ratio 
(CNR) when the channel exhibits a deep fade, delay spread causes intersymbol 
interference (ISI) between the transmitted symbols, and a large Doppler spread 
is indicative of rapid channel variation and necessitates a receiver with a fast 
convergent algorithm. Co-channel interference, adjacent channel interference, 
and noise, are all additive distortions that degrade the bit error rate performance 
by reducing the CNR or SNR. 

This chapter derives the bit error rate performance of digital signaling on 
frequency non-selective (flat) fading channel with AWGN. Flat fading channel 
models are appropriate for narrow-band land mobile radio systems or mobile 
satellite systems. Flat fading channels affect all frequency components of a 
narrow-band signal in exactly the same way and, therefore, do not introduce 
amplitude or phase distortion into the received signal. Frequency selective 
channels distort the transmitted signal and will be the subject of Chapter 6. 
Flat fading channel will be shown to significantly degrade the bit error rate per- 
formance unless appropriate countermeasures are taken. Diversity and coding 
techniques are well known methods for combating fading. The basic idea of 
diversity systems is to provide the receiver with multiple replicas of the same 
information bearing signal, where the replicas are affected by uncorrelated fad- 
ing. Coding techniques introduce a form of time diversity into the transmitted 
signal which can be exploited to mitigate the effects of fading. 

The remainder of this chapter is organized as follows. Section 1. introduces 
a vector representation for digital signaling on flat fading channels with additive 
white Gaussian noise (AWGN). Section 3. provides a generalized analysis of 
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the error rate performance of digital signaling on flat fading channels. Sec- 
tion 2. derives the structure of the optimum coherent receiver for the detection 
of known signals in AWGN. The error probability performance of various 
coherently detected digital signaling schemes is considered including PSK in 
Section 4., QAM in Section 5., orthogonal signals in Section 6., and OFDM in 
Section 7.. Section 9. considers differential detection of PSK and 7/4-QPSK. 
Section 10. considers non-coherent detection and, finally, Section 11. considers 
coherent and non-coherent detection of CPM signals. 


1, VECTOR SPACE REPRESENTATION OF 
RECEIVED SIGNALS 


Suppose that one of M complex low-pass waveforms (se) es say 
§;(t), is transmitted on a flat fading channel with additive white Gaussian noise 
(AWGN). For such a channel, the received complex envelope is 


F(t) = g(t)si(t) + r(t) (5.1) 


where g(t) = a(t)er?) is the complex fading gain introduced by the channel, 
and 7i(t) is zero-mean complex AWGN with a power spectral density (psd) of 
N, watts/Hz. At any time f¢ the complex fading gain g(t) is a complex Gaussian 
random variable. The receiver must determine which message waveform &,%(t) 
was transmitted from the observation of received signal 7(t). 

In our present development, the pulses §,,(¢) are assumed to have duration 
T. However, our results will also apply to the case of root Nyquist pulses with 
duration t # T; for example, the root raised cosine pulse. The only difference 
is the length of the required observation interval. 

If the channel changes very slowly with respect to the data symbol duration, 
ie., fmT « 1, then g(t) will effectively remain constant over the observation 
intervali. Under this condition, the explicit time dependency of g(t) can be 
removed so the received signal becomes 


F(t) = gSi(t) + nt) (5.2) 


where g = ae® is the fading gain. If the Gaussian fading process has zero 
(non-zero) mean then the magnitude a is Rayleigh (Ricean) distributed and the 
phase ¢ is uniformly (non-uniformly) distributed over [—7, x]as described in 
Chapter 2.1.2. 

To facilitate the derivation of the optimum receiver and its analysis, it is 
useful to introduce a vector space representation for the received signals. If 
the channel is affected by AWGN, then the required basis functions are those 
obtained by using the Gram-Schmidt orthonormalization procedure outlined in 


' For land mobile radio applications mT < 1 is a reasonable assumption. 


Chapter 4.1.2. 
as 


where 


and 
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Using these basis functions, the received signal can be expressed 


The above process yields the vector 


where 


N-1 
F(t) = S~ Frgn(t) + 2(t) (5.3) 
n=0 
T 
in =f Fe)pR Wat (5.4) 
0 
T T 
3G [ 3,(t)pt (t)dt + [ A(t) or (t)dt (5.5) 
= gi, tin (5.6) 
N-1 
Z(t} = Alt) — D> fingni{t) . (5.7) 
n=0 
i= 98, +h (5.8) 
r i= (Fo, 71,-++,7N-1) 
8; = (Sy Siietex Sine) 
n = (fig, M1,---)MN-1) : 


For an AWGN channel, the m,,4 = 0,..., M—1 are Gaussian random variables 
that can be completely described by their means and covariances. The means 


are 


T 
Blin] = f° Bln(t)heu(t)ae = 0 (5.9) 
Lo eP 
SBlijag] = fo f° SBIR (s)lej(0)ei(s)deds 
T Tv 
= No f° f° 6 s)es(tvils)atds 
T 
= No | piltype(tae 


| 
= 
o> 
> 
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It follows that the n, are independent complex Gaussian random variables with 
zero mean and variance No. Hence, the vector n has the multivariate Gaussian 
pdf (A.40) 


; 1 1 ul) 
pai) = TT ays e {ay Ht 


1 1 
Gane? {sy ll? } (5.10) 
Such noise is said to be circularly symmetric, because the joint pdf p(n) appears 
as a hyperspherical cloud that is centered at the origin in the N-D vector space. 
The waveform 2(t) is a “remander process” due to the fact that 7(t) lies 
outside the vector space that is spanned by the basis functions {yp(t)}4=. 
However, 


E[z(t)rj]] = E[z(t)]gs,, + El2(t)n5] 
= Elz(t)Ay] 
N-1 
= e| a(t)-— So a) | 


N-1 


~ [ E[i(t)A*(7)]p;(r)dr — D7 Elfintijipn(t) 


n=0 
= Nop;(t) — Now;(t) = 0 


Since E[z(t)7#] =0, j =0, ...,N —1, it follows that Z(t) is uncorrelated 
with the received vector r. This property implies that the remainder process 
z(t) is irrelevant when making the decision as to which signal waveform was 
transmitted, a result known as Wozencraft’s irrelevance theorem [365]. In other 
words, the received vector r is the only data useful for the decision process and, 
hence, represents “sufficient statistics” for the problem at hand. 


2. DETECTION OF KNOWN SIGNALS IN ADDITIVE 
WHITE GAUSSIAN NOISE 


The maximum a posteriori probability (MAP) receiver generates the vector 

r and from its observation decides in favor of the message vector §; that 

maximizes the a posteriori probability P(gs;|r). If r is received and the 

decision is made in favor of the signal vector §,,, then the conditional probability 
of decision error is 

Pee =1—P(gSmlf) . (5.11) 


The unconditional probability of decision error is 


Pe= [ (1-P(gimié)) plea (5.12) 
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The MAP receiver clearly minimizes the probability of decision error, since 
the integrand is minimized for all possible received vectors r. 

By using Bayes’ theorem, the a posteriori probability P(g8 |r) can be 
expressed in the form 


P(F|g8m)Pm 
p(t) 
where p(f|g8,,) is the joint conditional probability density function (pdf) of 
the received vector fF given the transmitted message vector Sm, and Pm is the 
prior probability of transmitting §,,. Since the pdf of the received vector p(r) 
is independent of the transmitted message vector, the MAP receiver chooses 
the vector 8,, to maximize p(f|g8m)Pm. In other words, the MAP decision 

rule is 


P(g8m|*) = ,m=0,-,M-1 (5.13) 


choose 8m if p(#\g8m)Pm > p(Elg3n)Pa Vin xm . (5.14) 


Note that the MAP receiver requires knowledge of the complex channel gain 
g, implying that the receiver must employ an adaptive channel estimator. 

A receiver that chooses the vector 8, to maximize p(f|g8,,,) regardless of the 
prior messages probabilities is called a maximum likelihood (ML) receiver. 
The ML decision rule is 


choose 8 if p(F|g8m) > p(f|g8n) Vin#m . (5.15) 


If the prior message probabilities are equal, i.e., P,, = 1/M, then selection of 
the signal vector that maximizes p(f|g8,,) also maximizes p(g8|*). Under 
this condition the ML receiver also minimizes the probability of decision error. 
The prior message probabilities will be equal when the source coding is good. 
In practice, an ML receiver is quite often implemented regardless of the prior 
message probabilities, because they may unknown. Note also, that the ML 
receiver requires knowledge of the channel gain g. 
To proceed further we need the joint conditional pdf p(f|g8m). Since fT = 
g8m + Nand n has the joint pdf in (5.10), we have 
(8m) = ay exp {= li — g8ml?} (5.16) 
PIT|98m ~ QnNa)¥ Pp 2N, 98m : : 
By using (5.16) in (5.15), itis apparent that the signal vector S,,, that maximizes 
p(f|g8m) also maximized the metric (or distance measure) 


11(8m) = —|| — 98mll? (5.17) 


In other words, the ML receiver decides in favor of the scaled message vector 
gm that is closest in squared Euclidean distance to the received vector r.Such 
a receiver is said to make minimum distance decisions. 
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An alternative form of the ML receiver can be derived by expanding (5.17) 
as 
141 (8m) = —ll#l|? + 2Re {(F, 98m) } — Lgl? liSrall?” (5.18) 


Then notice that ||r||? is independent of 8,, and ||8m|]2 = 2E. Hence, the 
ML just needs to maximize the metric 


H2(8m) = Re {(F,98m)} —|g|?Em - (5.19) 


Using the definition of the inner product, the above metric can be written in the 
alternate form 


T 
[12(Sm) Re i rine" sa(tat] — |9|? Em 


Ill 


T 
Re i. Fenda} —aEm . (5.20) 
Q 


The last line in (5.20) follows because the j12(8,,) can be divided by « without 
altering the decision process. 

From the above development, the form of the ML receiver is clear. The 
receiver must first perform quadrature demodulation as shown in Fig. 5.1 to 
extract the complex envelope #(t) = #;({t) + j7Q(t). The received bandpass 
waveform is 


r(t) =#;(t) cos2af,t —fQ(t)sin2afet . (5.21) 

Then 
[r(t)-2cos2rfet]}p = Fr(t) (5.22) 
[-r(t)-2sin2rfethp = fo(t) (5.23) 


where [ - ]_p is just a low pass filter to reject the double frequency term af- 
ter demodulation. After quadrature demodulation, there are several receiver 
structures that are functionally equivalent, but differ in their method of imple- 
mentation and complexity. As shown in Fig. 5.2, one possibility is to generate 
the observation vector r by correlating the received complex envelope with 
the basis functions. This receiver structure is called a correlation detector. 
An functionally equivalent structure is shown in Fig. 5.3, where the complex 
envelope is filtered with a bank of filters having impulse responses vy (T' — t) 
and sampling the outputs at time T. The filter <y7(T’ —t)is the matched filter to 
pi(t). This receiver structure is called a matched filter detector The matched 
filter can be shown to be the filter that maximizes the signal-to-noise ratio at 
the sampling instant when the input consists of a signal corrupted by AWGN. 
This result is available in numerous textbooks and we do not present it here 
(but see Problem 5.2). Finally, the metric computer in Fig. 5.4 processes the 
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{aw 


r(t)| 2cos2nf.t 


~ Qsin2nf.t 


Figure 5.1. | Quadrature demodulator. 


observation vector r to produce the metrics yu(by,), m = 0,...,M@ —1. The 
decision is made in favor of the data symbol corresponding to the largest metric. 

To show equivalence of the correlation and matched filter detectors, let 
hi(t) = yt(T — t) denote the filter matched to y;(t). Then the output of the 
matched filter is the convolution 


i F(r)hi(t — r)dr 
0 


t 
/ #(r)ps(T —t+7)dr . (5.24) 
0 


y(t) 


Sampling the filter output at time T gives 


y(t) = [0 Fret rar (5.25) 


This is exactly the same as the correlation in (5.4). We note that other variations 
of the ML receiver can be constructed in a similar fashion by direct implemen- 
tation of (5.20) by using either a bank of M correlators or a bank of M matched 
filters. 

Some simplifications can be made for certain types of signal sets. If the 
message waveforms have equal energy such as PSK signals, then E,, = E for 
all m. Hence, the bias term a, in (5.20) can be neglected, leading to 


113(Sm) Re { (z, #8,,)} (5.26) 


Re [ ‘ rience} (5.27) 
0 


In this case, the receiver does not need to know the complete complex channel 
gain g = ae?®, but only the random carrier phase ¢. The random carrier phase 
can be obtained in practice by using a phase locked loop. 
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Figure 5.3. Matched filter detector. 


3. PROBABILITY OF ERROR 


Consider a signal constellation defined by the set M signal vectors {Sm as 
Throughout this section, we assume equally likely messages so that Pm = 
1/M. By observing the vector r, the ML receiver chooses the message vector 
8,» that minimizes the squared Euclidean distance || — g8,n||?. To compute 
the probability of ML decision error for an arbitrary set of signal vectors, we 
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Figure 5.4. Metric computer. 


first a define convex decision regions R,, around each of the signal points gS, 
in the N-D signal space. Fig. 5.5 shows an example of the decision regions. 
Formally, the decision regions are defined by 


Rm = {#: |] — 98mall < lB — g8nll? . Wn xm} (5.28) 


Observe that all r € R,» are closer to gS, than to any other signal point 
g8x,k 4m. The ML decision rule becomes 


choose §,, if fF € Rm (5.29) 


The decision boundaries are hyperplanes that are defined by the locus of signal 
points that are equidistant from two neighboring signal vectors. 
The conditional error probability associated with 8,,, is 


P(el8m) = P(#¢Rm) (5.30) 
= 1—P(FE Rm) (5.31) 
1 — P(c|Sm) (5.32) 


where P(c|8,,) is the conditional probability of correct reception. By using the 
joint conditional pdf in (5.16) we can write 


P(el8m) =1— I, p(Flg%m) di (5.33) 


Finally, the average probability of decision error is 


M-1 
P(e) = a S> P(el8m) - (5.34) 


m=0 
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Figure 5.5. Decision regions in an 2-D signal-space. 


Sometimes it may be difficult to compute the exact probability of decision 
error, due to the difficulty in defining the decision regions R,,, and performing 
the integration in (5.33). In this case, various upper and lower bounds, and 
approximations on the probability of error are useful. First we introduce the 
concept of the pairwise error probability. 


3.1. PAIRWISE ERROR PROBABILITY 


Now consider two of the M signal vectors $;and S,.We wish to determine 
the probability of decision error at the receiver, as if these two signal points 
are the only ones that exist. This error probability is called the pairwise error 
probability because it can be defined for each pair of signal vectors in the signal 
constellation. The two signal vectors $; and S, are separated at the receiver 
by the squared Euclidean distance ||g8; — 98,||? = a7||8; — S,||*. Due to the 
circularly symmetric property of the AWGN noise, the pdf of the noise vector 
Ni is invariant to its rotation about the origin in the vector space. Hence, the 
noise component along the vector gS; — gS» that joins the two signal vectors 
has zero mean and variance No. 

A decision boundary can be established at the midpoint between the two 
signal vectors as shown in Fig. 5.6. Suppose that vector 8; 1s sent, and let 
P(e|S;) denote the probability of ML decision error. The error probability is 
just the probability that the noise along the vector gS; — gS, forces the received 
vector r = 8; + nto cross the decision boundary. This probability is just equal 
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Figure 5.6. | Two received signal points in an N-D signal-space. 
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P(e|8;) = Q (5.35) 


where di, = ||; — S,||? is the squared Euclidean distance between 8;and S,. 
Finally, we note that P(e|s;) = P(e|s;). Hence, the pairwise error probability 
between the message vectors $; and Sx 1s 


P(8},8x) = P(elsj) = P(el8x) = Q (5.36) 


3.2 | UPPER BOUNDS ON ERROR PROBABILITY 


Suppose that S, is transmitted and let Ej denote the event that the receiver 
chooses §; instead. The probability of the event E; is the pairwise error 
probability P(S;,8,). The conditional probability of decision error is 


P(el8x) = r(u E; ) (5.37) 


J#k 
By using the union bound 


P (u 6 < 5° P(5;) (5.38) 


we have 
P(e|S.) < D— P(8;, 8x) (5.39) 
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Combining the above result with (5.36) gives 


P(elx) < SQ <8 (5.40) 


(5.41) 


A further upper bound can be obtained by first computing the minimum 
squared Euclidean distance between any two signal points 


drain = min By — Sm” (5.42) 
Thus the pairwise error probability between S;and 8,is bounded by 
ee od? , 
P(8j, 8%) <Q ( a (5.43) 


Hence, we can write 


P(e) < (M—1)Q (ew (5.44) 


Finally, some other upper bounds can be obtained using the upper bound on 
the Q-function (see Problem 5.1) 


Q(z) < seh c>0. (5.45) 
Combining with the union bound in (5.41) gives 
, Mel ow &, 
ae ! 
P(e) < a7) > Yew { aN, (5.46) 
and combining with the upper bound in (5.44) gives the simplest but loosest 


upper bound - 
= d2. 
P(e) < cea exp {eRe} ; (5.47) 
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3.3. LOWER BOUND ON ERROR PROBABILITY 


A useful lower bound on the probability of decision error can be obtained 
by bounding the error probability 


P(e|by) > Q (y oi , if, at least one neighbor at distance dmin 
0 


, otherwise 
(5.48) 
Then 
P(e) = — P(e|S;,) (5.49) 
M m=0 

: 2742 | 
> sa ( soe) (5.50) 

oO 


where Wmin is the number of signal vectors having at least one minimum 
distance neighbor. Certainly wmin > 2, so that 


Pte)2 Za( ee (5.51) 


3.4 BIT VERSUS SYMBOL ERROR PROBABILITIES 


Thus far our figure of merit has been the probability of decision error or 
symbol error probability, Pyy. However, we are very often interested in the 
bit error probability, P,. In general, this error probability depends on the 
particular mapping between data bits and data symbols. Since each data symbol 
corresponds to logy data bits the bit error probability is bounded as follows: 


Pu 
< < 5 . 
jog, M = P, < Pm (5.52) 


Gray coding:. For signal constellations such as PSK and QAM, it is possible 
to map the binary data bits onto the M-ary symbols in such a way that the 
nearest neighboring symbols (in Euclidean distance) differ in only one bit 
position. Such a mapping is called a Gray code. When the signal-to-noise 
ratio is high, we find that symbol errors are made onto the nearest neighboring 
symbols with high probability. In these cases, symbol errors correspond to 
single bit errors. Hence, 


Pha . (5.53) 


where k = logyM. 
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Figure 5.7. Mapping of binary k-tuples onto M-ary symbols. 


Equally likely symbol errors:. Consider the case where all symbol errors 
are equally likely. To compute the probability of bit error, first note that the 
M = 2* symbols have a one-to-one mapping onto all possible 2* binary k- 
tuples as shown in Fig. 5.7. Now suppose that all zeros k-tuple, or first row, 
corresponds to the correct symbol. However, the receiver makes an error and 
chooses ith row(symbol), i 4 0. Since there are 2*~1 zeros and ones in each 
column and a zero corresponds to a correct bit, the probability of a particular 
bit position being in error is 


= STF (5.54) 


4. ERROR PROBABILITY OF PSK 


Error probability of binary PSK (BPSK):. From (4.64) and (4.61) with 
8, = 0, the BPSK signal vectors are” 


S89 = —§, = V2Ep . (5.55) 


Since there are only two signal vectors, the error probability is given by (5.36. 
For BPSK signals, do, = 2/2E,. Also BPSK transmits 1 bit/symbol so 
the symbol energy is Ey, = HE», where Ey is the bit energy. Therefore, the 
probability of bit error is 


Pry) = Q (270) (5.56) 
where -y, is defined as the bit energy-to-noise ratio 
a’ Ep 
= : 5.57 
= AP (5.57) 


When the signal vectors lie ina 1-D complex vector space, we simplify notation by using the scalars 3;, 7, 
f rather than the vectors §;, f,and f. 
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Error probability of quaternary PSK (QPSK):. From (4.64) and (4.61) 
with 8, = 7/4, the QPSK (or 4-PSK) signal vectors are 


§ = 82 = VE,(1+)) (5.58) 
f= —§53 = VE,(-1+3) (5.59) 


The QPSK signal constellation is shown in Fig. 5.8. The decision boundaries 
correspond to the real and imaginary axis of the complex vector space. The 
noise components 7, and ng are independent zero-mean Gaussian random 
variables with variance Nj. With minimum distance decisions, the probability 
of symbol error is 


Py 


| 

a) 
—~ 
Oo 

ivy} 
> 
a 


= 1-P {i > -ad/2, fig > -ad/2} 
{ii > -ad/2} P {rig > —ad/2} 


— 72 
a2? 
= 1—]1-~— ss 
where, again, a is the channel attenuation. Since d? = 4E;, we have 
Py =1-[1-Q(/%))” (5.60) 
where ‘ys is defined as the symbol energy-to-noise ratio 
a? Ep, 
= — 61 
Ys No (5.61) 


Suppose the data bits are mapped onto the data symbols using a Gray code 
as shown in Fig. 5.8. Letting P,denote the probability of bit error, it follows 
that 

P(c) = (1~ A)? 


and 
Py =1-(1-B)? . 


Comparing the above equation with (5.60). 
Py =Q (Vs) 


QPSK transmits 2 bits/symbol so the symbol energy is E, = 2/»,where Epis 
the bit energy. Since ys = 2y 


Py(») =Q (V2) - 
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Figure 5.8. | Complex signal-space diagram for QPSK. 


Notice that the bit error probabilities of BPSK and QPSK are identical. Finally, 
since OQPSK is identical to QPSK with the exception of the inphase and 
quadrature branches being offset by J, = T’/2 seconds, the error performance 
of OQPSK is identical to QPSK. 


Error probability of M-PSK:. To derive the error probability of M-PSK 
consider, for example, the 8-PSK signal constellation and associated decision 
regions shown in Fig. 5.9. Once again data bits are mapped onto data symbols 
by using a Gray code. Consider (4.46) and suppose that the message vector 
$9 = V2, is transmitted. The received signal vector is 


(5.62) 


ll 
2) 
o 

mR. 

= 
tr 
Oo 
as 
= 


a 


Since the error probability is invariant to the angle rotation ¢, we can arbitrarily 
set d = O so that 


= asotn 
= aV2E,+n (5.63) 


“2 


It follows that r = r; + 77g is a complex Gaussian random variable with pdf 


rF—avIE| } (5.64) 


a 1 1 
pr(T) = ied "3 
o o 


Digital Signaling on Flat Fading Channels 243 


59 decision 


i boundaries 
hy we a 


Figure 5.9. Complex signal-space diagram for 8-PSK along and the associated decision re- 
gions. 


Since 8g was transmitted, the probability of correct symbol reception with 
minimum distance decisions is the probability that the received angle O = 
Tan |[#g/#7] lies in the interval [—7/8, 7/8]. 

To find the pdf of the angle ©, we first define the new random variables 


R= fF} +7, @ = Tan! [Fg/F1] (5.65) 


fF; = RceosO, fg =RsinO . (5.66) 


Then by using a bivariate transformation of random variables (Appendix A), 
the joint pdf of R and © can be obtained as 


such that 


1 
Pre(r, 8) = —- exp {a (r? — 2aV/2E,rcosé + 202) } . (5.67) 
o Oo 


Since we are interested only in the phase 9, we obtain the marginal pdf of O 


poe(@) = i; Pre(r,@)dr (5.68) 
1 : 00 2 
= =6 sin” @ / x£exp { (« — \/275 cos 6) } dz (5.69) 
0 


where y; = a*E;/No is the received symbol energy-to-noise ratio. The 
probability of M-ary symbol error, Pag isjust the probability that © lies outside 
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the region [—7/M, 7/M]. Thus 


n{/M 
Pats) =1- f p(0)d8 . (5.70) 
—n/M 
A closed form expression for this integral does not exist, except for the cases 
M = 2,4 which were considered earlier. 


Error probability with Rayleigh fading:. When the channel experiences 
fading, the error probability must be averaged over the fading statistics. If the 
channel is Rayleigh faded, then @ is a Rayleigh random variable. By using a 
transformation of random variables,*y, and ys; have the exponential pdfs 


1 ‘ 1 ; 
py, (x) = =e t/% py, (2) = ag tls £r>0 (5.71) 
Yb Yr 
where ¥ and ¥, are the average received bit and symbol energy-to-noise ratios, 
respectively, and 7, = log> Mp. 
For BPSK and QPSK the average probability of bit error is 


[ * Q( V2) poy (10) de 


1 Y 
5[a- [| (5.72) 


1 
Tr for ¥ >> 1. 
The BPSK and QPSK bit error probability is plotted in Fig. 5.10 for an AWGN 
channel and a flat Rayleigh fading channel with AWGN. Observe that Rayleigh 
fading converts an exponential dependency of the bit error probability on the 
bit energy-to-noise ratio into an inverse linear one. This behavior is typical for 
any uncoded modulation scheme in Rayleigh fading, and results in a huge loss 
in performance unless appropriate countermeasures are taken. For M-PSK, the 
average symbol error probability is 


P, 


2 


Re [ Py(2)p, (a) de (5.73) 


where Pyy(x) is given by (5.70). However, no closed form expression exists. 
With Gray coding the bit error probability is approximately P, = Py /logyM. 


Differential PSK (DPSK):. The received carrier phase for PSK signals is 


Qn 
0, = Vina +O,+¢ (5.74) 
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Figure 5.10. Bit error probability for BPSK and QPSK for a slow flat Rayleigh fading channel 
with AWGN. 


where @, is an arbitrary constant phase and ¢ is the random phase due to the 
channel. The receiver corrects for the phase ¢ by multiplying the received com- 
plex envelope by e~J% as shown in (5.27). However, in practice this operation is 
not quite that simple, because the symmetries in the signal constellation create 
phase ambiguity. In particular, we note that any channel induced phase of the 
form @ + 2kx/M, k an integer, will lead to exactly the same set of received 
carrier phases. While the receiver can use a phased locked loop to recover the 
received carrier phase, there will remain a phase ambiguity which is a multiple 
of 2x/M. This phase ambiguity must be resolved if the information is to be 
recovered correctly. 

Differential encoding is one of the most popular methods for resolving 
phase ambiguity, where information is transmitted in the carrier phase differ- 
ences between successive baud intervals rather than the absolute carrier phases. 
Differential encoding of PSK signals is done as follows. The information 
sequence {r,}, x, € {0,1,...M — 1} is differentially encoded into a new 
sequence {d;,} according to 


dy, =ILr, ® Lp-1 (5.75) 


246 


where @ denotes modulo-M addition. Then the sequence {dy} is transmitted 
in the absolute carrier phase according to 


2n 
A, = View +45. (5.76) 
After carrier recovery the received carrier phase is 
~ 0 ane 
0, = View +69 + ava (5.77) 


where the additional term 272/M, @ an integer, represents the phase ambiguity. 
The receiver computes the differential phase 


6, ~0,-1 mod2x = = (dy — dy—1) mod 27 
27 
= — dz- 
yy (ak © d,-1) 
= ak (5.78) 


where © denotes modulo-M subtraction. Hence, the data sequence {x;,}is 
recovered regardless of the phase ambiguity. . 

In the presence of AWGN noise, the receiver must form estimates 6, of 
the received carrier phases 6,. However, the noise will cause errors in these 
estimates and occasionally 6, # 0,. We note that an incorrect phase estimate 
6, causes the decisions on both x, and x, _, to be in error, assuming that the 
phase estimates 6,_, and Dear are both correct. Hence, at high signal-to-noise 
ratios where errors occur infrequently, the bit error probability of DPSK is 
roughly two times that of PSK. 


5. ERROR PROBABILITY OF M-QAM 


Error probability of M-PAM:. Consider the Gray coded 8-PAM system 
signal constellation shown in Fig. 5.11. For the M — 2 inner points on the 
signal constellation, the probability of symbol error is 


207 Ey, 
No 


P, = 2Q ( (5.79) 


where the 2 appears in front of the Q function because errors can be made by 
crossing either of the two decision boundaries. Likewise, for the 2 outer points 
on the signal constellation the probability of symbol error is 


P,=Q ( 2B) (5.80) 


No 
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Figure 5.11. | Complex signal-space diagram for 8-PAM. 
Hence, the probability of symbol error is 


fy = ai ee 


(5.81) 
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Next we have to relate /), to the average symbol energy. Since 
8m = V2E,(2m-1-M), m=1,...,M (5.82) 
the energy in S,, is 
Em = =52, = E,(2m —1- My? (5.83) 


The average energy is 


1 M 
Ew = Enz D2 (2m =il=My 
m=1 
1 M M 
= 2 2 
= Ena |4 Som? — 4(M +1) 3 m+ M(M +1) Joos 
m=1 m=1 
Using the identities 
< * 1 = 1)(2n+1 
ZN n(n n(n +1) 2 _ n(n + 1)2n + 1) (5.85) 
k=1 k=1 6 
and simplifying gives the result 
M?—-1 


(5.86) 
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Hence from (5.81) 
P =2 (1 = ) Q =e 5.87) 
me) = 21 — ae M1" = 


(5.88) 


where 


is the average symbol energy-to-noise ratio. 


Error probability of M-QAM:. Consider an M-QAM system having a 
square constellation size M = 4 for some integer m. Such an M-QAM 
system can be viewed as two /M-PAM systems in quadrature, each allocated 
one-half the power of the M-QAM system. For example, the Gray coded 
16-QAM system in Fig. 5.12 can be treated as two independent Gray coded 
4-PAM systems in quadrature, each operating with half the power of the 16- 
QAM system. From (5.87), the symbol errorprobability for each M-PAM 
system is 


1 6 74s 
Pipe a2 l= —— — 5.89 
vm ( 7a) 9 wail A382) 
where ‘yz is the average symbol energy-to-noise ratio of the M-QAM system. 
Finally, the probability of correct symbol reception in the M-QAM system is 


P(e) = (1— Pq)? (5.90) 
and the probability of symbol error is 
Pu(ys) =1—(1—Pyqq)? . (5.91) 


For other types of M-QAM constellations, such as those in Figs. 4.7 and 4.8, 
the error probability can be obtained by defining convex decision regions and 
using the approach suggested in Section 3.. 


Error probability with Rayleigh fading:. If the channel is Rayleigh faded, 
then ‘ys has the exponential pdf in (5.71). It follows that the average symbol 
error probability is 


Py -| Py (x)py,(x)dz . (5.92) 


Fig. 5.13 plots the (approximate) bit error probability P, ~ Py /log.M against 
the average received bit energy-to-noise ratio, J = ¥;/logoM, for several 
values of M. Notice that the 7 required to achieve a given bit error probability 
increases with the alphabet size M. However, the bandwidth efficiency also 
increases with M, since there are log, M bits/symbol. 
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Figure 5.12. | Complex signal-space diagram for 16-QAM constellation. 
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Figure 5.13. Bit error probability for M-QAM on an AWGN channel and a Rayleigh fading 
channel with AWGN. 


6. ERROR PROBABILITY OF ORTHOGONAL 
SIGNALS 


Orthogonal signals:. Consider the M-ary orthogonal signal set 


8; = J/2Enem,m=0,...,M—-1 5 
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where e,,, is a length-M vector with a “1” in the mth coordinate. If the signal 
So is transmitted, then the received signal vector is 


P= (gV2Ep + 0, 71,.--,%M-1) (5.93) 


where the n, are independent zero mean complex Gaussian random variables 
with variance N,. The ML receiver computes the decision variables 


13(8m) = Re(f, 98m) (5.94) 


and chooses the signal with the largest (Sm). We have 


u(so) = 2a* Ep, + hy paV/2Ep, (5.95) 
en) = Appo/2Ey, m= 2)...,M =1 (5.96) 


where we have ignored the phase rotation on the noise samples. The (Sm) 
are independent Gaussian random variables with variance 2a7EN,; the mean 
of (So) is 2af while the 44(Sm),m # 0, have zero mean. The probability 
of correct decision conditioned on y(s;) = x is the probability that all the 
[1(Sm),m # O are less than x. This is just 


M-1 
P(clu(si) = x) = 3 Gal (5.97) 


Hence, 


M-1 
"2 x 
Po) = f |e(—s— 
o = [7° (stm) 
1 (x — 2a? E,)? 

XS ———_ XP § — — > — 

V4ra2E;,No 4a? E,.No 
Now let y = (a — 2a? E),)/\/2a2E;,N,. Then 

Co 


P(c) = / [2 (+ J¥)) _ enV 2de (5.99) 


dz (5.98) 


where 

a? Ep, 
No | 

Finally, the probability of symbol error is 


Vs = (5.100) 


Py =1-P(c) . (5.101) 
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An alternate expression for the error probability can be derived by first condi- 
tioning on the event that one of the M4 ~ 1 decision variables ju(sm),m #4 Ois 
the largest. This gives 


x — 2a“°Ep, x oa 
Fu = 7 ae o( ae) c (seater | 


2 
bd dz. (5.102) 


ane EN = {- 402E,No 
Now let y = 2//2a7E),No. Then 


2 


Py = (mM -1) [" &(y-v™) ul ow} | dz . 
(5.103) 


For orthogonal signals ys; = Yplog,M, and the bit error probability is given 
by (5.54). Ifthe channel is Rayleigh faded, then yp, has the exponential pdf in 
(5.71), and the average bit error probability is 


Pi [ Pils, (a) de (5.104) 


Biorthogonal signals:. Consider the biorthogonal signal set 


. _{ V2&ne:, i=0,...,M/2-1 
aa{ vane i= M/2,...,M-1 oy) 


Now suppose that so is transmitted. The receiver computes the M/2 decision 
variables 
(Sm) = Re(f, 98m), m=0,...,M/2-1 (5.106) 


and chooses the one having the largest magnitude. The sign of p(Sm) is 
used to decide whether s,, OF Sjy/24m = —Sm Was sent. As before, the 
(Sm) are independent Gaussian random variables with variance 2a7EN,; 
the mean of (so) is 2a while the 1(s;),m = 1,...,M/2— 1, have zero 
mean. The probability of correct decision is the probability that (so) > O and 
\u(Sm)| < u(So),m = 1,..., M/2 —1. Condition on p(s;) = z, z > 0, we 
have 


r x 
P(|u(Sm)| <2) = ® (sew) =a Ge » (5.107) 


Hence, 
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= : P M/2-1 
Pl) = I 2( stem) -*(- al 


dx (5.108) 


1 
Xo 0X Ss 
Jaen 4o2E,,N, 


Now let y = (x — 2a? Ep) /\/2a?E, No. Then 
M/2-1 1 


oS 2 
P= | _[e(y+ vm) -%(-y- v2 ae VP dy 
(c) Ll (y+ V2%) - © (-» - V2) Ti y 

(5.109) 
Finally, Py = 1 — P(c). For biorthogonal signals y; = yplog,M, but the bit 
error probability is not given by (5.54). 


7. ERROR PROBABILITY OF OFDM 


For an AWGN channel, the error probability of OFDM can be calculated by 
taking advantage of the property that the OFDM sub-carriers are orthogonal. 
The optimum receiver for OFDM on an AWGN channel consists of a bank 
of correlator detectors, one for each sub-carrier. Since the sub-carriers are 
orthogonal, there is no cross talk between them, and the symbol error probability 
for each of the subcarriers can be obtained independently of the others. 

A key advantage of OFDM is that the receiver can be implemented by 
using fast Fourier transform (FFT) algorithm, as discussed in Chapter 4.6. In 
the following discussion we assume that the guard interval is long enough to 
isolate the OFDM blocks. Hence, we suppress the block index. Following 
the development in Chapter 4.6, suppose that the discrete-time sequence X9 = 


{xeie-! is transmitted over a flat fading channel with complex gain g. 


The received sequence is RY = {R9}N+9-! where 
Ri = 9Xn + Fin (5.110) 


g = a is the channel gain, and the fim are the noise samples. Suppose that 
the 7, are obtained by passing the received noise waveform through an ideal 
anti aliasing filter having abandwidth 1/T; followed by a sampler. In this case, 
the m,, are independent zero complex Gaussian random variables with variance 
o? = 5E|lftn|?] = No/Ts- 
The receiver first removes the guard interval according to 

where (n)y is the residue of n modulo N. Demodulation is then performed 
by computing the FFT on the block R to yield the vector Z = {7,555 " of N 
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Figure 5.14. Block diagram of OFDM receiver implemented by using a DFT or an FFT. 


decision variables 


i, = ye N 
= gArt;+y, 1=0,...,N-1. (5.112) 


where A = \/2E;,/T and the noise terms are given by 


1 a __ j2nin 
iy De a ae (5.113) 


A block diagram of an OFDM receiver is shown in Fig. 5.14. 
It can be shown that the v; are zero mean complex Gaussian random variables 
with covariance 
ae | as 5.114) 
Laym = 5 Elam] = NT, nm + (5. 
Therefore, the Z; are independent Gaussian random variables having mean 
9V2E;,/T x; and variance N,/NT;. To be consistent with our earlier results 
for PSK and QAM signals, we can multiply the Z; for convenience by the factor 
VNT, = VT so they have variance No. Such scaling gives 


Zi, = 9 V2En ui + ij (5.115) 
where #; has variance No. Notice that /2Ep2; = §;is equal to the complex 
signal vector that is transmitted on the ith sub-carrier. For each of the Z;,the 
receiver decides in favor of the signal vector §;m that minimizes the squared 
Euclidean distance . 

B(Sigm) = |Z; — 93imll? - (5.116) 
Thus for each OFDM block N symbol decisions must be made, one for each of 
the N sub-carriers. This can be done in either a serial fashion as in Fig. 5.14, 
or a parallel fashion. 
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Finally, it is clear that the probability of symbol error is identical to that 
achieved with independent modulation on each of the sub-carriers. This is 
expected, because the sub-carriers are orthogonal in time. 


Interchannel Interference (ICI):. Perhaps a more interesting issue is the 
effect of Doppler on the OFDM receiver performance. Although our analysis 
will be undertaken for slow flat fading channels, a similar analysis will apply 
provided that the guard interval is longer than the length of the channel impulse 
response. We will show that variations in the complex channel gain {9;} ae 
over the duration of an OFDM block causes interchannel interference (ICI) 
due to a loss of subchannel orthogonality. The ICI has an effect similar to 
AWGN. 

To isolate the Doppler effects, AWGN is ignored. The received discrete-time 
sequence after removal of the guard interval is 


Ry, = 9G+(n—G) vy Xn . (5.117) 


The vector Z at the output of the FFT demodulator circuit is 


N-1 
Zi = «/2E,/T Xu tnH(n — i) (5.118) 


where 


1 eal j 27 . 
H(n-i)=— DY gasu-aye™"™*, OSES N-1. 6.119) 
k=0 


To highlight the effect of channel time variations, (5.118) can be rewritten as 


Zi = \f2E,/TH(0)ti + G (5.120) 


where 


Gj = f2En/T D> t_,H(n-i) . (5.121) 


Note that H(0) is a multiplicative noise term, while c;is an additive noise term 
due to ICI. If the channel is time-invariant, then g, = g and Z; = g\/2E),/Tz; 
as before. But for a time-varying channel Z;is a function of all the data symbols 
within a block and, hence, interchannel interference (ICI) is introduced. 

For N sufficiently large in (5.121), the central limit theorem can be invoked 
and the ICI treated as a Gaussian random variable. Since x, and H(n — 1) 
are independent random variables and E[x,,] = 0, it follows that E[c;] = 0. 
The variance of c; is computed by evaluating the autocorrelation function at 
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lag zero. Since 2Ey, - 5E[tn2*, = Exyénm,where E,, is the average symbol 
energy, the autocorrelation of c; is 


pec(r) =  Eleicls¢| = a S- E[H(n-1i)H*(n-i-r)] . (5.122) 


2 nZijitr 


If we further assume the normalization E[|g,|?] = 1 and 2-D isotropic 
scattering with an isotropic receiver antenna (see Chapter 2), then the autocor- 
relation becomes 


E E N-1N-1 
dee(r) = T bp — TN2 > > Jo (20 fmTs(k — k')) 
k=0 k’=0 
f 
lexp G5 2) +(1—6,) exp 67")! (5.123) 


where f,,, is the maximum Doppler frequency. Note that the autocorrelation is 
not influenced by the positioning of the guard interval, due to the symmetry of 
the summations. 

For symbol-by-symbol detection, it is sufficient to examine the variance of 
the ICI term 


N-1 
fec(0) = a — ae {wv +2 D (N — Hdolanfn} ' (5.124) 
where the fact that Jo( - ) is an even function has been used. Note that 
variance of the ICI terms is only a function of Ew, N, Ts, and fm, but is 
otherwise independent of the signal constellation. Fig. 5.15 plots the signal-to- 
interference ratio 
Eni? 
bcc(0) 
as afunction of fy,7; for several values of N. 
Suppose that the data symbols x, are chosen from a 16-QAM alphabet. 
From Section 5., the symbol error probability for 16-QAM is 


ra=20({F) fi-fe(lis)] en 


where ‘ys is the average received symbol energy-to-noise ratio. With Rayleigh 
fading, the symbol error probability is obtained by averaging (5.126) over the 
pdf in (5.71). Assuming validity of the Gaussian approximation for the ICI, 
the error floor due to ICI can be obtained by substituting the SIR in (5.125) 
for Ys. The results are shown in Fig. 5.16. Simulation results are also shown 
in Fig. 5.16 corroborating the Gaussian approximation for the ICI. Fig. 5.17 


SIR = (5.125) 
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Figure 5.15. | Signal-to-interference ratio due to ICI. 


shows the bit error rate performance of OFDM with N = 512 subcarriers, 
a 16-QAM signal constellation, and a 20 Mbps bit rate for various Doppler 
frequencies. At low Y, additive noise dominates the performance so that the 
extra noise due to ICI has little effect. However, at large Y ICI dominates the 
performance and causes an error floor. Further measures are needed to improve 
the performance. 


8. ERROR PROBABILITY OF MSK 


MSK signals can be recovered using a variety of techniques. One method 
suggested by De Buda uses the fact that MSK is equivalent to OQPSK with a 
half-sinusoid shaping function. From (4.110), the MSK complex envelope is 


a(t) = AD (crnhalt — an) + jrqnha(t — nT — r)) (5.127) 


where : 
ha(t) = cos (=) uer(t+T) . (5.128) 
2T 
The received complex envelope is 
F(t) = gs(t) + n(t) (5.129) 


where g = ae/?, The receiver first removes the effect of the phase rotation by 
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Figure 5.16. _ Error floor due to ICI with 16-QAM. 
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Figure 5.17. Bit error probability for 16-QAM OFDM on a Rayleigh fading channel with 
various Doppler frequencies. 
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Figure 5.18. | Coherent detector for MSK signals. 
e JF(t) = #,(t)cosd + Fo(t) sing + j [FQ(t) cos d — F(t) sing] 
as (t) + ryt) +] [aSQ(t) + rig (t)] (5.130) 


where we have ignored the effect of the phase rotation on the noise 7(¢)because 

it is circularly symmetric. Detection then proceeds by processing the real and 

imaginary parts of e~?F(t) as separate binary PAM streams. The resulting 
MSK detector is shown in Fig. 5.18. Note that the source symbols on the 
in-phase and quadrature carrier components must be detected over intervals of 

length 27, the duration of the amplitude shaping pulse hg(¢), and bit decisions 
are made every T seconds. Since bit error performance of OQPSK and QPSK 
(and BPSK) are identical, and MSK can be viewed as a form of OQPSK, it 
follows that MSK has the same bit error performance as QPSK or BPSK. 


9, DIFFERENTIAL DETECTION 


Differentially encoded PSK (DPSK) can also be detected by using differen- 
tially coherent detection, where the receiver estimates the change in the phase 
of the received carrier between two successive signaling intervals. Since the 
differential carrier phase between baud intervals is precisely what contains the 
data, the basic mechanism for differential detection is obvious. If the carrier 
phase changes slowly with respect to the baud period, then the phase differ- 
ence between waveforms received in two successive signaling intervals will be 
independent of the absolute carrier phase. However for fading channels, the 
carrier phase can change over two successive baud intervals. This leads to an 
error floor that increases with the Doppler frequency. 


Binary DPSK:. Consider binary DPSK. Let 6, denote the absolute carrier 
phase for the nth symbol, and A@,, = 0, — @,-, denote the differential carrier 
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phase, where 
0, In = 41 


Ab, = { oes (5.131) 
The complex envelope of the transmitted signal is 
a(t) = A~ ha(t — nT eI” (5.132) 
and the complex envelope of the received signal is 
F(t) = ae!?AS~ ha(t — nT)e! + A(t) (5.133) 
n 


where g = ae? is the complex channel gain. 

A block diagram of a differentially coherent receiver for DPSK is shown in 
Fig. 5.19. During the time interval [nT, (n + 1)T), the values of Xn, Xna, Yn 
and Yj in Fig. 5.19 are 


Xn = 2aEp,cos(O, + d) + hy 


Xnd = 2aE;, cos(On-1 + ¢) + Ara 
Yn = 2aEp;sin(O, + ¢) + ng 
Yna = 2a, sin(@,-) + ¢)+ NOQ,d (5.134) 


where 
AZ T 
y= > / h2(t)dt (5.135) 
0 


is the bit energy, and the noise terms are 


(n+1)T 
= a / Ar(t)hg(t)dt 
nT 


nT 
fing = Af fis(t)ha(t)at 
(n-1)T 
(n+1)T 
fig = A / fig(t)ha(t)dt 
nT 
nT 
fps A I yp (al ta (5.136) 


Note that m7, N74, %Q,and Ng,qare independent Gaussian random variables 
with variance 2E,.No. 

In the absence of noise, it is easy to verify that U, = 4a? E?x,,.To determine 
the pdf of the decision variable U;, it is convenient to express Up as 


1 * 
Un = Re{ZnZna} = 9 (ZnZna + Zn Zna) (5.137) 
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Figure 5.19. _ Differentially coherent receiver for DPSK signals. 


where 
Zn = Xnt+J9Yn (5.138) 
Znd = Xndt+IYna » (5.139) 


It can be shown by using characteristic functions that U, = W, — Y;,,where W 


and Y are non-central and central chi-square random variables with densities 
[309] 


l _ (wen +40? 5B?) 2,/wana? EP 
fw, (w) 2E,No Jy | “——____] , wan > 0 


~ 9E,No E,No 
(5.140) 
1 _ _¥tn 
fy(y) = 3B, Ns aE Ne We SO (5.141) 
oO 


Defining V, = Wp, the pdf of U;, is 


fus(u) =f) fing) fxg (v — w)do 


2 m2 
1 Inu—-2a°E = 
TE, No XP ony ; oo < tnu <0 


1 exp J tnuczat ee 2 EP 202E,  /2Qrau 
4E},No ©*P —“3E,No ar Ey, No 


0 < Zpnu <oco 
(5.142) 


It 


where Q(a,b) is the Marcum Q function, defined by 


b £2402 
Q{a,b) =1 - | ze 2 Ip (za) dz (5.143) 
0 
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From (5.142), the bit error probability of DPSK with differential detection is 


ee ieee | ut 20° EP 1, 
P= f exo | du = 5e (5.144) 


where y, = a2E};/N, is the received bit energy-to-noise ratio. For a slow 
Rayleigh fading channel, a is Rayleigh distributed so the received bit energy- 
to-noise ratio has the exponential pdf in (5.71). It follows that the bit error 
probability with slow Rayleigh fading is 


1 
2(1+%) 


9.1. DIFFERENTIAL DETECTION OF z /4-DQPSK 


The above results can be extended to differential detection of 7/4-DQPSK. 
Once again the complex envelopes of the transmitted and received signals 
are given by (5.132) and (5.133), respectively. However, with 1/4-DQPSK, 
Ad, = mx7,/4 where z, € {+1,+3}. A block diagram of the differentially 
coherent receiver for 7/4-DQPSK is shown in Fig. 5.20. The values of Xp, 
Xnd» Yn and Ypg are again given by (5.134). The detector outputs are 


1 


P, = (5.145) 


OU; = RelA 7 k= ZF t 27a) (5.146) 


Vn 


tI 


7) 
* 1 * * 
Im {ZnZna} = 5 Ca A (5.147) 


where .Z, and Zpq are defined in (5.138) and (5.139), respectively. In the 
absence of noise, it can be verified that the detector outputs are 


Un = —a, Va =—@, Ln = —3 

U, = a; Ve =a, 2, =—1 

Un, = a, Vz =a, In =41 

U, = —a, Va =, In = +3 (5.148) 


where a = 2\/2a*E?. The bit error probability for /4-DQPSK with Gray 
coding is quite complicated to derive, but can be expressed in terms of well 
known functions [270] 


AH O68) = 5 (ab) an { -5 (a? + #)} (5.149) 


whereJ,(z) is the zero-order modified Bessel function of the first kind defined 
by 


~ On 


1 2a 
h(2) / e208 0 4g (5.150) 
0 
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Figure 5.20. Differentially coherent receiver for 7/4-QPSK signals. 


1 
a = 4/2 (1-,) (5.151) 
b = 4/2, (1+) (5.152) 


and -y, is the bit energy-to-noise ratio. Once again, if the channel is faded, then 
the bit error probability can be obtained by averaging over the fade distribution. 


10. .NON-COHERENT DETECTION 


If information is transmitted in the amplitude or frequency of a waveform, 
then a non-coherent receiver can be used. Non-coherent receivers make no 
attempt to determine the carrier phase. Non-coherent receivers are easier 
to implement than coherent receivers. They typically allow the receiver to 
be implemented with less expensive components that may also consume less 
power. Non-coherent receivers trade implementation complexity for transmitter 
power and bandwidth. Typical applications for non-coherent receivers include 
one-way paging, where the receiver must be inexpensive and operate at a low 
power budget. With one-way paging transmit functions are not required in the 
terminal equipment. 

Suppose that one of M complex low-pass waveforms, 8m(t),m =0,...,M— 
1 is transmitted, say 5;(¢), on a flat fading channel with AWGN. The received 
complex envelope is 

F(t) = gS; (t) + n(t) (5.153) 
where g = ae’? is the channel gain that includes the random phase ¢, and f(t) 
is the AWGN. 

By projecting *(t) onto the basis functions obtained through the Gram- 
Schimdt orthonormalization procedure on the signal set {3,, (t)}44=9 ,we obtain 
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the received vector 
P= gi +A. (5.154) 


The joint pdf of n is given in (5.10). The maximum likelihood non-coherent 
detector does not use the random phase in the decision process, and chooses 
the message vector §,,, to maximize the joint conditional pdf p(r|a8,,): 


choose 8m if p(f|aSm) > p(tlas;,) Vin A#~m . (5.155) 


Letting p(¢) denote the pdf of <, we have 


20 
P(F|OSm) = Eg[p(F|oSm, $)] =| P(F|O8m,p)p(p)dd . (5.156) 


Using the joint pdf of n in (5.10) 


oe 1 Tt cee : 
p(E|a8m,¢) = ENF? {gyi - 98m} 


rey ie lz? + 207 Em 
(2aNo)% 2No 


(5.157) 
Now let 
(F, 98m) = 9*(#, 8m) = 9* X29" = aXmel*—9) , (5.158) 
Hence 


an 1 i + 207 Fyn||? 
p(rlaSm,¢) = maxon |e rt 


x exp j= cos(O, — 6} : (5.159) 


oO 


Assuming a uniformly distributed random phase ¢ gives 


_— 1 20° Em + |lF II? 
P(t|eSm) = (Q0N,)N XP oy! 


— [ exp fo cos(8m — 6} dd 


1 2a? Em + ||F{|? ax 
(nN) &*P {2 Ee er fo (Sz) 6.160 
oO Oo oO 
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Since the term ||#||? is independent of the 111111111 B}J,11 hypothesis the signal 
maximizes p(r|a&,,,) also maximizes the metric 


a2 EB 
exp; —-S;-™ Xn 
f1(Sm) = meh ( ) (5.161) 


If all message waveforms have equal energy, then considerable simplification 
results. The ML receiver can choose S,, to maximize 


= aXm 
=I F 5.162 
H2(8m) = Io (SS) (5.162) 
However Jg(x) increases monotonically with x. Therefore, the ML receiver 
can simply choose 8,,, to maximize 


113(8m) = Xm (5.163) 


From the above development, the structure of the ML non-coherent receiver is 
clear. The receiver first uses the quadrature demodulator in Fig. 5.1 to extract 
the real and imaginary components of the complex envelope r;(¢) and fQ(t). 
Then compute 


Xm = \(,8m)| 
T 
[ F(t)8", (t)dt 


and maximize over the choice of §,,. Continuing further, note that 


y" 


(5.164) 


Xm 


[(E1, 81m)” + (FQ, 8Q,m) 
1/2 


T 2 T 2 
( / (drt i. ( / Fa(diam(t | (5.165) 
0 0 


This leads to the detector structure shown in Fig. 5.21, commonly known 
as a square-law detector. Note that the square-law detector generates .X?.. 
However, the choice of 8,,, that maximizes x: also maximizes Xy,.If the §,, 
do not have equal energy then the metric in (5.161) must be used. This add 
considerable complexity to the ML receiver because the channel gain a must 
be determined and the Bessel function I(x) must be calculated. 


\| 


Error probability of M-ary orthogonal signals. Consider the case of M- 
ary orthogonal signals as discussed in Chapter 4.5. Assume without loss of 
generality that So is sent. Then 


To = gV2E +709 
Ti — Ng i=1,...,M-1 (5.166) 
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Figure 5.21. | Non-coherent square-law detector. 


Since the M-ary orthogonal signals have equal energy, we can use the metric 
in (5.163). Then 


1/2 
Xm = |V2Erm| = V2E (12m +17m) i (5.167) 
The receiver will make a correct decision if 
Xo > Xi, Vix~0. (5.168) 


From Appendix A, Xo has the Rice distribution 


x xe + 4a? EB? ax 
PXo(Lo) = sen oP {ee Ip (<*) (5.169) 
oO oO oO 


while the X;,7 4 0 are independent Rayleigh random variables with pdf 


(2;) = =~ exp 4 — ny (5.170) 
PX; \2i ~ 2EN, p 4EN, : - 


The probability of correct symbol reception is 


v 
— 
io) 
aed 
II 


P(X, < Xo, Xo < Xo,..-,XuM-1 < Xo) 


: M-1 
|G. cen awe td (ca)de 
i te, DENG |) SEN) | eee 
M-1 
ee) x2 
I 1 — exp TEN, p(xo)dxo (5.171) 


Using the binomial expansion 


II 


However, the above integral is 


i op {-7E 4EN, iat} ool 
kad _e zp t4a? £2 E2 a0) 
4ENo d 
fe x»{- iat, ste ae = 
_(k+ 


LT 


9(Xo)dxo 


eer ie: a (+13 + do? 5? + 4a? E? I (2) ie 
~ Jo 2EN, °°) 4EN, [ °\ NJ? 
The trick is to manipulate the integrand to look like a Ricean pdf. To do so, let 
2EN E 
! oO f 
= EB = 
Nee Gael (+1) 


Then 


oe ee es sd ee ee ‘2 ks 
a as Nef R41 | ee) 


where y; = a? E/N, is the symbol energy-to-noise ratio. Hence, 


_ M-1 an) kys 
P(c) = Xu Sait ow {-g ty} (5.173) 


and the probability of symbol error is 


M-1 k+1(M-1 
(=1) ( k ) ks 
Py =1-P(c)= Y° ~+—*\* exp {-—s} (5.174) 
5 Ee {gs 
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Since orthogonal modulation is used, the probability of bit error is 


M 
2(M — 1) 


11. DETECTION OF CPM SIGNALS 


CPM receivers can be categorized into three different types of dectection 
schemes; coherent detection, differential detection, and non-coherent detection. 
Furthermore, in each category there are two approaches; symbol-by-symbol 
detectors and sequence estimators. For mobile radio channels, sequence esti- 
mation based approaches are not favored for at least two reasons. First is the 
hardware limitation due to the large number of CPM states, since the complexity 
of sequence estimators grows ex ponentially with the number of system states. 
Second is the possible utilization of coding and interleaving to combat fading. 
Coding issues will be discussed in detail in Chapter 8 The use of interleaving 
requires separation of the CPM demodulator and the decoder. When convo- 
lutional or trellis coding is used with CPM, a soft output symbol-by-symbol 
detector is typically used to detect the CPM signals, while a sequence estimator 
is still used for decoding. Therefore, this section only treats symbol-by-symbol 
CPM detectors. While there exist a large variety of coherent and non-coherent 
symbol-by-symbol CPM detectors, we present two structures. Both receivers 
use multiple-symbol observation intervals to detect partial response CPM sig- 
nals, and both generate soft outputs making them well suited to systems that 
employ convolutional, trellis, or Turbo coding. 

The CPM complex envelope during the time interval [nT, (n + 1)T]is 


a(t,v) = 1/2E;/Texp{jo(t, x)} 
\/2Es/T exp {On + 27h s xiq(t —iT)} (5.175) 


t=n—-L+1 


P,= Py . 


where FE, is the symbol energy, T’ = (logy.M)T} is the symbol duration, h 
is the modulation index, and x is the data symbol sequence chosen from the 
M-ary alphabet {+1,+3,---,+(M —1)}. The phase shaping function is 
B(t)= it hy(r)dr, where h,(t) is a partial response frequency shaping pulse 


of duration LT. The accumulated phase @,,is equal to [rh ae j|mod 2m. 
The CPM state at time ¢t = nT is defined by the L-tuple 
Sr = (Ons 2n—15%a-0.""" nate) : (5.176) 


In the sequel, the CPM signal will also be denoted by 5(S,,2,,)to emphasize 
the finite state nature of the signal. For a slow flat fading channel, the received 
signal is 

F(t) = g3(t, x) + A(t) (5.177) 
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where 7i(t) is a zero-mean complex AWGN with psd N, watts/Hz. 


11.1 COHERENT CPM DEMODULATOR 


A coherent CPM demodulator was proposed by Osborn and Luntz [254], and 
Schonhoff[294]. The metrics forsymbol x, are obtained by observing 7 (t) over 
N,+1 successive symbol intervals and generating metrics forall M+! possi- 
ble symbol vectors #, = {2n, bn },where by = {£n41,°+*,Ln4+N,}-The ML 
metric for,z, is proportional to the conditional density p(7(t)|Sn,2n, Dn, g) 
and is given by” 


ntNp p(iti)T : 
MSn; tn, ba) =- >> a \F(t) ~ g5(S;,2;)|* dt . (5.178) 


The metrics for x, can be obtained by averaging (5.178) overthe M? possible 
values of by, and averaging over all possible initial states S;,. This leads to the 
metric 


Men) = >I MSns tn; n)P(Dn)P(Sn) = 32 Sus tns Da) 
Sn Bn Sn bn 
(5.179) 
where P(b,,) and P(S,,) are the probabilities of b,and $;,,respectively, and the 
last equality follows because all the by, are equal, and all the S,,are equal, for 
equally likely data symbols. By using (5.179) a set of M metrics is calculated 
for the M possible z,. The receiver decides in favor of the symbol having the 
largest metric. 
A simplified receiver that will yield almost the same performance uses the 
suboptimum metric [254, 294] 


mtNp pG+1)T : , 
Aon) = max max 2h l(t) — 93(S;,a,)/2at} , (5.180) 


which is also exactly the same as the metric proposed by Kerr and McLane for 
full response CPFSK [181]. 


11.2 NON-COHERENT CPM DEMODULATOR 

The receiver adopts the same multiple-symbol detection strategy used for 
the coherent receiver described in the previous section. After observing 7(t) 
over an N-symbol interval [(n — n1)T, (n + ng)T],where N = nj +n. +1, 
the non-coherent CPM demodulator generates the following set of MN +4-2 


3 : : ar 
Slowly varying channels are assumed where g remains constant over the observation interval. 
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conditional symbol metrics for zn; 


nt+n2  (i+1)T : 
Ae, by) = / F(t)8*(S;, 2) dt (5.181) 
I=n—-Ny iT 
where by = {n—ny—L41;‘**»Zn—1) Lnt1;°**;Ln+nz } is the adjacent symbol 


vector. Note that the phase term 0,-n,; iN, Sp—n, does not affect the value of 
(5.181) and can therefore be assumed zero. A simple symbol metric can be 
formed by choosing the largest among all possible. (zn, bn), Viz, 


ntne  (i+1)T 
Sf mos (si,aiat 


2 
(5.182) 


(fn) = max 
br ; 
I=N—-N) 


The set of M symbol metrics so obtained is then used to make decisions on the 
transmitted symbols. 

For N = 1 (n, = ng = 0), the symbol metric in (5.182) is the same one 
used by the single-symbol receiver in [2] and, as a result, the single-symbol 
receiver can be treated as a special case of the receiver presented here. In order 
to calculate the metrics recursively, we can follow a similar approach to [305] 
and rewrite A(t, by) as 


n+no2 
Man,bn) =| So Ti (5.183) 
t=n— ny 
where 
os 
ij = [. F(t)5"(ai-nar,+** 524) at 
4 
Fo = eStht-o Ra: Fyn, = 1. (5.184) 


The metric generator structure is shown in Fig. 5.22. Generally, the met- 
ric calculator requires M¥ matched filters and generates M“+4—! metrics. 
However, unlike the coherent receiver the complexity is independent of the 
modulation index h. Actually, since the term 0% is not explicitly exploited, 
h is not even required to be a rational number. Finally, it is observed that no 
channel information is needed and, therefore, the receiver complexity is greatly 
reduced. 
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Figure 5.22. The symbol metric calculator. Note that the signal 5" (t) is labeled to account for 
P = M® possible matched filters. 


Problems 
5.1. Derive the upper bound 


Hint: Note that 4Q?(z) is the probability that a pair of independent zero- 
mean, unit variance, Gaussian random variables uw, vlies within the shaded 
region of Fig. 5.23(a). This probability is exceeded by the probability that 
u,v lies within the shaded region of Fig. 5.23(b). 


7 
a! 2 x | 
L, j+—u ——~ i, 
i . \ iA 
(a) (b) 


v 


Figure 5.23. _ Figure for Problem 5.1. 


5.2, Consider the receiver model shown in Fig. 5.24, consisting of a linear 
time-invariant filter h(t) followed by a sampler. The input to the filter 
consists of a pulse p(t) of duration T corrupted by AWGN 


F(t) =plt)+ At), O<t<T 
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a r = y(t), y¥(T) 
oa a = 


n(t) 


Figure 5.24. Figure for Problem 5.2. 


The output of the filter is 
y(t) = po(t) + 2(t) 


where jio(t) = a(t) * h(t) and Z(t) = 7(t) * h(t). The signal-to-noise ratio 
at the output of the sampler is defined as 
\Po(T)I? 
SNR = =o 
E/l2(¢)|?] 
Find the filter h(t) (and corresponding transfer function H(f )) that will 
maximize the SNR. 


5.3. Derive the expression for the symbol error probability of “~M-PAM in 
(5.87). 


5.4. Show that the symbol error probability for coherent M-ary PSK is bounded 
by p < Py < 2p, where 


T 
= 9 sin — 
9-0 (Vain) 
and is the symbol energy-to-noise ratio. 


5.5. Suppose that BPSK signaling is used with coherent detection. The channel 
is affected by flat Rayleigh fading and log-normal shadowing with a shadow 
standard deviation of o¢ dB. Plot the average probability of bit error against 
the average received bit energy-to-noise ratio , under the assumption that 
the MS is stationary, i.e., use the Susuki distribution in (2.180). Plot several 
curves with different values of ag. 


5.6. (computer exercise) This problem requires that you first complete the 
computer exercise in Problem 2.20, wherein you will construct a Ricean 
fading simulator. The objective of this question is to evaluate the perfor- 
mance of BPSK signaling on a Ricean fading channel through computer 
simulation. 
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Suppose that we send one of two possible signal vectors 89 = —8, = /2Ey 
where Ep, = Ey is the transmitted bit energy. Assuming ideal coherent 
detection, the received signal vector is 


r=asjtn 


where a is a Ricean distributed random variable and 7 is a zero-mean 
complex Gaussian random variable with variance N,, Fora given a, the 
probability of bit error is 


Ps(%) = Q (276) 


where yy, = a? Ey/No. The probability of bit error with Ricean fading is 
co 
Py = I Q (V276) p(w) 476 


Evaluate the bit error probability by using computer simulation, where @ 
is generated by the Ricean fading simulator that you developed in Prob- 
lem 2.20. Assume that the value of a stays constant for a bit duration, 1.e., 
update your fading simulator every T seconds, where T is the bit duration. 
Assume fmT = 0.1. 


Plot the simulated bit errorprobability, P,, against the average received bit 
energy-to-noise ratio 7 = E[a?|E,/No. Show your results for 0.5 < Py < 
10~3 and for Rice factors K = 0, 4,7 and 16. 


Note: To adjust 7% you will need to adjust the value of (2, in your faded 
envelope generator. 


5.7. Consider an AWGN channel where the channel gain, a,has the following 
probability density function 


p(a) = 0.26(a) + 0.55(a — 1) + 0.35(a — 2) 


a) Determine the average probability ofbit error for binary DPSK signaling 
over a channel with gain a in terms over the average received bit energy- 
to-noise ratio 4. What value does the probability of bit error approach 
as Yp gets large? 

b) Now suppose that two-branch antenna diversity is used with prede- 
tection selective combining. Assume that the diversity branches are 
perfectly uncorrelated. Determine the average probability of error in 
terms of the average bit energy-to-noise ratio per diversity branch 4. 
What value does the probability of error approach as ¥, gets large? 


c) Plot the probability of error for parts a) and b) on the same graph. 
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5.8. Suppose that the average bit energy-to-noise ratio, Yp,in a cell is uniformly 
distributed between 12 and 16 dB. Calculate the average probability of bit 
error in the cell assuming that there is also Rayleigh fading, and binary 
DPSK signaling is used. 


5.9. Consider the differentially coherent receiver shown in Fig. 5.19. Show 
that the pdf of U is given by (5.142). 


5.10. Consider binary, orthogonal signaling using non-coherent FSK modu- 
lation and demodulation. The bit error rate for non-coherent FSK on an 
AWGN channel is 

R= se 2 


where yp = a? E,/No is the received bit energy-to-noise ratio. Derive the 
bit-error-rate for 


a) a flat Rayleigh fading channel 
b) a flat Ricean fading channel 


5.11. Consider binary CPFSK modulation with modulation index h < 0.5. 
Compute the minimum squared Euclidean distance between any pair of 
band-pass waveforms as given by 


nT ; 72 
2 = jj ; caglt)) = effi) 
Dain Jim min [ [s(tix )-— s(x )| dt 


where s(t;x) and s(t; 2)) are the two band-pass signals whose phase 
trajectories diverge at time ¢ = 0 and remerge sometime later. What is the 
pairwise error probability between two such signals? 


5.12. The squared Euclidean distance between a pair of CPM band-pass wave- 

forms, s(¢;x) and s(t; x), is 

oo . : 2 
D? =| [s(t; x") — s(t;x)] dt 
0 
Show that 
1 foe) 
D? = A(log2M)By=. [ [1 ~— cos Ag(t)] dt 
0 
where M is the symbol alphabet size, Ey is the energy per bit, and Ag(t) is 
the phase difference between the two signals. 


5.13. Construct a differential detector for MSK signaling. Obtain an expression 
for the probability of bit error for differentially detected MSK on an AWGN 
channel. 
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5.14. Suppose that GMSK signaling is used. Unfortunately, a GMSK pulse 
is noncausal and, therefore, a truncated version of the pulse is usually 
employed in a practical system, i.e., the time domain pulse is 


In pttT/2 Qn? Bx? 
at) = [ay Bf, «0 {- — ne} ae| imcgl< Tel): 


Compute the maximum value of the ISI term in (4.173) as a function of the 
normalized filter bandwidth BT when Ly = 3. 


Chapter 6 


ANTENNA DIVERSITY 


Rayleigh fading has been shown to convert an exponential dependency of 
the bit error probability on the signal-to-noise ratio into an inverse linear one, 
thereby resulting in a very large signal-to-noise ratio penalty. Diversity is one 
very effective remedy that exploits the principle of providing the receiver with 
multiple faded replicas of the same information bearing signal. To understand 
the mechanism, let p denote the probability that the instantaneous signal-to- 
noise ratio is below a critical threshold on each diversity branch. Then with 
independently faded branches, p” is the probability that the instantaneous 
signal-to-noise ratio is below the same critical threshold on all L diversity 
branches. 

The methods by which diversity can be achieved generally fall into seven 
categories: i) space, ii) angle, iii) polarization, iv) field v) frequency, vi) mul- 
tipath, and vii) time. Space diversity is achieved by using multiple transmit 
or receiver antennas. The spatial separation between the multiple antennas is 
chosen so that the diversity branches experience uncorrelated fading. Chapter 2 
showed that a spatial separation of about a half-wavelength will suffice with 
2-D isotropic scattering and an isotropic antenna. Angle (or direction) diversity 
requires a number of directional antennas. Each antenna selects plane waves 
arriving from a narrow angle of arrival spread, so that uncorrelated branches 
are achieved. Polarization diversity exploits the property that a scattering en- 
vironment tends to depolarize a signal. Receiver antennas having different 
polarizations can be used to obtain uncorrelated branches. Field diversity ex- 
ploits the fact that the electric and magnetic field components at any point are 
uncorrelated. Frequency diversity uses multiple channels that are separated by 
at least the coherence bandwidth of the channel. In many cases, this can be 
several hundred kilohertz. However, frequency diversity is not a bandwidth 
efficient solution for TDMA and FDMA systems. Frequency hop spread spec- 
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trum CDMA systems can exploit frequency diversity through the principle of 
fast frequency hopping, where each symbol is transmitted sequentially on mul- 
tiple hops (or carriers) that experience uncorrelated fading. Multipath diversity 
is obtained by resolving multipath components at different delays by using di- 
rect sequence spread spectrum signaling along with a RAKE receiver. Spread 
spectrum concepts will be discussed in detail in Chapter 8. Time diversity is 
obtained by transmitting the same information at multiple time periods that are 
separated by at least the coherence time of the channel. Error correction coding 
techniques can be viewed as an efficient method of time diversity. Unfortu- 
nately, the coherence time of the channel depends on the Doppler spread, and a 
small Doppler spread implies a large coherence time. Under this condition, it 
may not be possible to obtain time diversity without introducing unacceptable 
delay. Finally, the above techniques can be combined together. For example 
space and time diversity can be combined together by using space-time coding 
techniques. 

This chapter concentrates on antenna diversity techniques. Section 1. dis- 
cusses receiver antenna diversity techniques where there is a single transmit 
antenna and multiple receiver antennas. Section 7. considers transmit diversity 
schemes where there are multiple transmit antennas and a single or multiple 
receiver antennas. 


1. DIVERSITY COMBINING 


There are many methods for combining the signals that are received on the 
disparate diversity branches, and several ways of categorizing them. Diversity 
combining that takes place at RF is called predetection combining, while 
diversity combining that takes place at baseband is called postdetection com- 
bining. In many cases there is no difference in performance, at least in an 
ideal sense. Here we concentrate on implementations that use postdetection 
combining. 

Consider the receiver diversity system shown in Fig. 6.1. The signals that are 
received by the different antenna branches are demodulated to baseband with a 
quadrature demodulator in Fig. 5.1, processed with correlator or matched filter 
detector, and then applied to a diversity combiner as shown in Fig. 6.1. Here 
we consider maximal ratio, equal gain, selective, and switched combining. 

If the signal 8,,(¢) is transmitted, the received complex envelopes on the 
different diversity branches are 


F(t) =geSm(t) + fied), k=1,..., D (6.1) 


where 9, = a,e~4%* is the fading gain associated with the kt branch. The 
AWGN processes 74(t) are independent from branch to branch. The corre- 
sponding received signal vectors are 


ip =9kim thy, k=1,...,L (6.2) 
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Figure 6.1. Postdetection diversity receiver. 


where 
Tk; = 9kSm,; + Tk; - (6.3) 


The fading gains of the various diversity branches typically have some 
degree of correlation, and the degree of correlation depends on the type of 
diversity being used and the propagation environment. To simplify analysis, 
the the diversity branches are usually assumed to be uncorrelated. However, 
branch correlation will reduce the achievable diversity gain and, therefore, the 
uncorrelated branch assumption gives optimistic results. Nevertheless, we will 
evaluate the performance of the various diversity combining techniques under 
the assumption of uncorrelated branches. 

The fade distribution will affect the diversity gain. In general, the relative 
advantage of diversity is greater for Rayleigh fading than Ricean fading, because 
as the Rice factor K increases there is less difference between the instantaneous 
received signal-to-noise ratios on the various diversity branches. However, the 
performance will always be better with Ricean fading than with Rayleigh 
fading, for a given average received signal-to-noise ratio and diversity order. 
For our purpose, we will consider the performance with Rayleigh fading. 


2. SELECTIVE COMBINING 


With selective combining (SC), the branch yielding the highest signal-to- 
noise ratio is always selected. In this case, the diversity combiner in Fig. 6.1 
performs the operation 

r= max, . (6.4) 

9x 
For radio systems that use continuous transmission, SC is impractical because 
it requires continuous monitoring of all diversity branches to obtain the time- 
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varying complex gains gx. If such monitoring is performed, then it is probably 
better to use maximal ratio combining, as discussed in the next section, since 
the implementation is not that much more complicated and the performance is 
better. However, in systems that use TDMA, a form of SC can sometimes be 
implemented where the diversity branch is selected prior to the transmission 
of a TDMA burst. The selected branch is then used for the duration of the 
entire burst. Obviously, such an approach is only useful if the channel does not 
change significantly over a TDMA burst. In this section, however, we evaluate 
selection diversity under the assumption of continuous branch selection. 
With Rayleigh fading, the instantaneous received symbol energy-to-noise 

ratio on the kth diversity branch has the exponential pdf 


Pry (a) = en *% (6.5) 
Ye 
where 7, is the average received branch symbol energy-to-noise ratio. With 
ideal SC, the branch with the largest symbol energy-to-noise ratio is always 
selected so the instantaneous symbol energy-to-noise ratio at the output of the 
selective combiner is 


yé = max {71, 72, -°-; YL} (6.6) 


where L is the number of branches. Ifthe branches are independently faded, 
then order statistics gives the cumulative distribution function (cdf) 


24h 
Fy3(r) = Pr[yi < 2,72 <2, +++, ¥ <a) = F - eine . (6.7) 
Differentiating the above expression gives the pdf 
L = )L-1 : 
pyg(z) = — fl - e t/Fe ete | (6.8) 
(2) = = | 
The average symbol energy-to-noise ratio with SC is 
oo 
= f° spylode 
0 
co _ 7L-1 7 
— [ Lt f = eo/%e] oT) ede 
0 ‘Yc 


(6.9) 


ol 


L 
= %> 
k=1 


Fig. 6.2 plots the cdf Fys(x) against the normalized symbol energy-to-noise 
ratio x/¥-. Note that the largest diversity gain is obtained in going from L = 1 
to L = 2, and diminishing returns are obtained with increasing L. This is 
typical for all diversity techniques. 
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Figure 6.2. Cdf of y; for selective combining; 7- is the average branch bit energy-to-noise 


ratio. 


The bit error probability with slow fading is obtained by averaging over 
the pdf of y§. For example, consider binary DPSK with differential detection 
having the bit error probability 


s 


1 
Py) = ao ; (6.10) 


Hence, with SC 
fo @) 
R= ‘. Py(2)py3 (a) de 
co Lf = _ \L—-1l 
Seo (+1/Fe}z (4 _ e- 2/7 F 
[ Ve ( e ) Hi 


it 
3 ("; ‘ (-1)" Lr eH (nt ))/Fe)t gn 
= 0 


Let (2-)\(_1)0 
a By nIEe (6.11) 
2 oy tee 


where we have used the binomial expansion 


(1 ~a2)2-} > (75 "cure (6.12) 


n 
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Figure 6.3. Bit error probability for selective combining and binary DPSK with differential 
detection. 


The bit error probability is plotted in Fig. 6.3, where 7, is equal to the branch 
bit energy-to-noise ratio since binary modulation is being used. SC is seen 
to give a very large improvement in error performance. When ¥,/gg1, (6.11) 
shows that the bit error probability is proportional to 1/7%. Again, the largest 
diversity gain is achieved with 2-branch diversity and diminishing returns are 
realized with increasing L. 


3. MAXIMAL RATIO COMBINING 


With maximal ratio combining (MRC), the diversity branches are weighted 
by their respective complex fading gains and combined. MRC realizes an ML 
receiver as we now show. Referring to (6.2), the vector 


#2 (#4, fo, ++, Fr) (6.13) 
has the multivariate Gaussian distribution 
LN 4 1 : 
P(t|g,8m) = 0 I Onn, &*P {alias — 9k5m,i| } 


1 1 L - ; 
~ aN? | > bie - én" (6.14) 
: k 


o =1 
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where g = (9), 92,---,gz) is the channel vector. From this expression, the 
ML receiver chooses the message vector S,,, that maximizes the metric 


L 
H(Sm) = — Do lite — 948ml? 


I 
Me 


{Iléxl|? — 2Re (9fFe,8m) + |ge/*lI8ml?} - (6.15) 


Since )74_, ||#,||? is independent of the hypothesis as to which §,, was sent 
and ||8m||? = 2Em, the receiver just needs to maximize the metric 


L L 
Hi2(8m) = 5 Re (ght, 3m) — Em » lanl” 


II 
Mer 


T 
Re af F,(t)Sy, (t) a ale m (6.16) 


If signals have equal energy then the last term can be neglected, since it is the 
same for all message vectors. This results in 


3(8m) = i (9£Tk 8m) 


b a 


2 Re Snel i ndoen (oath (6.17) 


An alternative form of the ML receiver can also be obtained by rewriting the 
metric in (6.16) as 


L L 
yall) = Re (>: sib] — BS loel 
k=1 


k=1 
T L L 
[ Re{ (3- ast) salt) bat) lal?E (6.18) 
k=1 k=1 


From the above development, the ML receiver can be constructed. The diversity 
combiner in Fig. 6.1 just generates the sum 


L 
rea) gite (6.19) 
k=1 


which is then applied to the metric computer shown in Fig. 6.4. 
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Figure 6.4. Metric computer for maximal ratio combining. 


After weighting, co-phasing and combining, the envelope of the composite 
signal component is 


L 
k=1 
The weighted sum of the branch noise powers is 
L 
oF tot = Nod af . (6.21) 
k=1 


Hence, the symbol energy-to-noise ratio is 


a2, E. | WE a 
iad — a= ay — Ss; ae a = > Vk (6.22) 
a ° k=1 


n,tot k=1 
where 7, = a%Hay/No, and Egy is the average symbol energy in the signal 
constellation. Hence, y{"" is the sum of the symbol energy-to-noise ratios of 
the diversity branches. 

If the branches are balanced (which is a reasonable assumption with antenna 
diversity) and uncorrelated, then y{" has a chi-square distribution with 2L 
degrees of freedom. That is, 


Pye (x) = oie” (6.23) 
: c 
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Figure 6.5. Cdf of 73" for maximal ratio combining; 7. is the average branch symbol energy- 
to-noise ratio. 
where 
c= Ely] ReT, wy Les (6.24) 
The cdf of yi" is 
L-1 k 
‘ Ll. fe 
=[oe 7 ty poe 
Fypr(z) = 1—e7/% S° ala) - (6.25) 
k=0 & 


It follows from (6.22) that the average symbol energy-to-noise ratio with MRC 
is 


L L 
A = = >= Te (6.26) 
k=1 k=1 

Fig. 6.2 plots the cdf F,mr(x). Plots of the cumulative distribution function 
allow easy comparison of the various combining schemes, without the need 
to consider particular modulation schemes. For example, with SC the cdf in 
Fig. 6.2 shows that Fys = 10~* at y3—7 = 20 dB. However, for MRC Fig. 6.5 
shows that Fymr(z) = 1074 at yf" —¥_ = 18 dB. The implication is that MRC 

is 2 dB more effective than SC. 
Since MRC is a coherent detection technique we must limit our attention to 
coherent signaling techniques, e.g., BPSK and M-QAM. For example, if BPSK 
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Figure 6.6. Bit error probability for predetection maximal ratio combining and coherent BPSK 
signaling. 


is used the bit error probability is: 


Py = i P(x) pypr(x)da 
= [ a(v2) aaeet #/Yedy 
1~p\' a (L-1+k\ (1+p\* 
=e ares) = k low —_ 


where 


Ve 
a 6.28 
OMT aa, Aes) 


The last step follows after some algebra. The expression in (6.27) is plotted in 
Fig. 6.6. Once again, diversity significantly improves the performance. 


4. EQUAL GAIN COMBINING 


Equal gain combining (EGC) is similar to MRC because the diversity 
branches are co-phased, but different from MRC because the diversity branches 
are not weighted. In practice, such a scheme is useful for modulation tech- 
niques having equal energy symbols, e.g., M-PSK. With signals of unequal 
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energy, the complete channel vector g = (91, g2,..., 91) is required anyway 
and MRC might as well be used. With EGC, the receiver maximizes the metric 


3 Re (Fe 7, 8m) 


L(Sm) = 
k=1 
L . . 
= DoRe i | rlthn oat] (6.29) 
k=1 0 
This metric can be rewritten in the alternate form 
L 
L(8m) = Re (= i 5) 
k=1 
T L 
= i; Re (» Hr) a(t} dt . (6.30) 
o k=1 


The combiner in Fig 6.1 just generates the sum 
i 
F=) oes, (6.31) 
k=1 


The vector r is then applied to the metric computer shown in Fig. 6.4 with 
Bm = 0,m = 1,...,L. The reason for setting Bn, = 0 comes from the 
assumption of equal energy signals. 

After co-phasing and combining, the envelope of the composite signal is 


L 
ag =>, O% (6.32) 
k=1 
and the sum of the branch noise powers is L.N,. The resulting symbol energy- 
to-noise ratio is 2B 
a 
eS = “iN : (6.33) 


The cdf and pdf for y§® does not exist in closed form for L > 2. However, for 
EL =2and ¥ = F2 = Ye, the cdf is equal to 


Fyes(z) = 1 —e7#/7 _ ree al's (1 ~2Q (, p=)) . (6.34) 


Differentiating the above expression yields the pdf 
1 on /% 2/9 ( 1 L. Je ) 
es(a) = —e tite + fre Fe | —— — — , | — 
Pisa) = 5 Ds Fe 


« (1420 (/2=)) . (6.35) 
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The average symbol energy-to-noise ratio with EGC is 


ff = FEE 


E LoL 
= av YY Elance : (6.36) 


With Rayleigh fading, Efa?] = 207 and Efay] = \/7/2 o. Furthermore, if 


the branches experience uncorrelated fading, then Ela,ay| = Elax]E|ae|for 
k # €. Hence, 


E. TO 
xeg av 2 - 
ys LN, (2t0 + L(L 1) ) 
On F T 
- (1+(Z-1)7) 
= a (140-04) . (6.37) 


The error probability with 2-branch combining can be obtained by using 
the pdf in (6.35). For example, with coherent BPSK signaling the bit error 
probability is (see Problem 6.8) 


P= [O° Poladp,ss(e)de 
5 (1- yi-) (6.38) 


= is 
1+ Fe | 


where 


i (6.39) 


5. SWITCHED COMBINING 


A switched combiner scans through the diversity branches until it finds one 
that has a signal-to-noise ratio exceeding a specified threshold. This diversity 
branch is selected and used until the signal-to-noise ratio again drops below the 
threshold. When this happens another diversity branch is chosen which has a 
signal-to-noise ratio exceeding the threshold. The big advantage of switched 
combining is that only one detector is needed. There are several variations of 
switched diversity. Here, we analyze two-branch switch and stay combining 
(SSC). With SSC, the receiver switches to, and stays with, the alternate branch 
when the signal-to-noise ratio drops below a specified threshold. It does this 
regardless of whether or not the signal-to-noise ratio with the alternate branch 
is above or below the threshold. 
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Let the symbol energy-to-noise ratios associated with the two branches be 
denoted by y; and 72, and let the switching threshold be denoted by T. By 
using (6.5), the probability that y; is less than T is 
Pr[yi < T] 
te Te | (6.40) 


q 


Likewise, the probability that y; is less than S is 
p=1-e 5! (6.41) 


Let y§” denote the symbol energy-to-noise ratio at the output of the switched 
combiner. Then 


Prfys < $] = Pr|{ys" < Shs" =n} U G8" < Sis” = 2}] 6.42) 


Since ‘yj is statistically identical to y2, we can assume that branch | is currently 
in use. It follows that 


awe _f Prin <Tifie <5}, S<T 
Pris <s}={ PriT<n<s}U(n<TNns si, S27 
(6.43) 


The region S < T corresponds to the case where y; has dropped below the 
threshold T and a switch to branch 2 is initiated, but yo < T so that the 
switch does not result in a y;“ greater than T. On the other hand, the region 
S > T corresponds to the case when either y; is between T and S or when 
1 has dropped below the threshold 7 so that a switch to branch 2 occurs, and 
T << S. Since y; and 7 are independent, the above probabilities are 


Pri{n ST} < 5}] = ap (6.44) 


Pri[{T<nsS}U{nsTlw<s}|=p-at+a 645) 


Therefore, 


sw _{ @ S<T 

Prly; <= se S>T ° (6.46) 

Fig. 6.7 plots the cdf Fw (a) for several values of the normalized threshold 
R = 101log,9(T/7) (dB). Observe that SSC always performs worse than SC 
except at the switching threshold, where the performance is the same. Since 
SSC offers the most improvement just above the threshold level, the threshold 
level should be chosen as 7, the minimum acceptable instantaneous symbol 
energy-to-noise ratio that the radio system can tolerate and still provide an 
acceptable error probability performance. Finally, the optimum threshold, 
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Figure 6.7. Cdf of ysw for 2-branch switched diversity for several values of the normalized 
threshold R = 10 log, 9(T'/7c); Fe is the average branch symbol energy-to-noise ratio. 


T = R%,, depends on ¥,. Since ¥, varies due to path loss and shadowing, the 
threshold must be adaptive. 

The probability of bit error can be also be computed for SSC. The pdf for 
5" is 


at —2£/%¥c T 
ay Oe ¢ 2s 
mite (tg eo" , #27 ale 
If binary DPSK is used, then the probability of error is 
oe) 
Ph =f Pile)pry(o)da 
1 _T 
= —_ 1- : 4 
Wiaay (at -ae7) (6.48) 


where 7; is the average branch bit energy-to-noise ratio. The above expression 
is plotted in Fig. 6.8 for several values of T. The performance with T = 0 is the 
same as using no diversity at all, because no switching occurs. The performance 
changes little for T > 6. As T increases, the probability of switching g also 
increases, as shown in Fig. 6.9. For some system, it may desirable to keep q as 
small as possible to minimize the number of switches. 
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Figure 6.8. Bit error probability for 2-branch switched combining and differentially detected 
DPSK. 
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Figure 6.9. _ Probability of switching for two-branch switched combining. 
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Figure 6.10. Differential detection with postdetection equal gain combining. 


6. DIFFERENTIAL DETECTION WITH EQUAL GAIN 
COMBINING 


Equal gain combining has a simple implementation and very good per- 
formance when used in conjunction with differential detection. Differential 
detection circumvents the need to co-phase and weight the diversity branches. 
The overall receiver structure is shown in Fig. 6.10. The structure of the in- 
dividual differential detectors depends on the type of modulation that is being 
used. For DPSK, the detector is shown in Fig. 5.19, while for 7/4-QPSK the 
detector is shown in Fig. 5.20. In the latter case, the U and V branches are 
combined separately. 

For DPSK the decision variable at the output of the combiner at epoch n is, 
from (5.137), 


L 
U, = > Uni = 


L 
(Zak Zrak + ZieZnk,d) - (6.49) 
k=1 k=1 


Once again, by using characteristic functions it can be shown that U, = 
W, — Yn, where W,, and Y,, are non-central and central chi-square random 
variables with 2L degrees of freedom, respectively, and having the densities 


1 w\ > (s? + w) 8 
fw,(w) = 2E,N, (3) op | - \ to (vii 491500 


fa) = (sea) Goat {-ae} st 
Ya SEN.) (baile ~"? ORNS * (eo) 


where 
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is the non-centrality parameter, and [,(a#) is the nth-order modified Bessel 
function of the first kind, defined by 


Qn 
hae I e®8 cog (nO)d0 (6.53) 


Ordo 


After some algebraic detail, the probability of error can be expressed in the 


closed form [270] 
L-1 


1 
Py") = poL-1° 1S bert (6.54) 
k=0 
where ae 
1%" f2b-1 
= 6.55 
bk = 5 »» ( P (6.55) 
and 
L 
n= dom - (6.56) 
k=1 


Since + has the central chi-square distribution in (6.23), averaging Ps(7) gives 
the result 


1 L-1 Ae )’ 
a L—1+k)! . (6.57 
Py PIE ee aye Oe re) fez oe 


Cc 


This can be manipulated in the same form as (6.27) with 


Ye 

w=F a (6.58) 
The various diversity combining techniques are compared in Fig. 6.11 for 
differentially detected binary DPSK signals. It is apparent that SSC results in 
the worst performance, followed by SC. Differential detection followed by EGC 
give the best performance. Once again, we stress that it does not make sense 
to use MRC with differential detection since MRC is a coherent combining 

technique. Therefore, a curve for MRC is not included in Fig. 6.11. 


vA TRANSMITTER DIVERSITY 


Transmitter diversity uses multiple transmit antennas to provide the receiver 
with multiple uncorrelated replicas of the same signal. The obvious advantage 
is that the complexity of having multiple antenna is placed on the transmitter 
which may be shared among many receivers. For example, the forward (base- 
to-mobile) link in many wireless systems. The portable receivers can use just 
a single antenna and still benefit from a diversity gain. 
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Figure6.11. Comparison of 2-branch diversity combining techniques for differentially detected 
binary DPSK. 


Transmitter diversity can take on many forms, distinguished by the method 
of using the multiple transmit antennas. Transmit diversity is straight forward 
for systems that use time division duplexing (TDD), where different time 
slots on the same carrier are used in the forward and reverse links, because 
of the reciprocity of the channel impulse response. At the base station the 
signals received on all antennas can be processed during every received burst. 
During the next forward burst, the antenna that provided the highest received 
symbol energy-to-noise ratio is selected and used. This is a form of selective 
transmit diversity (STD). Obviously, this scheme requires that the channel 
change slowly. 

For frequency division duplexed (FDD) systems, transmit diversity is more 
complicated to implement, because the forward and reverse links are not re- 
ciprocal. Time division transmit diversity (TDTD) can be used for FDD by 
switching the transmitted signal between two or more transmit antennas. Alter- 
nate bursts are transmitted through two or more separate antennas, a technique 
known as time switched transmit diversity (TSTD). Another method is delay 
transmitter diversity, where copies of the same symbol are transmitted through 
multiple antennas at different times. This has the effect of creating artificial 
delay spread so the resulting channel looks like a fading ISI channel. An 
equalizer can then be used to recover the signal and provide a diversity gain. 
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More elaborate forms of transmit diversity use space-time or space-frequency 
encoding of the transmitted information. These scheme require three functions: 
(1) the encoding and transmission of the information sequence at the transmit- 
ter, (2) the combining scheme at the receiver, (3) the decision rule for making 
decisions. Alamouti [10] has introduced a simple repetition transmit diversity 
scheme with maximum likelihood combining at the receiver. By using two 
transmit antennas and one receiver antenna, the scheme provides the same di- 
versity order as maximal ratio receiver combining with one transmit antenna 
and two receiver antennas. This scheme requires no feedback from the re- 
ceiver to the transmitter, and requires no bandwidth expansion. However, to 
estimate the channel, the scheme requires separate pilot sequence insertion and 
extraction for each of the transmit diversity antennas. 

The scheme proposed by Alamouti can be considered a form of space- 
time coding. More sophisticated forms of transmit diversity use specially 
designed space-time error correcting codes [298]. The data is encoded by 
a space-time encoder that chooses the transmitted signal constellation points 
so that the coding and diversity gains are maximized. The encoded data is 
split into n streams that are simultaneously transmitted by using n antennas. 
Bandwidth efficient space-time trellis codes have designed for PSK and QAM 
constellations [298]. These techniques have been applied to IS-136 with good 
results [241, 242]. Furthermore, space-time codes may be designed with 
multilevel structures, and multistage decoding can be useful when the number 
of transmit antennas is large. This enables us to significantly reduce the 
decoding complexity. 


7.1. SPACE-TIME TRANSMIT DIVERSITY 


Here we describe the scheme suggested by Alamouti [10] as an example of 
transmit diversity. The scheme uses two transmit antennas and one receiver 
antenna, referred to as 2 x 1 diversity. In any given baud period, two data 
symbols are transmitted simultaneously from the two transmit antennas. Sup- 
pose the symbols transmitted from Antennas | and 2 are denoted by §(1) and 
S(2), respectively. During the next baud period, the symbols transmitted from 
Antennas | and 2 are —Si2) and $/,), respectively. The channel gains for the 
two antennas are denoted by gi(t) and go(t). Ifthe channel stays constant over 
two baud intervals then we can write 


ox (t) = gn(t +T) = ge = ane?” (6.59) 
where T is the baud period. The received complex vectors are 


Fa) = 9181) + 9282) + HQ) 
Ti) = —918(2) + 928(1) + A2) (6.60) 
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Figure 6.12. | Space-time diversity receiver for 2 x 1 diversity. 
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where 1) and Fg) represent the received vectors at time ¢ and ¢ + T’, respec- 
tively, and yj) and nig) are the corresponding noise vectors. 

The diversity combiner for this scheme is shown in Fig. 6.12. The combiner 
constructs the following two signal vectors 


Vay = MFA) + 92%) 
V2) = 92F (1) ~ 91F (2) (6.61) 


Afterwards, the receiver applies the vectors ¥/,;)and Vzyin a sequential fashion 
to the metric computer in Fig 6.4, to make decisions by maximizing the metric 


L(Sa)m) = Re (#(1);8(1),m) — Em(lg9i|? + |g2l?) 
1((2)m) = Re (¥2),8(2),m) — Em(|gil? + gal”) (6.62) 


Using (6.59) and (6.60) in (6.61) gives 
Vay = (af +05)8 (1) + gff@ + 9201) 
V(2) = (a? + a3 )82) = MH(2) + 9201) (6.63) 


This is to be compared with the output of the MRC metric computers in Fig. 6.4. 
With L = 2, 
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git, + 932 
(a? + 03)8m + 91h + g3to (6.64) 
Comparison of (6.63) and (6.64) shows that the combined signals in each case 


are the same. The only difference is the phase rotations of the noise vectors 
which will not change the error probability due to their circular symmetry. 


be 2 


2 x L diversity:. We now consider the case of 2 transmit antennas and L 
receiver antennas, and show that the performance is equivalent to a receiver 
diversity order of 2L. The results are illustrated for the case of 2 x 2 diversity, 
and the extension to Z x LE diversity will be obvious. To describe the scheme, 
we need to introduce the following notation 


9j,, = channel gain between receiver antenna j and transmit antenna i. 
T(1),j = received signal at antenna j at time t. 
T(2),; = received signal at antenna j at time t + T. 


The encoding scheme remains the same as before: symbols 811) and §,) are 
transmitted from from Antennas | and 2 at time ¢, and symbols —Sio) and 801) 
are transmitted from Antennas | and 2 at time t + 7. The received signals are 


Tay. = g18a) + 92,182) + Na), 
T(1),2 = —91,18(2) + 92,1871) + Aa), 
F(2),1 = 91,28(1) + 92,28(2) + 0(2),1 
F(2),2 = —91,28(2) + 92,28(1) + Be),2 


The combiner shown in Fig. 6.13 constructs the following two signal vectors 


Vay = 9 aFqy,a + 92,18 (1,2 + 91,2F(2),1 + 92,2FG)1 (6.65) 
Vay) = 92aF aya — 911FQ),2 + 93,2F(2),1 -— 92,1F (1) —« (6.66) 
Again, the receiver applies the vectors ¥(,)and ¥,) to the metric computer in 
Fig 6.4 and decisions are made by maximizing the metric in (6.62). 
To compare with MRC, we substitute appropriate equations to obtain 


va) = (at i at » + a5 sg 05 9)8(1) 
+9118(1),1 + 92,10(),2 + 91,2%(2),1 + 92,281) (6.67) 
Va) = (ai, o at» 2 a i a 9)8(2) 


+92,10(1),1 — 91,18(),2 + 92,2H(2),1 — 92,1171), (6.68) 
This is to be compare with the output of the MRC in Fig. 6.4. With Z = 4, 


Fo = gifi + 9:f2 +933 + 9464 
(af + a + aa + a4) 3m + gift] + g3M2 + 933 + 94 M4 (6.69) 


Il 
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Figure 6.13. | Space-time diversity receiver for 2 x 2 diversity. 


Again, we see the 2 x 2 transmit diversity scheme is equivalent toa 4 x 1 
diversity scheme with MRC. The extension to show that an 2 x £ transmit 
diversity scheme is equivalent to a 2L diversity scheme with MRC is obvious. 


Implementation Issues:. There are several key implementation issues with 
the above transmit diversity scheme, including the following: 


= Since there are 2 transmit antennas, the power per antenna must be halved 
to maintain a constant transmit power. This results in a 3 dB loss in 
performance compared to a single transmit antenna. 


« With 2 transmit antennas, twice as many pilot symbols are needed compared 
to the case of one transmit antenna. The pilots must alternate between the 
antennas. Alternatively, orthogonal pilot sequences can be used. 


= In order to achieve sufficient fading decorrelation on the diversity branches, 
the transmit antennas must be spaced at the same distance that would re- 
quired if the same two antennas were to provide receiver diversity. We 
have seen in Chapter 2.1.5.1 that the required separation is several tens of 
wavelengths. 
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Problems 


6.1. Consider a Rayleigh random variable, X, with a pdf given by (2.42) in the 
text. 


a) Let {X,,Xo,...,Xn} be a set of independent Rayleigh random vari- 
ables each with an rms value of 1/~N. Derive the pdf of 


Y = max (X?, X3,..-,Xh) 


This result is useful for the study of selective combining diversity sys- 
tems. 


b) Again, using the set {X,, X2,...,Xy}, derive the pdf of 
Z=XPt+XPt--- +X. 


This result is useful for the study of maximal ratio combining diversity 
systems. 


6.2. Suppose that two-branch selective combining is used. However, the 
branches are mismatched such that 7, # 2 where the 7,2 = 1, 2are 
the average received symbol energy-to-noise ratios for the two branches. 
Plot the cdf of y§ against the average normalized symbol energy-to-noise 
ratio 10 log, 9(78/7), where % = (41 + ¥2)/2. Show several curves while 
varying the ratio € = 7/72. 


6.3. Consider using selective combining with coherent BPSK. For BPSK, the 
probability of bit error is P,(y;) = Q(,/27) The instantaneous bit energy- 
to-noise ratio is given by (6.8). 


a) Derive an expression for the average bit error probability 
foe) 
Py= . P,(2)py3 (a2) dx 


b) Repeat part a) for two-branch switched diversity combining where the 
pdf of y§¥ is given by (6.47). 
c) Plot and compare the results in parts a) and b) for two-branch diversity. 


6.4. Suppose that binary DPSK signaling (x, € {—1,+1}) is used on a flat 
Rayleigh fading channel with 3-branch diversity. The diversity branches 
are assumed to experience uncorrelated fading. The signal that is received 
over each diversity branch is corrupted with AWGN having a one-sided psd 
of Ng watts/Hz. The noise processes that are associated with the diversity 
branches are mutually uncorrelated. 
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a Suppose that a separate differential detector is used on each diver- 
sity branch, yielding three independent estimates of each transmitted 
bit, i.e., for x, the receiver generates the three independent estimates 
(f.27 ay). Majority logic combining is then used to combine the 
three estimates together to yield the final decision <x, 1.€., 


Pa | if two or more #4, = — 
al if two or more , = +1 


Find an expression for the probability of bit error, P,. Evaluate .P, for 
Yc = 20 dB,where 7, is the average received branch bit energy-to-noise 
ratio. 

b) Evaluate the probability of bit error for ¥, = 20 dB if the receiver uses 
3-branch diversity with postdetection equal gain combining. Compare 
with the result in part a). 

c) Generalize the expression for the probability of bit error in part a) to 
L-branch diversity. 


6.5. Derive (6.27) for BPSK and maximal ratio combining. 


6.6. Derive (6.54) for DPSK with differential detection followed by equal gain 
combining. 


6.7. The bit error probability MSK signaling on a Rayleigh fading channel 
with additive white Gaussian noise is 


1 ~ 
P=_|t= Yo 
2 1+% 


a) Derive a Chernoff upper bound (see Appendix A) on the probability of 
bit error for the same channel and compare the Chernoff bound with the 
exact error probability. 


b) Repeat part a) if the receiver employs L-branch diversity. Assume 
uncorrelated diversity branches with ¥, = 72 =--- Fz = Ye- 


6.8. Suppose that BPSK modulation is used with two-branch diversity and 
coherent equal gain combining. Assume uncorrelated diversity branches 
with 7, = Ye = Ye. Show that the probability of bit error for a Rayleigh 
fading channel is given by (6.38). 


6.9. Consider a system that uses L-branch selection diversity. The instanta- 
neous received signal power on each diversity branch, ,s9;, 1 = 1,...,L, 
has the non-central chi-square (Ricean fading) distribution in (2.51). The 
instantaneous received signal power from each interferer on each diver- 
sity branch, sx, 2 = 1,..., DL has the exponential (Rayleigh fading) 
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distribution in (2.44). Note that all the so; and s,,; are all independent. 
Let 43 = 30,/ ie 4 = 1, ..., L be the instantaneous carrier-to- 
interference ratio for each diversity branch and 4, = max; A;. Derive an 
expression for the probability of co-channel interference outage 


O; = P(As < Ath) - 
Plot O; against Ay, for various L. 


6.10. Consider a coherent MSK system that operates over a slow flat Rayleigh 
fading channel in the presence of a single flat Rayleigh faded co-channel 
interferer. The received carrier-to-interference ratio is 4 = s9/s1, where 
Sq and s1 are independent exponentially distributed random variables with 
density in (2.44). The average signal-to-interference ratio is defined as 


I> 


r 


cae 


a) Derive an expression for the probability density function of A. What is 
the mean value of X? 


b) To improve the bit error probability performance, L-branch antenna 
diversity is employed at the receiver. Assume that the A; experienced 
on each of the diversity branches are independent. If selective diversity 
combining is used, what is the probability density function of the signal- 
to-interference ratio at the output of the selective combiner? 


6.11. Suppose that two-branch antenna diversity is used with selective com- 
bining. However, the branches have correlated fading so that the maximum 
diversity gain is not achieved. Let yy, and abe the joint pdf for the instanta- 
neous bit energy-to-noise ratio for each diversity branch, and let 7 = Ely]. 
It is known that joint pdf of y; and yo is 


1 2p,/21 22 £1 +22 
7 (1-2) 9 \ 51-2) ) PP) 1 — oP) 
Ye(l — p*) — \¥Fe(1 ~ p*) Yell =p") 
where p is magnitude of the covariance of the two complex, jointly Gaussian 


random processes that are associated with each diversity branch. Derive an 
expression for the cdf of the output of the selective combiner 


Py (£1, £2) = 


Ys = max{71, 72} . 


Plot the cdf for various p. What conclusions can you make? 
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Chapter 7 


EQUALIZATION 
AND INTERFERENCE CANCELLATION 


Land mobile radio channels are modeled as fading dispersive channels, 
because of the multipath propagation and the randomly changing medium 
characteristics. Many types of impairments are observed on these channels 
such as multipath spread (or delay spread), fading, Doppler spread, nonlinear 
distortion, frequency offset, phase jitter, impulse noise, thermal noise, and co- 
channel and adjacent channel interference arising from spectrum sharing. This 
chapter concentrates on the effects of delay spread, fading, Doppler spread, 
thermal noise, and co-channel interference. Delay spread causes interference 
between adjacent symbols, known as intersymbol interference (ISI), a large 
Doppler spread indicates rapid channel variations and necessitates a fast con- 
vergent algorithm when an adaptive receiver is employed, and fading results 
in a very low received signal-to-noise ratio or signal-to-interference ratio when 
the channel exhibits a deep fade. 

An adaptive equalizer is an arrangement of adjustable filters at the receiver 
whose purpose is to mitigate the combined effect of ISI and noise [210, 274]. 
Two broad categories of equalizers have been documented extensively in the 
literature; symbol-by-symbol equalizers and sequence estimators. Symbol- 
by-symbol equalizers include a decision device to make symbol-by-symbol 
decisions on the received symbol sequence, while sequence estimators make 
decisions on sequences of received symbols. Many structures and adaptive 
algorithms have been proposed for each type of equalizer for different channel 
characteristics. Sequence estimators are generally more complex than symbol- 
by-symbol equalizers, but can potentially offer better performance. 

This chapter begins with a brief survey of adaptive equalization techniques. 
This is followed by a discussion of ISI channel modeling in Section 2.. The op- 
timum receiver for digital signaling on an ISI channel is presented in Section 3.. 
Section 4. provides a treatment of symbol-by-symbol equalizers and Section 5. 
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provides a treatment of sequence estimators. Section 6. provides an analysis 
of the bit error rate performance of maximum likelihood sequence estimation 
(MLSE) on static ISI channels and multipath fading ISI channels. Finally, 
Section 7. analyzes the performance of fractionally-spaced MLSE receivers on 
ISI channels. 


1. OVERVIEW 
1.1 SYMBOL-BY-SYMBOL EQUALIZERS 


Lucky [208, 209] was the first to develop an adaptive (linear) equalizer for 
digital communication systems in the mid-1960s. This equalizer was based on 
the peak distortion criterion, where the equalizer forces the ISI to zero, and it 
is called a zero-forcing (ZF) equalizer. Soon after, Proakis and Miller [271], 
Lucky et. al. [210], and Gersho [134] developed the linear LMS equalizer, 
based on the least mean square (LMS) criterion. The LMS equalizer is more 
robust than the ZF equalizer, because the latter ignores the effects of noise. 
Thaper [319] examined the performance of trellis coded modulation for high 
speed data transmission on voiceband telephone channels, and proposed a 
simple receiver structure that used an adaptive linear equalizer. He reported 
that the performance was close to ideal, but his work did not include the more 
severely distorted multipath fading ISI channels. 


Linear equalizers have the drawback of enhancing channel noise while trying 
to eliminate ISI, a characteristic known as noise enhancement. As a result, 
satisfactory performance is unattainable with linear equalizers for channels hav- 
ing severe amplitude distortion. In 1967, Austin [20] proposed the nonlinear 
decision feedback equalizer (DFE) to mitigate noise enhancement. Because 
only the precursor ISI is eliminated by the feedforward filter of the DFE, noise 
enhancement is greatly reduced. To eliminate the postcursor ISI, the estimated 
symbols are fed back through the feedback filter of the DFE. However, this 
introduces error propagation which can seriously degrade the performance of 
the DFE and complicate analysis of its performance. Belfiore and Park [29] 
proposed an equivalent DFE, called a predictive DFE, by using a linear predic- 
tor as the feedback filter. This structure is useful when a DFE is combined with 
a sequence estimator for equalization and decoding of trellis-coded modulation 
on an ISI channel [107]. 

Early adaptive equalizers were implemented by using a transversal filter 
with a tap-spacing equal to the signal interval, T, known as symbol-spaced 
equalizers. The performance of a symbol-spaced equalizer is very sensitive to 
the sampling instant and can be very poor with an improperly chosen sampling 
time [42, 329, 140]. Even with perfect timing and matched filtering, the 
symbol-spaced equalizer cannot realize the optimal linear receiver because of 
the finite tapped delay line structure. Brady [42], Monson [230], Ungerboeck 
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[329], and Gitlin and Weinstein [140] solved this problem by proposing a 
fractionally-spaced equalizer (FSE), where the tap-spacing is less than T. If 
a symbol-spaced equalizer is preceded by a matched filter, then an FSE and a 
symbol-spaced equalizer are equivalent. However, the exact matched filter is 
difficult to obtain in practical applications because its structure depends on the 
unknown channel characteristics and, hence, an FSE is quite attractive. It can 
also be argued that the FSE can achieve an arbitrary linear filter with a finite- 
length fractionally-spaced tapped delay line. Hence, the FSE is expected to 
outperform a (finite-length) symbol-spaced equalizer even with ideal matched 
filtering and sampling. 

Inthe 1980's, Gersho and Lim [135], Mueller and Salz [237], and Wesolowski 
[354] proposed an interesting decision-aided equalizer, known as an ISI can- 
celler. Theoretically, ISI cancelers can eliminate ISI completely without any 
noise enhancement. However, a decision-aided mechanism is employed in the 
equalizer so that it suffers from error propagation, similar to a DFE. 

Various adaptation algorithms have been proposed to adjust the equalizer 
coefficients. The LMS algorithm, proposed by Widrow et. al. [357], and 
analyzed by Gitlin et. al. [139], Mazo [220, 221], Ungerboeck [327], and 
Widrow et. al. [358], is the most popular because of its simplicity and numerical 
stability. However, the LMS algorithm converges very slowly for channels with 
severe amplitude distortion. This slow convergence is intolerable for many 
practical applications. For example, Hsu et. al. [171] reported that the LMS 
algorithm is not suitable for an HF shortwave ionospheric channel, because 
the channel has severe amplitude distortion when a deep fade occurs and the 
channel characteristics change very rapidly. 

A considerable research effort has been directed to finding a fast-convergent 
algorithms for adaptive equalizers. In 1974, Gordard [146] described a fast- 
convergent algorithm later known as the recursive least square (RLS) algo- 
rithm. This algorithm utilizes all available information from the beginning 
of processing, and converges much faster than the LMS algorithm. Unfortu- 
nately, the computational complexity is proportional to N?, where N is the 
order of the equalizer, which is too high for many practical applications. To 
reduce the complexity, Falconer and Ljung [113], and Cioffi and Kailath [58] 
developed different fast RLS algorithms in 1978 and 1984, respectively. These 
algorithms have a complexity proportional to the equalizer order NV. However, 
when the algorithms are implemented with finite precision arithmetic, they tend 
to become unstable. Examples of this numerical instability were reported by 
Mueller [236]. 

Another RLS algorithm, called the recursive least square lattice (RLSL) 
algorithm, was investigated by Morf et. al. [232], Satorius [291, 292], Fried- 
lander [124], and Ling and Proakis [200]. The RLSL algorithm has a higher 
complexity that the fast RLS algorithms, but has better numerical stability. 
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However, numerical instability of the RLSL algorithm was still reported by 
Perl et. al. [260]. 

Some applications of symbol-by-symbol equalization techniques to multi- 
path fading channels were studied by Monson [230, 231], Hsu et. al. [171], Ling 
and Proakis [201], and Eleftheriou and Falconer [99]. For rapidly time-varying 
channels, a reinitialization procedure might be needed for fast-convergent algo- 
rithms in order to avoid numerical instability [97]. Finally, Wong and McLane 
[363] examined the performance of trellis-coded modulation for HF radio chan- 
nels having in-band spectral nulls. They considered both linear and non-linear 
equalization and proposed a modified DFE (MDFE). 


12 SEQUENCE ESTIMATION 


The Viterbi algorithm was originally devised by Viterbi for maximum like- 
lihood decoding of convolutional codes [341, 342]. Forney recognized the 
analogy between an ISI channel and a convolutional encoder, and applied the 
Viterbi algorithm for the detection of digital signals corrupted by ISI and ad- 
ditive white Gaussian noise [127]. Because of the efficiency of the Viterbi 
algorithm, the implementation of optimum maximum likelihood sequence 
estimation (MLSE) for detecting ISI-corrupted signals is feasible. 

After Forney’s initial work [127], the MLSE receiver was modified and 
extended. Magee and Proakis [215] proposed an adaptive MLSE receiver that 
employed an adaptive channel estimator for estimating the channel impulse 
response. Ungerboeck [328] developed a simpler MLSE that also accounted 
for the effect of carrier phase errors and sampling time errors. Acampora 
[6] used MLSE for combining convolutional decoding and equalization, and 
extended the application of MLSE to quadrature amplitude modulation (QAM) 
systems [7]. 

MLSE has a complexity that grows exponentially with the size of signal 
constellation and the length of channel impulse response. MLSE is impractical 
for systems having a large signal constellation and/or having a long channel 
impulse response. Considerable research has been undertaken to reduce the 
complexity of MLSE while retaining most of its performance. Early efforts 
concentrated on shaping the original channel impulse response into the one 
having a shorter length. Then a sequence estimator with a smaller number 
of states can be applied. In [275], Qureshi and Newhall employed a linear 
equalizer as the shaping filter. This method is quite successful if the original 
channel and the desired channel have a similar channel spectrum. Falconer and 
Magee [112], and Beare [27] adaptively optimized the linear equalizer and the 
desired channel response, by minimizing the mean square error between the 
output of the equalizer and the desired channel. This scheme has improved 
performance when the original channel is quite different from the desired one, 
but it has a higher complexity. As mentioned earlier, linear equalizers enhance 
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the channel noise. Lee and Hill [191] proposed using a DFE to truncate the 
channel impulse response so as to reduce the system complexity and mitigate 
noise enhancement. 

Another approach for reducing the complexity of MLSE lies in simplifying 
the Viterbi algorithm itself. By employing suitable decision regions, Vermuelen 
and Hellman [337] and Foschini [120] observed that only a small number 
of likely paths need to be extended to obtain a near maximum likelihood 
performance. Wesolowski [355] employed a DFE to determine a small set of 
likely signal points, and then used the Viterbi algorithm to find the most likely 
sequence path through a reduced-state trellis. Clark et. al. [60] and Clark and 
Clayden [61] also proposed some similar detection methods. 

Recently, two novel reduced-state sequence estimation techniques have been 
proposed. Eyuboglu and Qureshi [109] proposed reduced-state sequence es- 
timation (RSSE), a technique that is especially useful for systems with large 
signal constellations. Duel-Hallen and Heegard [90, 89] proposed delayed 
decision-feedback sequence estimation (DDFSE), a technique that is useful 
for channels with long impulse responses (DDFSE can be applied on channels 
with an infinite impulse response). Chevillat and Eleftheriou [49] indepen- 
dently proposed the same algorithm, but for a finite length channel. Both 
RSSE and DDFSE use the Viterbi algorithm to search for the most likely path, 
and provide a good performance/complexity trade-off. In both schemes, a feed- 
back mechanism must be introduced to compute the branch metrics, because 
of the reduction in the number of system states. This feedback introduces error 
propagation. However, the effect of the error propagation is much smaller than 
with a DFE [109, 90]. Eyuboglu and Qureshi [109] also observed that for 
channels with a finite channel impulse response, DDFSE can be conveniently 
modeled as a special case of RSSE. Eyuboglu [107] and Chevillat and Eleft- 
heriou [49] also suggested using RSSE for systems employing trellis-coded 
modulation. Sheen and Stiiber have obtained error probability upper bounds 
and approximations for RSSE and DDFSE for uncoded systems [301] and 
trellis-coded systems [302]. 

Eyubofglu and Forney [108] proposed a combined precoding and coded 
modulation technique that achieves the best coding gain of any known trellis 
code. With their technique, equalization is achieved by using Tomlinson- 
Harashima precoding [108], which requires that the channel impulse response 
be known at the transmitter. 

For decoding convolutional codes, a sequential decoding algorithm is a good 
alternative to the Viterbi algorithm, especially when the encoder has a long con- 
straint length and the system has a moderate-to-high SNR [199]. It is apparent 
that sequential sequence estimation (SSE) can be applied for detecting ISI- 
corrupted signals. Long and Bush [206, 205], and Xiong ef. al. [368] reported 
some results on this application. In [206, 205], the Fano algorithm [114] was 
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employed as the detection algorithm, and a DFE was used to determine the path 
to be extended. If the DFE makes correct decisions most of the time, then the 
number of nodes visited by the Fano algorithm can be reduced. The multiple 
stack algorithm [48] was employed in [368] for avoiding the erasure or buffer 
overflow problem encountered with sequential detection algorithms. Systems 
with an infinite impulse response were also considered in [368]. 

Applications of sequence estimation techniques to multipath fading ISI chan- 
nels were studied by D’aria and Zingarelli [76], D’avella et. al. [77], and 
Eleftheriou and Falconer [99]. MLSE was employed for equalizing UHF land 
mobile radio channels in [76, 77], and employed for equalizing HF shortwave 
ionospheric channels in [99]. Tight upper bound on the error probability of dig- 
ital signaling on fading ISI channels with MLSE have been provided by Sheen 
and Stiiber for uncoded systems [300] and trellis-coded systems [303]. Katz 
and Stiiber [285] have applied SSE for the detection of trellis-coded signals on 
multipath fading ISI channels. 


13. CO-CHANNEL INTERFERENCE CANCELLATION 


The spectral efficiency of TDMA cellular systems, such as IS-54/136 and 
GSM, is limited primarily by co-channel interference (CCI). Several approaches 
may be used to combat CCI. Adaptive antenna arrays that use beam and 
null steering principles are one solution. Co-channel interference cancella- 
tion (CCIC) is another approach where signal processing techniques are used 
to cancel the CCI. CCIC receivers can use either a single antenna or multiple 
antennas. Single antenna CCIC receivers treat the channel as a multiple-input 
single-output (MISO) channel. The problem in this case is very similar to 
CDMA multiuser detection. However for narrowband systems, such as IS- 
54/136, the CCIC receivers usually employ multiple receiver antennas to gain 
additional degrees of freedom. The use of multiple receiver antennas creates a 
multiple-input multiple-output (MIMO) channel. 

Winters [361, 362] suggested an optimum linear minimum-mean square error 
(MMSE) combining technique for flat fading channels with CCI. The optimum 
combiner jointly combats the effects of fading and CCI through digital beam 
forming with an M-element spatial diversity combiner. For the case of two 
antenna elements, direct matrix inversion (DMI) was suggested as a means of 
updating the antenna weighting coefficients. Optimum linear combining has 
the disadvantage that it cannot combat ISI. Co-channel interference and ISI 
can be jointly combated by using symbol-by-symbol equalization techniques. 
DFE-based approaches have been suggested by Duel-Hallen [91], Tidestav er 
al. [320] and Uesugi etal. [326]. 

By extending Forney’s maximum likelihood receiver [127], Van Etten [103] 
proposed MLSE for joint maximum likelihood sequence estimation. Varia- 
tions of the MLSE approach have been suggested by many authors, including 
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Giridhar et al. [138], Yoshino et al. [375], Yokota et al. [374], and Ranta et 
al. [277]. Bottomley and Jamal [41] have developed a scheme that combines 
adaptive antenna arrays and MLSE equalization. CCIC is performed in the 
Viterbi metric and the receiver is equivalent to Winter’s optimum linear com- 
biner under flat fading channel conditions. This work was extended by Molnar 
and Bottomley to a receiver that uses horizontal and vertical polarized antenna 
arrays [229]. The polarization diversity increases the diversity gain against 
fading that is lost when the Viterbi branch metric is modified for the purpose 
of CCIC. An interesting modification to the receiver in [41] was very recently 
proposed by Bottomley and Molnar [40], where CCIC is used for both channel 
and data estimation. 

Finally, we note that CDMA multi-user detection techniques can be readily 
extended to narrow-band to perform CCIC in narrow-band TDMA systems. 
In many cases, the mathematical framework is the same or very similar. The 
optimum multiuser detector for asynchronous CDMA systems was developed 
by Verdi [336]. A variety of less complex suboptimal CDMA multi-user 
detectors have also been developed, including the decorrelator detector [211, 
212] linear MMSE detectors [367], non-linear decision feedback detectors 
[92, 93], and multi-stage detectors [334, 335]. 


2. MODELING OF ISI CHANNELS 


Chapter 4 showed that the complex envelope of any modulated signal can 
be expressed in the general form 


5(t) = A}_ b(t —nT,xn) . (7.1) 


This chapter restricts attention to linear modulation schemes where 
b(t, Xn) = Zyha(t) (7.2) 


ha(t) is the amplitude shaping pulse, and {z,,} is acomplex symbol sequence. 
In general, ASK and PSK waveforms are included, but most FSK waveforms 
are not. 

Suppose that the signal in (7.2) is transmitted over a channel having a time- 
invariant complex low-pass impulse response g(t). The received complex 
envelope is 

F(t) = >> tph(t — nT) + A(t) (7.3) 
n 


where 


Ome [ - itech aavae (7.4) 


is the convolution of the transmitted pulse h(t) and the channel impulse 
response g(t), and 71(t) is a zero-mean complex additive white Gaussian noise 
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h(t)=h(t) *g(t) F(t 


Figure 7.1. Digital signaling on an [SI channel. The receiver implements a filter that is matched 
to the received pulse followed by a symbol rate sampler. 


(AWGN) with a power spectral density of N, watts/Hz. Since the physical 
channel is causal, the lower limit of integration in (7.4) can be replaced by zero, 
resulting in 


h(t) = [ ha(r)g(t - r)ar t>0. (7.5) 


Finally, the overall pulse h(#) is assumed to have a finite duration so that 
h(t) = 0 for t < Oand t > (L+1)T, where L is some positive integer. 
We will show in Section 3. that the maximum likelihood receiver consists of 
an analog filter h*(—t) that is matched to the received pulse h(t), followed 
by a symbol- or 7-spaced sampler. Assuming that a matched filter has been 
implemented, the complex low-pass signal at the output of the matched filter is 


y(t) = D0 tnf(t— nT) + v(t) (7.6) 

where a 
f(t) = fm (A(T + t)dr (7.7) 

and _ 
v(t) = [. h*(r)z(t — t)dr (7.8) 


is the filtered noise. Note that the overall pulse response f(t) accounts for 
the transmit filter, channel, and receive filter. The overall system as described 
above is shown in Fig. 7.1. 

Sampling the matched filter output every T seconds yields the sample se- 
quence 


i 


yk = y(kT) > Inf (kT — nT) + v(kT) 


i 


S Infk—-n + Vk 
n 
Ek fo+ > Infk—-n + Vk (7.9) 
nZ£k 


where fn = f(nT) and vz, = v(nT). The first term in (7.9) is the desired 
term, the second term is the ISI, and the last term is the noise at the output of 


i 


Equalization and Interference Cancellation 309 


lan ay ae 


“i 


Figure 7.2. Discrete-time model for digital signaling on an ISI channel. 


the matched filter. It follows that the overall discrete-time system in Fig. 7.1 
can be represented by a discrete-time transversal filter with coefficients 


f= (tr, J-1445 aay ae fo, fis sey fia ft) . (7.10) 


This representation is depicted in Fig. 7.2. 
From (7.9), the condition for ISI-free transmission is 


fn = dno fo (7.11) 
in which case 
Ye = tefot Ve - (7.12) 
Chapter 4.2 shows that the pulse f(t) satisfies fn = Snofo if and only if 
Al = n 
ASS Db P(t+B)=h- (7.13) 
n=—0oo 


That is, it is sufficient and necessary that the folded spectrum Fy(f) be flat. 
For ISI-free transmission, the pulse f(t) can be any function that has equally 
spaced zero crossings. 


2.1 VECTOR REPRESENTATION OF RECEIVED 
SIGNALS 


As discussed in Chapter 5.1, a Gram-Schmidt orthonormalization procedure 
can be used to express the received signal as 


N- 
F(t) = Aww + 2(t) (7.14) 
n=0 


where the {y,,(t)} form a complete set of complex orthonormal basis functions 
defined over the interval (0, 7) and 
N-1 


a(t) =A(t)— So tin . (7.15) 


n=0 
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It can be readily shown that 


7 = >> tnhe, + he (7.16) 
n 
where’ 
T 
hb, = fi h(t—nT)pi(t)ae 
T 
a [ A(thor(t)dt . (7.17) 
0 
Since the mp are complex Gaussian random variables with zero-mean and 
covariance 5 B[Af Tm] = Nodgm, the vector fF = (71,72,---,FN) has the 


multivariate Gaussian distribution 


N-1 1 1 
#[x,H) = [] ——exp¢ -~— |r 
Pr Mon, P) on, |"* 


where 


2 
(7.18) 


H= (ho, ho, ) hy-1)" (7.19) 


— >> tnhken 


and 
He igs fieieessgilteg) (7.20) 


3. OPTIMUM RECEIVER FOR ISI CHANNELS WITH 
AWGN 


The maximum likelihood receiver decides in favor of the symbol sequence x 
that maximizes the likelihood function p(w |x, H) or the log-likelihood function 
log p(w|x, H), i.e., 


choose x if log p(w|x,H) > logp(w|x,H) Vx#x. (7.21) 


For an AWGN channel, p(w|x, H) has the form in (7.18) and the decision rule 
in (7.21) is alae choosing x to maximize the quantity 


_ > res Tevha) 
=) 


— > Fl? + b> (Dah ao his) 


k=0 


_ = ec) (Th . (7.22) 


p(x) 


"As in Chapter 5.1, we assume that h(t) has duration T, although the development applies to longer pulses 
as well. 
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Since the term ey ~! |74|? is independent of x, it may be omitted so that the 


maximum likelihood receiver chooses x to maximize 
N-1 N-1 
u(x) = 2Re {= =), nu, —S Yo anth, d> Aka hing (7.23) 
n k=0 nom k=0 
where Re{z} denotes the real part of z. To proceed further, note that 
N-1 
lim > Fehj, 


N- 00 k~0 


N-1 
lim hy, h* 
pes kn Mn 


l| 


[. F(r)h* (7 —nT)dr = yn (7.24) 


[- h(t — nT )h* (7 — mT )dt = fm—n(7-25) 


where yp, and fn were introduced earlier. The variables {y,,} are obtained 
by passing the received low-pass signal F(t) through the matched filter h*(—t) 
and sampling the output. Note that the 7-spaced samples at the output of the 
matched filter must be obtained with the correct timing phase, and in the above 
development perfect symbol synchronization is implied. The {f,,} are called 
the ISI coefficients and have the property that fp, = f*%,,. By using (7.24) and 
(7.25) in (7.23) we have the final form 


p(x) = 2Re {= va — > tet cn (7.26) 
nm n m 
The noise samples at the matched filter output are, from (7.8), 
i= [ h*(r)n(nT + 7)dr (7.27) 
and their discrete autocorrelation function is 


1 
dur (n) = 5 Eleni = Nada & (7.28) 


3.1 DISCRETE-TIME WHITE NOISE CHANNEL 
MODEL 


The correlation between the noise samples poses some complications when 
implementing the various equalization schemes. To overcome this difficulty, 
a noise whitening filter can be employed to process the sampled sequence 
{yn} as described below, resulting in an equivalent discrete-time white noise 
channel model. The z-transform of the vector f is 


L 
Fee >) fae s (7.29) 


n=—-L 


3t2 
Using the property f7 = fen we can write 
F' (1/2) =F) . (7.30) 
It follows that F(z) has 2L roots with the factorization 
F(z) = G(z)G*(1/2*) (7.31) 


where G(z) and G*(1/z*) are polynomials of degree L having conjugate 
reciprocal roots. There are 2” possible choices for the roots of G*(1/z*) and 
any one will suffice for a noise whitening filter. However, some equalization 
techniques such as RSSE and DDFSE require that the polynomial of the overall 
response G(z) have minimum-phase. In this case, we can choose the unique 
G(z) that has minimum phase, i.e., all the roots of G(z) are inside the unit 
circle. With this choice of G(z), the noise whitening filter 1/G*(1/z*) is a 
stable but noncausal filter. In practice, such an noncausal noise whitening filter 
can be implemented by using an appropriate delay. If the overall response 
G(z) need not have minimum phase, then we can choose G*(1/z*) to have 
minimum phase, i.e., all the roots of G*(1/z*) are inside the unit circle. This 
choice ensures that the noise whitening filter 1/G*(I/z*) is both causal and 
stable. 

Example 7.1 


Consider a simple 7-spaced two-ray channel where the received pulse is 
A(t) = ha(t) + aha(t — T) 


and the transmitted pulse ha(t) is normalized to have unit energy. The ISI 
coefficients are 


co 
fn = / h*(t)h(t + nT)dt 
—oo 
1+ |al? n=0 
= a => 1 
a* n=-1 
and, hence, 
F(z) = a*z+(1+|al?)+az7' 


(az~}+1)(a*z4+1) . 


There are two possible choices for the noise whitening filter. Under the as- 
sumption that |a| > 1, suppose that the zero of G* (1/z*) is chosen to be inside 
the unit circle. That is, 
G(z) = 1+az7! 
G*(1/z*) = l+a*z. 
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In this case, the noise whitening filter is stable and causal, and the overall 
system is characterized by the non-minimum phase polynomial 


G(z) =1+az7' 


Again, under the assumption that |a| > 1, suppose that the zero of G*(1/z*) 
is chosen to be outside the unit circle. That is, 


G(z) = 1+a*z 
G*(1/z*) = 1l+az!. 


In this case, the noise whitening filter is stable and noncausal, and the overall 
system is characterized by the minimum phase polynomial 


G(z)=1l+a*z . 


For any choice of noise whitening filter, the filter output is 


(x@Fe) + (2)) mre) 2 a 


V(z) 


II 


X (z)G(z) + v(z) = (7.32) 


G*{ a z*) 
From (7.28), the power spectral density of the noise at the input to the noise 
whitening filter is 


Swv(f) = NoF(e?"!) , fl<an- (7.33) 
Therefore, the power spectral density of the noise at the output of noise whiten- 
ing filter is 


F(ei27JT) 
Sm(I) = Nore eianFTyp 


G(e22* fT) G* (ef 27 fT) 
0 G(ei2" fT) G*( a 


ax WN... (7.34) 


which is clearly white. The above development leads to the system shown in 
Fig. 7.3, with the equivalent discrete-time white noise channel model shown in 
Fig. 7.4. The discrete-time samples at the output of the noise whitening filter 


are 
L 


Vk = D2 9nTk—-n + Nk - (7.35) 


n=0 
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Figure 7.3. Block diagram of system that implements a filter matched to h(t) followed by a 
discrete-time noise whitening filter. 


Figure 7.4. Discrete-time white noise channel model. 


It follows that the effective overall channel impulse response can be described 
by the channel vector 


& = (90, 91s--+) OL)" - (7.36) 
The symbol energy-to-noise ratio is 


_ E _ Elles?) Dio |gil? 


1s = AP ON, (7.37) 


and the bit energy-to-noise ratio is 7» = ys/ logy M where M is the modulation 
alphabet size. 


3.1.1 TIME VARYING CHANNELS WITH DIVERSITY 


For time-varying channels with D-branch diversity, the corresponding discrete - 
time white noise channel model is shown in Fig. 7.5. At epoch k, the tap gains 
associated with diversity branch d are described by the vector 


ga(k) = (go,a(k), gia(k), --- gt,a(k))” (7.38) 


The {9:,a(k)} are discrete-time complex Gaussian random processes that are 
generally correlated with the covariance matrix 


B,(m) = 5Elga( + m)gi (b)] (7.39) 
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Figure 7.5. Discrete-time white noise channel model with D-branch diversity, from [300]. 


where H denotes Hermitian transposition. The received sample on branch d at 


epoch k is 
L 


Ved = > Gialk)ok-it Ned - (7.40) 
i=0 
The 74,4 are a ini complex zero-mean white Gaussian noise samples 
with variance SEIInx, a|°] = No. The average received symbol energy-to-noise 
ratio for branch d is 


a_ E _ Blleg?] Do Ellgial?) 


y= =o ees _ eas 7A 
E> ON, (7.41) 
In many cases, the branches are balanced so that ad =47s, d=1,...,D.The 


averaged received branch bit energy-to-noise ratio is ¥- = Ys/ logy M 


3.1.2 T/2-SPACED RECEIVER 


In practice the the matched filter outputs are often oversampled for the 
purpose of extracting timing information and to mitigate the effects of timing 
errors. One important example that will be considered at various points in 
this chapter is when the output of the receiver filter, y(4), is sampled with rate 
2/T. In this case the overall channel impulse response and sampler can be 
aa by a 7/2-spaced discrete-time transversal filter with coefficients 


=(f% 2L) cee ae Ff, fo, fF, at Cy 1 FO) ) : (7.42) 


where ( - )) indicates rate 2/T sampling. If it so happens that the samples in 
(7.42) are obtained with the correct timing phase, i.e., FO = f(nT/2), then 


PS f faty fot aig cane Saag Sy Jie ony Fists Te) (7.43) 
2) (2) (2 2 2 
oe Eo ey ee eg ed) 


316 


n(t) rate 


uT 
5(-KT ) @) 
FB “2 mo) A ato YON gue) - 


r(t) T/2-spaced 
noise-whitening 
filter 


Figure 7.6. Block diagram of system that implements a filter matched to h(t) followed by a 
T /2-spaced sampler and a T'/2-spaced noise whitening filter. 


where FO = ( {2 "and fn = f2. More details on timing phase sensitivity 
will be provided in Section 7.4. 

The 7/2-spaced noise samples at the matched filter output have the autocor- 
relation 


duv(m) = Nof? . (7.44) 
The z-transform of f(), denoted as F'?)(z), has 4L roots with the factorization 
FO (z) = G)(z)(GP(1/2"))* (7.45) 


where G’)(z) and (G@(1/z*))* are polynomials of degree 2L having con- 
jugate reciprocal roots. The 7/2-spaced correlated noise samples can be 
whitened by using a filter with transferfunction 1/(G@)(1/z*))*. Once again, 
(G‘)(1/z*))* can be chosen such that all its roots are inside the unit circle, 
yielding a stable and causal noise whitening filter. On the other hand, we could 
choose the overall response G(?)(z) to have minimum phase, if necessary. The 
output of the noise whitening filter is 


2L 
1 = Fa, + nf 0.46 
k=0 


where { n?)} is a T/2-spaced white Gaussian noise sequence with variance 
Len?) 2] = N, andthe {g!?)} are the coefficients of a T/2-spaced discrete- 


time transversal filter having a transfer function G'2)(z), The sequence {a2} 
is the corresponding 7/2-spaced input symbol sequence and is given by 


a) — f tj, n=0,2,4,... 
Zh, { 0, n= ies a ee (7.47) 


The overall system and equivalent discrete-time models are shown in Figs. 7.6 
and 7.7, respectively. 
Comparing (7.31) and (7.45), we have 


2L ? L . 
lo? 2 = So loel? = £9? = fo (7.48) 
k=0 k=0 
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Figure 7.7, Discrete-time white noise channel model with rate 2/T sampling. 


Notice that the samples of?) and of?) '41 correspond to the nth received baud, 


where 


L 

Ww = Yo gan. +n (7.49) 
k=0 

(2) 2) (2) 

Ui = Ode (7.50) 
i=0 


Finally, by comparing (7.35) and (7.50), we note that v2) is not necessarily 


equal to vp, because a different noise whitening filter is used to whiten the 
T/2-spaced samples. 


4. SYMBOL-BY-SYMBOL EQUALIZERS 


There are two broad categories of symbol-by-symbol equalizers, linear for- 
ward equalizers and nonlinear decision feedback equalizers. As shown in 
Fig. 7.8, a linear forward equalizer consists of a transversal filter with ad- 
justable tap coefficients. The tap co-efficients of the equalizer are denoted by 
the column vector 


c= (co, Cl, "'", cn-1)" (7.51) 


where N is the number of equalizer taps. Assuming that the equalizer is 
preceded by a whitened matched filter that outputs the sequence {vn}, the 
output of the equalizer is 


N-1 
Bn = S) cjtn-j (7.52) 
j=0 


where the v, are given by (7.35). The equalizer output £,1is quantized to the 
nearest (in Euclidean distance) information symbol to form the decision Zr. 
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Figure 7.8. _ Linear transversal equalizer with adjustable T’-spaced taps. 


Observe that the overall discrete-time white noise channel and equalizer can 
be represented by a single filter having the sampled impulse response 


G = (40,915 «+5 IN4+L-1)" (7.53) 
where 
N-1 
n = y Sones 
j=0 
= c’g(n) (7.54) 
with 
g() = (gn; 9n-1; 9n—2)--->9n—N+1)° (7.55) 


and g; = 0,2 < 0,1 > L. That is, q is the discrete convolution of g and c. 

Let the component of g of greatest magnitude be denoted by gq,. Note that 
any choice of noise whitening filter that does not result in an overall transfer 
function G(z) with minimum phase may have d, # 0. Also, let the number 
of equalizer taps be equal to N = 2d2 + 1 where dz is an integer. Perfect 
equalization means that 


gq =e, = (0, 0, ..., 0, 1, 0,..., 0, 0)” (7.56) 
a 


d—1 zeroes 
where d — 1 zeroes precede the “1” and d is an integer representing the overall 


delay. Unfortunately, perfect equalization is difficult to achieve and does not 
always yield the best performance. 
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41 LINEAR EQUALIZER 
4.1.1 ZERO-FORCING (ZF) 


With a zero-forcing (ZF) equalizer, the tap coefficients ¢ are chosen to 
minimize the peak distortion of the equalized channel, denned as 


, Ntiel 
Dp=— DY lan~4nl (7.57) 
gal n=0 
n#d 
where g = (Go, -.-, Gn+z-1)’ is the desired equalized channel and the delay 


d is a positive integer optimized to have the value d = d; + dz [59]. Lucky 
showed that if the initial distortion without equalization is less than unity, i.e., 


[2 3 gn] <1, (7.58) 


Sas 


= al 


then D, is minimized by those N tap values which simultaneously cause 
q; = 4; ford — dy <j < d+ dy. However, if the initial distortion before 
equalization is greater than unity, the ZF criterion is not guaranteed to minimize 
the peak distortion. For the case when q = eg the equalized channel is given 
by 


q= (qo,--- Od ts Oe aan Od Diasec 0, 4a;+N3- sug Napa)” : (7.59) 


In this case the equalizer forces zeroes into the equalized channel and, hence, 
the name “‘zero-forcing equalizer.” 


Equalizer Tap Solution. For a known channel impulse response, the tap 
gains of the ZF equalizer can be found by the direct solution of a simple set of 
linear equations [59]. To do so, we form the matrix 


G = [g(d,),...,g(d),...,g(N +d; — 1)] (7.60) 


and the vector 

= GisesGheewyOwiga) (7.61) 
Then the vector of optimal tap gains, Cop, satisfies 

CopG = q" —+ Cop = (G71)7G . (7.62) 


Example 7.2. 
Suppose that a system has the channel vector 


g = (0.90, —0.15, 0.20, 0.10, —0.05)” , 
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where g; = 0,2 < 0,2 > 4. The initial distortion before equalization is 


3 lgn| = 0.5555 
= il 


and, therefore, the minimum distortion is achieved with the ZF solution. Sup- 
pose that we wish to design a 3-tap ZF equalizer. Since go is the component 
of g having the largest magnitude, d; = Oand the optimal equalizer delay is 
d = 1. Suppose that the desired response is Go = €p so that Gq = (1, 0, 0). 
We then construct the matrix 


G 


[g(0), g(1), g(2)] 

0.90 -0.15 0.20 
[om 0.90 “135 | 
0.00 0.00 0.90 


and obtain the optimal tap solution 
Cop = (G~')7q = (1.1111, 0.1852, —0.2160)7 
The overall response of the channel and equalizer is 
= (1.0, 0.0, 0.0, 0.1806, —0.080, —0.031, —0.011, 0,...)” 
Hence, the minimum distortion with this equalizer is 


6 
Dmin = — )_ |an — Gn| = 0.30247 . 
\go| 4 


Adaptive Solution. In practice, the channel impulse response is unknown to 
the receiver and a known finite length sequence x is used to train the equalizer. 
During the training mode, the equalizer taps can be obtained by using the 
following steepest-descent recursive algorithm: 


et = cP ab Cente 54 ; j —i 0, eo ,N -l1 (7.63) 
where 
En = IZn-d- In 
= In-ad- > CiUn-i (7.64) 


is the error sequence, {c?} is the set of equalizer tap gains at epoch n, and a 
is an adaptation step-size that can be optimized to provide rapid convergence. 
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spectral density (psd) 


1 
Sw(f) = NoF(e?™!*) , LS (7.70) 
Therefore, the psd of the noise sequence {¢,,} at the output of the equalizer is 
No 1 
— <=. 


and the noise samples have variance 


‘ 1/2T 
T / See(f)d 
a “per cc(f) if 
1/2T N 
= 7 —~ ff. 1.72 
1 os F(e#27fT) if ( ) 


If E[|zg|?] = 1 and gy = dno, then the signal-to-noise ratio at the output of the 
infinite-tap equalizer is 


E{lze/?] 1 
¢ ¢ 
Finally, we can show that (see Problem 6.2) 
. 1 
F(e?*I?) = Fe(f), if] 2S (7.74) 


~ 2T 

where Fy(f) is the folded spectrum of F(f) defined in (7.13), and F(f) = 
|H(f)|? is the Fourier transform of the pulse f(t) = h(t) * h*(—t). It is clear 
from (7.72) that ZF equalizers are unsuitable for channels that have severe 
ISI, where the folded spectrum F’y(f) has spectral nulls or very small values. 
Under these conditions, the equalizer tries to compensate for nulls in the folded 
spectrum by introducing infinite gain at these frequencies. Unfortunately, this 
results in severe noise enhancement at the output of the equalizer. Mobile radio 
channels often exhibit spectral nulls and, therefore, ZF equalizers are typically 
not used for mobile radio applications. 


4.1.2 MINIMUM MEAN-SQUARE-ERROR (MMSE) 


The minimum mean-square-error (MMSE) equalizer is more robust and 
superior to the ZF equalizer in its performance and convergence properties 
[271, 270, 274]. By defining the vector 


Vn = (Un, Un-1y sey Un—N+1) (7.75) 
the output of the equalizer in (7.52) can be expressed in the form 


iene vy = Le (7.76) 
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A MMSE equalizer adjusts the tap coefficients to minimize the mean square 
error (MSE) 


A : 
J = Ell¢p-a— Zn)" 
= E le" vnvie* — 2Re{vic*rn_a} + ltnal?| (7.77) 
Equalizer Tap Solution. If the channel impulse response is known, the 
optimum equalizer taps can be obtained by direct solution. Define 
M, Elv,v2] 
vi Elvi tn_a] (7.78) 


I> Ne 


where M, isan N x N Hermitian matrix and v; is a length N column vector. 
Using these definitions and assuming that E[|x,—q|7] = 1, the mean-square- 
error is 

J=c'M,c* — 2Re{vic*} 41. (7.79) 


The tap vector c that minimizes the mean square error can obtained by equating 
the gradient VJ to zero. It can be shown that (see Problem 6.15) 


aJ aJ a 
= eee = 2c™M, — 2v" . 7.80 
Vel = (Fo, 0, ga) = 2e"My — 2v8 (7.80) 
Setting V.J = 0 gives 
Cop = (M2)7! vi. (7.81) 


By using the identity (A~!)7 = (A™)~! and the fact that M, is Hermitian, 
the minimum mean-square-error (MMSE) is 
Jmin = CopMye, — 2Re{vi es} +1 
= 1-v'M>'v, . (7.82) 
Since the overall channel and equalizer can be represented as a single filter with 
impulse response q in (7.53) it follows that the MMSE can also be expressed 


in the form 
Jmin = lla — 4]? + Nolle|l? . (7.83) 


Example 7.3 


Consider a system having the same channel vector as in Example 7.2. Sup- 
pose that we wish to design a 3-tap MSE equalizer. In this case 


v! = (-0.15, 0.90, 0.00) 


and 
B —0.1500 0.1550 
M, = | —0.1500 B —0.1500 
0.1550  —0.1500 B 
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where = 0.8850 + No. The inverse of M, is 
M;' = 


where det(M,,) = 6(6? — 0.069025) + 0.006975 and 


B? —0.0225 0.158 — 0.02325 0.0225 — 0.1558 
adj(M,) = | 0.156 — 0.02325 6? — 0.024025 0.15 — 0.02325 
0.0225 — 0.1558 0.158—0.02325  ? — 0.0225 


Hence, 


0.906? — 0.02258 — 0.018135 


1 ( —0.156? + 0.1358 — 0.1755 
0.15825 — 0.0243 


With this tap solution, 


= 1 2 
Jmin = 1 ae (0.83256 0.013689) 


and as No > 0, Jmin = 0.001089424. 


Adaptive Solution. In practice, the channel impulse response is unknown. 
However, the equalizer taps can be obtained by using the stochastic gradient 
algorithm 

tt = cP + aenun_; j=0,...,.N—-1 (7.84) 
where €, is given in (7.64). To show that (7.84) leads to the desired solution, 
note from (7.80) that 


Ved = 2E[e? vave — tn_avi] 
= 2E[(c? Vp — tn_-a) vi] 
2Elenv; | =0 . (7.85) 
It follows that 
Elenvn_j]=0, g=0,...,N-1. (7.86) 


Performance of the MSE Equalizer. The performance of an MSE equalizer 
having an infinite number of taps provides some useful insight. In this case 


C = (Coo, -++5 CO; +++ Coo) 
Vn 


(Un+oo; very Ung very Un—oo) . 
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Since the delay d with an infinite-tap equalizer is irrelevant we can choose 
d = 0 so that 
’ =) SJ . 0 


9°; 
Elen] = { 0 , otherwise 


The equation for the optimal tap gain vector c°M,, = v# can be written in the 
form 


(7.87) 


> ci (fj-i + Nobij) = 9%; —o<j<o. (7.88) 


1=—00 


Taking the z-transform of both sides of (7.88) gives 


C(z) ( G(z)G"(1/2") + No) = G*(1/z") (7.89) 
and, therefore, 
G*(1/z*) 
G(z)G*(1/2*) + No 


The equivalent MSE equalizer that includes the noise whitening filter 1/G* (1/z*) 
is 


C(z) = (7.90) 


1 1 
~ G(z)G*(1/z*) +N, F(z) +N, 


Notice that C'(z) has the same form as the ZF equalizer in (7.69), except for 
the noise term N, in the denominator. Clearly, the ZF and MSE criterion lead 
to the same solution in the absence of noise. 

The most meaningful measure of performance is the bit error probability. 
However, for many equalization techniques, the bit error probability is a highly 
nonlinear function of the equalizer co-efficients. One possibility is to evaluate 
the MMSE of an infinite-length MMSE equalizer [270] 


1/2T 
jan = Paani 
os -z =f a es f 


1/2T N d 
T - ———_df . (7.92) 
-1or Fs(f)+ No if 
Note that 0 < Jmin < 1, and that Jmin = 0 when there is no ISI or noise and 
Jmin = 1 when the folded spectrum Fy(f) exhibits a spectral null. 


Another useful measure for the effectiveness of linear equalization tech- 
niques is the signal-to-noise-plus-interference ratio (SNIR) defined as 


C'(2) (7.91) 


laal? 


Ne. 
Deo "\qjl2 + No DN les? 


(7.93) 
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Figure 7.9. Decision feedback equalizer. 


Although the MSE equalizer accounts for the effects of noise, satisfactory 
performance still cannot be achieved for channels with severe ISI or spectral 
nulls, because of the noise enhancement at the output of the equalizer [270, 107]. 
Another problem with a linear equalizer is the adaptation of the equalizer during 
data mode. This problem is especially acute for systems that use trellis-coded 
modulation, because the equalizer-based decisions are unreliable and inferior 
to those in uncoded systems due to the reduced separation between the points 
in the signal constellation. This problem can be partially alleviated by using 
periodic training, where the equalizer taps are allowed to converge in the 
periodic training modes. When the equalizer has converged, the updating 
algorithm is disabled [88]. However, this approach is only suitable for fixed 
channels or channels with very slow variations such as voiceband data channels. 


4.2. DECISION FEEDBACK EQUALIZER (DFE) 


The deleterious effects of noise enhancement that degrade the performance 
of linear equalizers can be mitigated by using a nonlinear decision feedback 
equalizer (DFE). The DFE consists of two sections; a feedforward section and a 
feedback section. A typical DFE is illustrated in Fig. 7.9. The DFE is nonlinear 
because the feedback path includes a decision device. The feedforward section 
has an identical structure to the linear forward equalizer discussed earlier, and 
its purpose is to reduce the precursor ISI. For reasons to be discussed later, 
the input to the feedforward filter is the sampled output of the matched filter. 
A separate noise whitening filter is not used in this case. Decisions made 
on the equalizer outputs are propagated through the feedback filter, which is 
used to estimate the ISI contributed by these symbols. The coefficients of 
the feedback filter are the sampled impulse response of the tail of the system 
impulse response including the forward part of the DFE. 
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The output of the DFE is 
N-1 M 
f= > yas > Bas (7.94) 
1=0 i=l 


where {c;} and {F;} are the tap coefficients of the feedforward and feedback 
filters, respectively, and {%;} is the sequence of previously detected symbols. 
Recall that the overall channel and feedforward portion of the equalizer can be 
represented by the sampled impulse response in (7.53). By using (7.35), the 
DFE output can be written as 


N-1 M 
in = Ss; QN-1-ifn+i — S> Fifn-it Mn 
i=-L i=1 
M M 


= 2ngn-1 +>, (tn-i— Eni) On-144 + (9-141 — Fi) En-i 
=I w=1 
N-1 i 
+ >> qn-14itngit D> QN-144%n-i+ Mn (7.95) 
i=1 1i=M+1 


If we choose 
F; = qn—14i = C’ Nn-14:, 1=1,2,...,M (7.96) 


so that the second summation is zero and if correct decisions are made so that 
the first summation is zero, then 


N-1 L 
fn = ngv-1+ >. gn-14itntit D> Qn-ititn-itim ~. (7.97) 
i=1 i=M+41 


The first and second summations in (7.97) are the residual ISI associated 
with the feedforward and feedback filters, respectively. Note that feedback 
coefficients in (7.96) result in the complete removal of ISI from the previously 
detected symbols if L < M. 


Equalizer Tap Solution. The co-efficients {c;}and {F;}can be adjusted 
simultaneously to minimize the mean square error, sometimes called a MMSE- 
DFE. Define 


(G0, Cis +505 Cy)” (7.98) 
(YntN—Ly YntN—2) «+5 Yn)" (7.99) 
Si Ss Mey tay Se (7.100) 
(F,, Fo, -.., Fu)? (7.101) 


m So 
tl 
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and 


@ = (c7,F)? (7.102) 
va = A) (7.103) 


Then the MSE can be expressed as 


J 


B[|zn — Zn|"] 


Bley nyhe" — WRe{HKe on} + |enl?] . (7.104) 


Since (7.104) and (7.77) have the same form it follows that the optimal tap 
solution can be obtained by defining 


My, = Elyny%] (7.105) 
~ A 7 

Yo = Elyn en] (7.106) 
Gop = (MI), (7.107) 


Adaptive Solution. The feedforward taps of the DFE can be adjusted by 
using 


a = Cf + En Un +; j=0,...,N-1 (7.108) 
while the feedback coefficients can be adjusted according to 
pe =F + On En; G2 1]440,M . (7.109) 


To see that this leads to the desired solution, observe that V.J = 2Ele, v7] = 0 
implies that 


Efenvtsj) = 0, j=0,...,N-1 (7.110) 
Bena | = 0 gS Tjpcaey A. (7.111) 


Performance of the DFE. Since the feedback section of the DFE eliminates 
the postcursor residual ISI at the output of the forward filter, it is apparent that 
the optimum setting for the forward filter for an infinite length DFE is identical 
to a stable, non-causal, noise whitening filter that results in a overall channel 
with a minimum phase response [274]. The MMSE for the infinite length DFE 
is [289] 


J, T ae ] No 
min = €Xp [sor n Fema df (7.112) 


where 0 < Jmin < 1. 
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43 COMPARISON OF SYMBOL-BY-SYMBOL 
EQUALIZERS 


The typical steady-state performance for the various symbol-by-symbol 
equalizers is now illustrated. Consider 4-PSK modulation on the static ISI 
channels shown in Fig. 7.10, where we have plotted 


F(e?7f7) — G(el2" IT )\G* (ef IT) ; 


Channel A is an 11-tap typical data-quality twisted copper pair telephone 
channel with [363] 


ga = (0.0000 + 70.0000, 0.0485 + 70.0194, (7.113) 
0.0573 + 70.0253, 0.0786 + 70.0282, 0.0874 + 70.0447, 
0.9222 + 70.3031, 0.1427 + 70.0349, 0.0835 + 70.0157, 
0.0621 + 70.0078, 0.0359 + 70.0049, 0.0214 + 70.0019) . 


Channels B and C have [270] 


gp = (0.407, 0.815, 0.407) (7.114) 
gc = (0.227, 0.460, 0.688, 0.460, 0.227) . (7.115) 


Channels B and C have severe ISI, with Channel C having the worst spectral 
characteristics because of the in-band spectral null. 

Fig. 7.11 shows the performance of the linear ZF and MMSE equalizers for 
Channel A. The equalizers have 21 taps and the tap gains are obtained using the 
previously discussed iterative techniques. The linear ZF and MMSE equalizers 
have about the same performance for Channel A. 

Fig. 7.12 shows the performance for Channel B. With linear equalization, 
the optimum tap weights are obtained from a direct solution that assumes a 
known channel response. Obviously, the linear ZF equalizer is not suitable 
for Channel B and the linear MMSE equalizer does not perform much better. 
The performance of a non-linear MMSE-DFE with 11-tap forward section and 
10-tap feedback section is also shown. The non-linear MMSE-DFE offers 
much better performance than the linear ZF or MMSE equalizers for the same 
complexity. Likewise, Fig. 7.13 shows the performance on Channel C. Again, 
both the linear ZF and MMSE equalizers perform quite poorly, while the non- 
linear MMSE-DFE offers much better performance. 


5. SEQUENCE ESTIMATION 
5.1 MLSE AND THE VITERBI ALGORITHM 


Recall that the overall disrete-time white noise channel with D-branch di- 
versity reception can be modeled by collection of D transversal filters that are 


Figure 7.11. 


nel A in Fig. 


330 


= 
aS 
By \ 3 4 
= —— Channel A \ ae 
\ Vf 
ee Channel B \ / 
= —~~- Channel C \ 5° 
-30 | 1 j 
\ / 
\ } 
\ ! 
\ ! 
\ / 
\ | 
-40 1 1 er! M4 a re een 
0.0 0.5 1.0 LS 2.0 2.5 3.0 
oT 
Figure 7.10. 


Amplitude spectrum for several static ISI channels. 
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Performance of 21-tap ZF and MSE linear equalizers for 4-PSK signaling Chan- 
7.10. 


T-spaced and have (L + 1)-taps, as shown in Fig. 7.5. From Fig. 7.5, it can 
be seen that the channel has a finite number of states. If the size of the signal 
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y, (dB) 


Figure 7.12. Performance of the 21-tap ZF and MSE linear equalizers and a 21-tap DFE 
equalizers for 4-PSK signaling on Channel B in Fig. 7.10. 
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Figure 7.13. Performance of the 21-tap ZF and MSE linear equalizers and a 21-tap DFE 
equalizers for 4-PSK signaling on Channel C in Fig. 7.10. 
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constellation is 2”, there are total of Ng = 27L states. The state at epoch k is 


Ok = (Le-1,Tk-25°**» Zk-L) - (7.116) 


Assume that k symbols have been transmitted over the channel. Let 
Vn = (Un, Un,2; ‘+; Un,p) denote the vector of signals received on all 
diversity branches at epoch n. After receiving the sequence {V,,}*_,, the 
ML receiver decides in favor of the sequence {r,}*_, that maximizes the 
likelihood function 


PVE, ree Vil Zk, oe £1) (7.117) 
or, equivalently, the log-likelihood function 
log p(Vk, °-+, Vil eyo, £1) - (7.118) 


Since the noise samples {7,,q}in (7.35) are independent, and V,, depends only 
on the L most recent transmitted symbols, the log-likelihood function (7.118) 
can be rewritten as 


log p(Vx, aaa »Vilzx, = ;@y) — 
log p(Vx|ze, pone Bed) 4 log p(Vk-1, te »Vi|re-1, a , 2(J.119) 


where x,_, = Ofor k — L < 0. If the second term on the right side of (7.119) 
has been calculated previously at epoch k — 1 then only the first term, called 
the branch metric, has to be computed for the incoming signal vector V; at 
epoch k. 

The model in Fig. 7.5 gives the conditional pdf 


2 


1 1 2 L 
Vilte, -°* > 2k-L) = ay CXP § — Ukd — dLk—4 
P(VEl re k-L) (nN) " Ne & kd 2 gid k-i 
(7.120) 
so that log p(Vx|2%, «+: ,Zk—z) yields the branch metric 
D L e 
be =~ Do eed — Do 94,4te—i (7.121) 
d=1 i=0 


Note that the receiver requires knowledge of the channel vectors {gq} to com- 
pute the branch metrics. 

Based on the recursion in (7.119) and the branch metric in (7.121), the well- 
known Viterbi algorithm [342] can be used to implement the ML receiver by 
searching through the Ng-state trellis for the most likely transmitted sequence 
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x. This search process is called maximum likelihood sequence estimation 
(MLSE). Here, we give a very brief outline of the Viterbi algorithm followed 
by an example. At epoch k, assume that the algorithm has stored Ng surviving 


sequences (gl? ) (paths through the trellis) along with their associated path 
metrics T'(o” ) (distances from the received sequence) that terminate at state 
ol, 1 =0,---,Ng — 1. The path metric is defined as 


oi (7.122) 
{k} 


where {4x} is the sequence of branch metrics along the surviving path (ot). 
After the vector Vy has been received, the Viterbi algorithm executes the 


following steps for each state: os forj =0,---, Ng —1: 


1. Compute the set of path metrics T(of” > of.) = T(o) + n(el? 


o),) for all possible paths through the trellis that terminate in state Oe ie 


2. Find r(o),) = maxI (ol? + oe!) where, again, the maximization is 
over all possible paths through the trellis that terminate in state: eV). 


3. Store T(o),) and its associated surviving sequence x(o),). Drop all 


other paths. 


In Step 1 above, (or => ol!),) is the branch metric associated with the 
transition ol”) > ol! ) and is computed according to the following variation of 
k k4+1 p 
(FAIZ) 
( - 
plot) > o),) = — 3° |vk,a — 90 atk(al? > rae > gm,ath—m(0\) 
d=1 m=1 
; (7.123) 
where ap (oe? > ol), is a symbol that is uniquely determined by the transition 


ol! os ol Ds and the L most recent symbols {cp_-m(ol?)}4 are uniquely 


specified by the previous state o\ 
pecified by the previous state o;°. 

After all states have been processed, the time index k is incremented and the 
whole algorithm repeats. As implied in (7.119), the ML receiver waits until 
the entire sequence {V,,}?°., has been received before making a decision. In 
practice, such a long delay (maybe infinite) is intolerable and, therefore, a 
decision about z,~_g is usually made when Vj, is received and processed. It 
is well known that if Q > 5Z, the performance degradation caused by the 
resulting path metric truncation is negligible [342]. MLSE and the Viterbi 
algorithm is best explained by example and one follows. 
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aa input “-1” 


input “1” 


Figure 7.14. State diagram for binary signaling on a three-tap ISI channel. 


- input “-1" 


input “1” 


Figure 7.15. Trellis diagram for binary signaling on a three-tap ISI channel. 


Example 7.4 
Suppose that the binary sequence x, z, € {—1,+1}, is transmitted over a 
three-tap static ISI channel with channel vector g = (1, 1, 1). In this case 
there are four states, and the system can be described the state diagram shown 
in Fig. 7.14. Note that there are two branches entering and leaving each state. 
In general there are 2” such branches. 
The system state diagram can be used to construct the trellis diagram shown 


in Fig. 7.15, where the initial zero state is assumed to be ol?) = (—1, —1). State 
transitions with a solid line correspond to an input +1, while those with adashed 
line correspond to an input —1. 
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epoch 
state 1 2 3 4 5 6 7 8 
- 0.04 - 3.65 -8.46 -4.87 -5,71 -11.96 -7.65 “1.34 


(0s Ne UE Saha, alata ata Mgr oye Ron Kone en Xio77 


t= 1-1 
2= -11 
B= 11 


-9.25 - 0.06 - 5.67 -4.51 -1.16 6.05 -10.14 


Figure 7.16. Cumulative path metrics and surviving sequences with the Viterbi algorithm. 


Suppose that the data sequence x = (—1, 1, 1, —1, 1, 1, -1, -1,...) is 
transmitted. Then the state sequence follows the shaded path in Fig. 7.15. The 
noiseless received sequence is v = (vo, V1, V2, U3, U4,---) Where 


Jolin + 9iZn-1 + 92En-2 
= Int Ln-1 + Ln-2 


Un 


Hence, for the data sequence x = (—1, 1, 1, —1, 1, 1, —1, —1,...)the 
noiseless received sequence is v = (—3, —1, 1, 1, 1, 1, 1, —1,...). 
Suppose that the noisy received sequence is 


VioS (vo, U1, U2, U3; U4;---) 
(32, 14, 09, 04,19 75, 0:7, =13;..5 


The Viterbi algorithm is initialized with T(ol) = Ofori = 0,---,Ng — 1. 
The initial state is assumed to be of”) = (-1, -1). Executing the Viterbi 
algorithm yields the result shown in Fig. 7.16, where the X’s on the branches 
in the trellis denote dropped paths and the numbers in the trellis are the path 
metrics corresponding to the surviving sequences. The path metrics are equal 
to the square Euclidean distance between the surviving sequence x(ol”) and 
the corresponding received sequence v. 


5.1.1 ADAPTIVE MLSE RECEIVER 


The Viterbi algorithm requires knowledge of the channel vectors gg to 
compute the branch metrics in (7.121) so that an adaptive channel estimator 
is needed. Various channel estimators have been proposed in the literature 
[62, 215, 98]. Usually, a transversal digital filter with the LMS algorithm is 
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used for this purpose, because of its good performance, numerical stability, 
and simplicity in implementation [163, 215]. Another possible adaptation 
algorithm is the Recursive Least Squares (RLS) or the Kalman algorithm [163]. 
The RLS algorithm has a very fast convergence rate as compared to the LMS 
algorithm. However, it is very complicated to implement and it is sensitive 
to roundoff noise that accumulates due to recursive computations which may 
cause numerical instabilities in the algorithm [270]. It has also been reported 
that the tracking properties of the LMS algorithm for the purpose of channel 
estimation in a fast varying environment are quite similar to those of the RLS 
algorithm [98, 198, 304]. For these reasons the LMS algorithm is commonly 
used during the tracking mode in adaptive MLSE receivers. During the training 
mode, it is possible that the RLS algorithm could offer better performance than 
the LMS algorithm. 

A straightforward method for adaptive channel estimation with an MLSE 
receiver is to use the final decisions at the output of the Viterbi algorithm 
to update the channel estimator during the tracking mode. With the LMS 
algorithm, the tap coefficients are updated according to 


Gia(k +1) = Gia(k) + o€e-Qakk-i-_g, * = 0,...,2 
d = 1,...,D (7.124) 


where a is the adaptation step size, and 


L 


Ek-Q,d = Uk-Q,d — >, Gialk)Fk-i-Q (7.125) 
i=0 


is the error associated with branch d at epoch k. A major problem with this 
channel estimator is that it lags behind the true channel vector by the decision 
delay Q that is used in the Viterbi algorithm. To see this, we can write 


& 
Vk-Q,d = >, Gid(k — Q)te-i-q + Tk-Q.d (7.126) 
1=0 
so that 
L 
€k-Q,d = >> ( sik ee a aiatt)) Tk-i-QtMk-Qd- (7.127) 
1=0 


Hence, channel time variations over the decision delay Q will cause the terms 
{9:,a(k — Q) — 9i,a(k) }£_, to be non-zero, and this will degrade the tracking 
performance. The decision delay Q could be reduced but this will also reduce 
the reliability of the decisions %,_;~g that are used to update the channel 
estimates in (7.124). Since decision errors will also degrade the performance 
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of the estimator, the overall performance improvement obtained by reducing Q 
is often minimal. 

One solution to this problem is to use per-survivor processing [296, 297, 
276, 197], where each state has its own channel estimator that tracks the 
channel. In this case, the tap coefficients are updated according to 


Gi,a(k + 1) — §i,a(k) + OE dE Kj , @ = 0,...,L 
d = 1,...,D (7.128) 


where x is the surviving sequence associated with each state. Notice that the 
individual channel estimators for each state use zero-delay symbols in their 
adaptation algorithm and, therefore, good channel tracking performance is ex- 
pected. These zero-delay symbols are uniquely defined by the state transitions 
in the trellis diagram. 


5.1.2 7T/2-SPACED MLSE RECEIVER 


Suppose that the matched filter output is sampled at rate 2/T and the 7/2- 
spaced samples are processed with a 7/2-spaced noise whitening filter as 
shown in Fig. 7.6. Once again, the channel can be modeled as a finite-state 
machine with the states defined in (7.116). The Viterbi decoder searches for 


the most likely path in the trellis based on the T/2-spaced received sequence. 


For each state transition o” > oi), at epoch k, the samples Pe and v2) 


are used by the Viterbi algorithm to evaluate the branch metric” 


2 


2 
vs _ a eg ol? = of.) - OSp).Lk— —m( ot) 


2 


alo? > of,) = 


(2) (2) 


+ Vort1 — G1 rn (oW” — of.) -F ae. nl (0?) 


(7.129) 


5.2. DELAYED DECISION-FEEDBACK SEQUENCE 
ESTIMATION 


Unfortunately, the complexity of the MLSE receiver grows exponentially 
with the channel memory length. When the channel memory length becomes 
large, the MLSE receiver becomes impractical. One solution is to reduce the 
receiver complexity by truncating the effective channel memory to yp terms, 
where yp is an integer that can be varied from 0 to L. Thus, a suboptimum 
decoder is obtained with complexity controlled by parameter yz. This is the 
basic principle of delayed decision-feedback sequence estimation (DDFSE). 


*For notational simplicity we assume D = 1. 
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Let the z transform of the overall discrete-time white noise channel, G(z), 
be represented as a rational function B(z)/W(z), where B(z) and U(z) are 
polynomials. It is assumed that Y(z) has degree ng and Vo = 1. If L is finite 
then Y(z) = 1. The polynomial G(z) can be written as 


G(z) = G,(z) + 2° “GF (z) (7.130) 
where 
u . 
Gi(z) = Sogiz™ (7.131) 
L-p-1 
Griz) =. >) geynae™ - (7.132) 
i=0 


From (7.130), G*(z) is a rational function that can be written as B*(z)/U(z) 
where 3*(z) is a polynomial of degree n 1 satisfying the equality 


B*(z) = [B(z) — G,(z)V(z)Jz4t* . (7.133) 


Let W (z) = G*(z)X(z) , where X (z) is the z-transform of the input sequence. 
Then 


ni “- = 
Wk = kay y~ Ee Wiwbai » L=o00 (7.134) 
as Gitut12k-i ,L<oorn, =0 
and 
Lu 
Uk = S° %Tk-i + Wk-p-1 +k - (7.135) 
i=0 


From (7.134) and (7.135), the system state at epoch k can be decomposed into 
the state 


Oy = (te-1, --++ Be—p) (7.136) 
and a partial state 
— Tk—-p-lys++) Lk—p—ny—1) Wk—-p-2) +++) Wk-p—n2-2 5 L= 
ean L 
k—p—ly e+) LR-L . 
7.137) 


There are N,, = 2" states in (7.136). 
The DDFSE receiver can be viewed as a combination of the Viterbi algorithm 


and a decision feedback detector. For each state transition Oh 4% off), the 
DDFSE receiver stores N,, estimates of the partial states Kx associated with 


oh), The DDFSE receiver uses the branch metric 
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u(3) 


a) ght} lyn — gore (ok > of?) 


(On Osi) = 


2 


La . 
~ S gre(oh) — te_p-i] - (7-138) 


The estimate W,~—,—1 Of Wk—,—1 18 obtained from the estimate of the partial 
state using (7.134). For finite length channels, the DDFSE branch metric can 
be written as 


( uG@) HG) ~ 


pa(ok + gt) (7) H(3)) 


— [Yk — 9oTK (OR > Oni 


2 
L . 
- Sara (of) — S> gré(of)| (7.139) 


l=p+1 


where (oh) i is the 1‘ component of the surviving sequence x(oht* Dy, Since 
each path uses decision-feedback based on its own history, the DDFSE receiver 
avoids using a single unreliable decision for feedback. Hence, error propagation 
with a DDFSE receiver is not a severe as with a DFE receiver. When pp = 0 
the DDFSE receiver is equivalent to Driscoll’s decoder [88] and when p = L 
the DDFSE receiver is equivalent to the MLSE receiver. 

Finally, since only the 4 most recent symbols are represented by the state 
in (7.136), it is important to have most of the signal energy contained in these 
terms. Hence, it is very important that the noise whitening filter be selected 
so that the overall channel G(z) has minimum phase. This requirement can 
present some practical problems. For example, if one of the zeros is close to the 
unit circle, then the non-causal noise whitening filter has a very long impulse 
response and will be hard to approximate. Also, when the channel is time- 
varying or unknown, the receiver cannot ensure that G(z) will have minimum 
phase. Without G(z) having minimum phase, DDFSE does not work well. 
This point will be repeated again in Chapter 8. 

Example 7.5 

Consider again the system in Example 7.4, where the received sequence is 


v= (vo, U1, V2, U3, Disease) 
(—3.2, —1.1, 0.9, 0.1, 1.2, 1.5, 0.7, -1.3,...) 


Recall that ot? = = (£p-1, Zp—-2) so there are 4 system states. However, we 
wish to apply DDFSE with the state of = 2,1, i = 0,1. The initial state 


is assumed to I'(g (9)) — —1. Since the channel has finite length, (7.139) gives 
the branch metric 


mG 2 i), (? 
(oh ot) = = |y — 2, (of + ok) — Zp (oh ) — f2(of! ) 
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state 
Figure 7.17. | Cumulative path metrics and surviving sequences with DDFSE. 
Applying DDFSE with the Viterbi algorithm gives the result shown in Fig. 7.17. 


Once again, the X's on the branches in the trellis denote dropped paths and the 
numbers in the trellis denote the path metrics. 


5.3. REDUCED-STATE SEQUENCE ESTIMATION 


For large signal constellations the number of states with DDFSE, 2™, is 
substantial even for small jz. One possible remedy is to reduce the number of 
states by using Ungerboeck-like set partitioning principles. As described in 
[109], for each element rg_pin oy,a Set partitioning Q(n),1<n< p< Lis 
defined where the signal set is partitioned into J; subsets in a way of increasing 
intrasubset minimum Euclidean distance’. 

The subset in the partitioning (2) to which zp_; belongs is denoted by 
Ci(Z~-;). The subset partitioning is constrained such that Q(z) is a finer 
partition of Q(¢ +1), 1<i<u—-1 and J, > Jp... > J,.In this case this 
following subset-state can be defined 


t= (ep tea), Clee s), wig Cele) (7.140) 


Note that the RSSE subset-state does not completely specify the jz: most recent 
symbols {1,_;}$_,. Rather, the subset-state only specifies the subsets to which 
these symbols belong. 

The constraints on the subset partitioning ensure a properly defined subset- 
trellis. Given the current subset-state t/ and the subset cj(x,) to which the 
current symbol 2% belongs, the next subset-state ¢f 4118 uniquely determined. 
Since ¢;(2p~-i) can only assume J; possible values, there are Th; Jj, subset- 
states which could be much less than 2"”. Note that if J; < 2”, there are 
parallel transitions associated with each subset-transition. The number of 


Ry = Jg=+++ = Jy = M and p < L, then RSSE becomes DDFSE. 
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the parallel transitions is equal to the number of symbols in the corresponding 
subset. 

The Viterbi algorithm used to search the subset-trellis is the same one used 
for MLSE except for a different branch metric and the possibility of parallel 
transitions associated with the subset-transitions.* When there are parallel tran- 
sitions, the Viterbi algorithm chooses the parallel transition with the maximum 
branch metric first? and then execute steps for the Viterbi algorithm as defined 
in Section 5.1. 

With RSSE, the branch metric in (7.121) is not uniquely determined by 
the associated pair of subset-states. This is solved by introducing a decision 
feedback mechanism for the branch metric calculation [109, 90]. The RSSE 
branch metric for a particular parallel transition associated with the subset- 


transition (t# + ef) is 
(th > tH) = ~lye — gore (th ef) — > a (te) F aan 


where ry (eh > a,(te@?) is the source symbol corresponding to the particular 


parallel transition, and :x; (eet)) is the /th component of the source symbol 


sequence X(t/ i()) that corresponds to the surviving path leading to the subset- 


state ©, Similar to DDFSE, each path uses decision-feedback based on its 


own history. 


6. ERROR PROBABILITY FOR MLSE ON ISI 
CHANNELS 


Let xand x be the transmitted and estimated symbol sequences, respectively. 
For every pair x and x, the error sequence € = {e;} can be formed by defining 
€; = 2; — £;. We arbitrarily assume that the bit error probability at epoch 3} is 
of interest, so that €;, # 0 for all error sequences that are considered. For each 
error sequence e, define the following useful error events. 

E'(e): The sequence x — € is the maximum likelihood sequence. 

E(e): |The sequence x — € has a larger path metric than sequence x. 

It is also convenient to define the events 


L) €é(e) (7.142) 
EeeG 


“With DDFSE there are no parallel transitions. 
Tf the signal constellation has some symmetries, this step can be easily done by using a slicing operation 


[109]. 
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and 
Ep = 'S E(e) (7.143) 
ecF 


where G is the set of all possible error sequences having €;, # Oand F CG 
is the set of error sequences containing no more than L — 1 consecutive zeroes 
amid nonzero elements. 

Let 9g = {o,} and @ = {6,} be the system state sequences corresponding to 
the symbol sequences xand x, respectively. An error event occurs between 
ky and ko, of length kp — ky, if 


Ok, = Ok, Ok, = Ok,, and 0; # 6; for ky <j < kp (7.144) 
where k, < j; < kg, The symbol error probability at epoch j; is 
Pa(ji) 2 Play ##p) 
P(E@) 
S> SS P(E'(e)|/x)P(x) (7.145) 


EEG xEX(E) 


where 4’ (€) is the set of symbol sequences that can have € as the error sequence. 
For different €, the set 4’(€) might be different. The third equation in (7.145) 
is obtained by using the property that the events €’(e) are disjoint for € € G. 
Unfortunately, (7.145) does not admit an explicit expression and, hence, upper 
bounding techniques are needed for the performance evaluation. A union bound 
on the error probability will be employed in our analysis. 
To obtain a tighter union bound, we now prove that the symbol error proba- 
bility at epoch 4; is 
P,(it) = P(Ef) . (7.146) 


Consider the typical trellis diagram as shown in Fig. 7.18, where x denotes the 
transmitted symbol sequence, and x!) and x{) denote two different symbol 
sequences. It can be seen that the error sequence e!) associated with x) 
and the error sequence e) associated with x2) belong to sets F and G \ F, 
respectively. For every €() € G \ F there always exists an €() € F. If the 
sequence x — €() is the ML sequence, ie., the event €f has occurred, then 
the sequence x — e!) has a larger path metric than the sequence x, ie., the 
event Er has occurred. This means that €% implies Ef. On the other hand, 
ife\) € F and the sequence x — €!) has a larger path metric than sequence 
x, then there exists a sequence € € G such that the sequence x — eis the ML 
sequence. Therefore, E implies Ebe and (7.146) is proven. 
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x? 


x Xx 


Figure 7.18. A typical Error state trellis diagram 


The union bound on (7.146) yields 


Pj) < >> P(E(e) 
€cF 
= YD PE)x)P(x) (7.147) 
E€cF xEX(€) 
or, equivalently, 
Pi) < YO ws(e) S> P(E(€)|x)P(x) (7.148) 
€cE xEX(E) 


where E € F is the set of error sequences that have the first non-zero element 
starting at time 71, and w,(é) is the number of symbol errors associated with the 
error sequence €. To obtain (7.148), we have used the following observations; 
i) there are w,(e€) places for the error sequence e to start such that €;, # 0, 
and ii) the error probability P{&(e)|x} is independent of the place where the 
error sequence é€ starts. If the transmitted symbol sequence is long enough, 
then the symbol error probability P;(j,) is independent of the time index 7; 
and, therefore, the time index will be omitted hereafter. Finally, for a given 
transmitted symbol sequence x, the events {E(€)} for € € F in (7.147) might 
overlap. The reason is that there may be multiple symbol sequences that 
simultaneously have a larger path metric than the path metric of the transmitted 
symbol sequence. When the system is operating at a low SNR, there are more 
overlapping events €(€) and, hence, the union bound (7.147) becomes looser. 
From the definition of event €(e€), the union bound (7.148) becomes 


Ps< So us(e) S$) P(T(x-€) > I(x)|x)P(x) (7.149) 
€CE xEX(E) 
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where I(x) is the path metric associated with the input sequence x. To obtain 
the bit error probability, (7.149) can be easily modified as 


P,< “ Swe) SD P(x — 6) > P(x)|x)P(x) (7.150) 


Eck xEX(€) 


where n is the number bits transmitted per unit time, and w,(e)is the number 
of bit errors associated with the error sequence e. The probability 


P(T'(x — €) > P'(x)|x) (7.151) 


is called pairwise error probability. 

We will see in the following two sections that the pairwise error probability 
is independent of the transmitted symbol sequence x. Therefore, the union 
bounds (7.149) and (7.150) simplify to 


Ps < Do ws(e)P (L(x-) SPA) P(M()) (7.152) 
€ck 
and 
Pe <— Y w(e)P(Me-6) >TO) P(A() (7.153) 
€€E 


respectively. The expressions in (7.152) and (7.153) are easier to calculate than 
those in (7.149) and (7.150), because not all of the symbol sequences have to 
be considered in the calculation. 


6.1 STATIC ISI CHANNELS 


The pairwise error probability associated with the error event of length @ in 
(7.144) is (see Problem 6.16) 


2 
P(I'(x — €) > I'(x)|x) =Q ( a) (7.154) 
where 
kit+€-1] L 2 
A? = S° S- gi€k—i (7.155) 
k=k, (i=0 


and A? is the squared Euclidean path distance. At high signal-to-noise ratios 
the error event probability is approximately 


a. 
Pe x NminQ fe | (7.156) 
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where din i is the minimum value of A? and Nmin denotes the average number 
of error events at distance din. 
The squared Euclidean path distance in (7.155) can be rewritten as 


ky +é~-1 
Ss, A (7.157) 
k=ky 
where 
A? = g"Exg (7.158) 
is the squared branch distance and 
Ex = [(Emn) «] (7.159) 


is the (LZ + 1) x (LZ + 1) branch distance matrix having elements (emn), = 
€_—m41€k—n+1- Define the error vector €, = (€},€4_1,---,€;_z) + Itfollows 
that Ex = €,€; and, hence, Ey has rank one. Note that Exe, = (ef ex )ex 
and, therefore, ¢, is an eigenvector of Ey, and the only eigenvalue of Hy, is 
Mk) = £5 leg_i|?. The path distance matrix of the length @ error event in 


(7.144) is defined as 
ky+é@-1 


Ex . (7.160) 


I> 


E 
k=k, 


Using (7.116) and (7.144), the elements of E are 
€mn = re(n — m) (7.161) 


where 


Me(EA)=7 ; 
rp(i) = yaaa =k; ChEK 4G . 2 0 ; (7.162) 
rp(—4 1) a< 0 


It follows that (7.157) has the Hermitian form A? = g”Eg. Since A? > 0, E 
is a positive definite matrix with all eigenvalues being real and positive. The 
matrix E depends on the signal constellation and the length of the channel 
E+. 
By using (7.37) and the normalization E[|z,|?] = 1, the squared Euclidean 
path distance can be expressed in the form 
A? =2p8 —& (7.163) 
The ratio of the Hermitian form g”E g to the inner product g” g is called the 
Rayleigh quotient of the vector g and is denoted R(g) [163]. The eigenvalues 
of E are equal to the Rayleigh quotient of the corresponding eigenvectors. The 
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Rayleigh quotient of E satisfies Amin < R(g) < Amax-The minimum value of 
R(g) occurs when g = Vminand the maximum value occurs when g = Vmax: 
The eigenvalues of E are bounded by [163] 


L 
Ire(z)| and = Amin > re(0) ~ D> |re(@)] (7.164) 


i=1 


Amax S 


Ms 


ll 
° 


v) 


The condition number of E is defined as c(E) 4 Ania! Amine 


6.2 FADING ISI CHANNELS 


For fading ISI channels with D-branch diversity reception and maximal 
ratio combining, the pairwise error probability is still given by (7.154) but the 
squared Euclidean path distance associated with an error event of length @ is 
[300] 


D 
Mas AG (7.165) 
d=1 
where 
ky +@-1] L 2 
Ak= SY |S gialklen—i (7.166) 
k=k, |i=0 


The above expression can be written in the form 


ky +é@-1 


Ai= So gil (k)Enga(k) - (7.167) 
k=k, 


In general, the covariance matrix ®g ,(0) defined in (7.39) is not diagonal. A 
non-diagonal ®, (0) matrix leads to considerable analytical difficulty and loss 
of insight. However, if ®g,(0) is diagonal, then a normalized channel vector 
f4(k) can be defined such that ®¢,(0) = Iz41. As a result, (7.167) can be 
rewritten as 


ky +é£-1 
AZ= Do fi (k)Ax,afalk) (7.168) 
k=ki 
where 
Aga = SqE,Xa (7.169) 
and where 
La = diag(o0,4, O1jdy -++5 Cdl (7.170) 


with og =4E(\9:,4|?). It follows that Aya = Ug,dU; ¢ where Ug.¢ = Vex and, 
hence, Ax q is a rank one matrix and ux q is an eigenvector of Ax q. The only 
nonzero eigenvalue of Ax.d iS Ag = Dido oF glen—il”» where OF 4 = $Ellgi,a\*). 


Equalization and Interference Cancellation 347 


For slowly time-variant channels it is reasonable to assume that gg(k) re- 
mains constant over the length of the dominant error events, i.e., ga(k) = ga. 
This assumption holds even for relatively large Doppler frequencies and error 
event lengths. For example, if the channel exhibits 2-D isotropic scattering 
and fmT = 0.0025, then error events up to length 20 have ,Jo(27fmlk/T) > 
Jo(27fm10T) = 0.9984 ~ 1. By using the above assumption, (7.168) can be 
written as 


At =f! Aaf, (7.171) 
where 
ky+é-1 
Aq = >> Aga 
k=ky, 
= SYED, . (7.172) 


The matrix Agis also positive definite with all its eigenvalues real and positive. 
The elements of Ag are given by |(@mn)la = Om—1.d On—1,.4 Te(m — Mm) where 
re(i) is given by (7.162). The trace of the matrix Ag is 


L+1 L 
tr(Aa) = > Aig = re(0) 9-074 = Bre(0) (7.173) 
1=1 i=0 
where the Aja, 1 = 1,..., 2+ are the eigenvalues of Ag. The last equality in 


(7.173) is obtained by using (7.41) along with the normalization E[|z,|?] = 1. 
Since Ag is Hermitian, there exists a diagonalization Ag = UgAgU?# suchthat 
Ug is aunitary matrix and Agis a diagonal matrix consisting of the eigenvalues 
of Ag. Let wg = UF f, be the corresponding diagonal transformation. Hence, 


L+i 
Aj = wi! Aqwa = > Ai alwigal? (7.174) 
i=1 
where 5E[waw i ] = In41 8o that the {w;,¢} are independent zero-mean unit- 
variance Gaussian random variables. Using (7.165) and (7.174) gives 


D L+i 


Yad aia (7.175) 


d=1 i=1 


where aig = A;,a|wi,q|?. The a;,q are chi-square distributed with 2 degrees of 
freedom and, therefore, the characteristic function of A? is 


D(L+1) 1 
¥a2(z)= [] ——— (7.176) 


4 1 — Gi az 
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where @,q = 2A;,¢. Finally, the pairwise error probability is 
OO 
P(I(x — €) > T(x)|x) = i Q (Vie) fa2(2) dex (7.177) 
0 


where f,a2(zx) is the probability density function of A?. Note that if some 
of the eigenvalues 2; 4 are the same, then there will be repeated poles in the 
characteristic function in (7.176). This can be expected to be the case for 
balanced diversity branches, and will also be the case if the channel vector ga 
has equal strength taps. Consider the case where D-branch antenna diversity is 
used and the channel taps are not of equal strength. In this case, A;,4 = Ai, d= 


1,..., D and the characteristic function in (7.176) has the form 
E41 l 
WD a2(z) = I (1 — 2a yp 
L+1 D 
= ~ 3 aa (7.178) 
t=1 d=1 
where 


1 go = 90) 
Aia = (D —d)\(=a,) 9-4 | So (1 — za) acts) 


z=1/a; 
(7.179) 
and & = 2;. The pdf of A? is 
L+1 _ 
fa2(2) = >> > Ait Ge gt} eH 2/oi (7.180) 
i=1 d=1 mG (d= 1)!(ai)4 
From (7.177) and (7.180), the exact pairwise error probability is 
L+1 d 
P(t(x—e) >To) = 32 So Aw (=*) 
i=1 d=1 
Q 3 (’ a" (44) 181) 
5 ; 
m=0 
where 
Oh; 
i= 7.182 
bi Tha (7.182) 


From (7.173), the @q have the sum value constraint 


L+1 L+1 


24 id =2>— Aig = 2Ere(0) . (7.183) 
1=1 
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Define § C R4+! as the set of all (Z+1)-component vectors {-y : Set) = 
2Er,(0)}. The set 5 is convex, since for any pair of vectors ~y; and “y; the 
convex combination Oy; + (1 — 8)y; is contained in § for any 0 < @ < 1. 
If the pairwise error probability is treated as a mapping from S to R, then it 
is a convex function of -y and, hence, has a unique minimum. For example, 
Fig. 7.19 shows the pairwise error probability for a three-tap channel (L = 2, 
D = 1) with equal strength taps (y1 = yo = 3). Note that the value of 
yz is determined uniquely by the values of yy and ‘yo, and that is why a 
three dimensional graph is used. By using variational calculus, it is shown in 
Appendix 6A that the pairwise error probability is minimized when the @; q are 
all equal, ie., A4,qg = A = re(0)E/(L + 1), resulting in the minimum pairwise 
error probability 


1— p\ PE PCH! (yg ty —14m\ f14p\™ 
Prin = {> s- —— 
m=0 1 


(7.184) 


/4N, 
me ee he 71 
PVT AX/4N, eo) 


For a given error event, the pairwise error probability is minimized when Ag 
is perfectly conditioned, i.e., c(Ag) = 1. Recall that c(Ag) = c(XgEXa) < 
(c(Ba))” c(E), where (c(3iq))* represents the ratio of the maximum and min- 
imum channel tap variances (04) max/(04)min. We have seen that E depends 
only the signal constellation being used and the channel vector length L + 1. 
However, Ag has information about the signal constellation and power distri- 
bution of the fading ISI channel. It follows that c(Ag) < c(E) with equality 
if and only if the channel has equal strength taps. This means that any system 
has the best performance when the fading ISI channel has equal strength taps. 


6.3. COMPUTING THE UNION BOUND 


Many algorithms have been suggested for evaluating the union bound on the 
error probability. One technique is to obtain a union-Chernoff bound by finding 
the transfer function of the error-state diagram and imposing a Chernoff upper 
bound on the complementary error function appearing in (7.177). This approach 
has three draw backs i) the Chernoff bound is very loose when the channel 
exhibits a deep fade, i1) the transfer function is difficult to obtain for large-state 
systems, and ili) if the exact pairwise error probability is available, then the 
transfer function approach cannot be used. To overcome these difficulties, a 
method based on the error-state transition matrix can be used for calculating 
the upper bound [7], but it demands a very large amount of computer memory. 
Here we discuss another alternative that uses an error-state diagram with a 
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Figure 7.19. Pairwise error probability for a three-tap fading IS] channel, from [158]. 


one-directional stack algorithm. Note that other types of algorithms could also 
be used for this calculation [284]. 


6.3.1 ERROR-STATE DIAGRAM 


To evaluate the upper bound, the error-state diagram must be defined. As- 
sume a system with Ny error-states, Vo, Vi, ---, Vny—1- By splitting the zero 
state, an (Ny + 1)-node error-state diagram can be constructed such that the 
initial and final nodes, Vo and Vy,,, respectively, are zero-error states and the 
intermediate nodes are non-zero error states. Let t;; denote the branch-weight 
associated with the V; to V; transition, defined as follows: 


taj = Pi Zt Zp (7.186) 
where 
= Z, and Zp» are intermediate (dummy) variables. 


= P;; is the fraction of correct symbols x; such that the transition from V; to 
V; is possible. 


= 1; is the number of bit errors associated with the transition fromV; toV;. 


w Aj; is given by (7.169)°, but we emphasize that it is a function of the V; to 
V; transition. 


°Here we assume equal diversity branches, ie., Ba = BH, Wd, so that Akg = Ag, Vad. 
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From the definition of ¢;; in (7.186), the weight of a particular path in the 
error-state diagram is 


an ij ee Ai; 
[Tryarr gpm A (7.187) 
Ga) 


where {(i, j)} denotes the set of state transitions associated with the path under 
consideration. Note that each path beginning at the initial node and ending at 
the final node in the error-state diagram represents an error sequence € € E, 
where the set E is defined in (7.148). From (7.187) 


Il 8 (7.188) 
{(i.3)} 
e)= Do uy (7.189) 
{(i3)} 
and 
A= So Aq: (7.190) 
{(i,i)} 


These values are required in the calculation of (7.152) or (7.153). 


6.3.2 THE STACK ALGORITHM 


The union bounds in (7.152) and (7.153) require the calculation of an infinite 
series. In practice, the mathematical rigor must be sacrificed by truncating the 
series at an appropriate point. The basic idea of the stack algorithm is to include 
the R error sequences € € F that correspond to the R largest terms in (7.152) or 
(7.153). The value of R is chosen so that the rest of the terms in the union bound 
are insignificant. Alternatively, the union bound can be truncated by excluding 
all paths that have a pairwise error probability P; less than a threshold Pr. 

The stack algorithm maintains a stack with each path (entry) containing the 
following information; terminal node, [T¢¢,)} Pigs Dyi.gy} Yas» L(a,g)} Aaa» 


and the intermediate bit error probability Py. Here, Py is calculated by 


Pr= [J Py: So uy -Pr{l(x — €) > T(x)|x} (7.191) 
{(i,3)} {(i,3)} 


where P,{I'(x — €) > I'(x)|x} is calculated by using (7.181) along with the 
eigenvalues associated with the matrix }74(;,;)} Aij- 

The stack is ordered (from top-to-bottom) in order of decreasing intermediate 
bit error probability Py. The algorithm first checks if the top path has terminated 
at the final node. If it has, then the algorithm outputs Py which is one of the R 
terms that will be included in the calculation of (7.152) or (7.153); otherwise, 
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the top path is extended and the stack is reordered. Since the top path has the 
largest Py, it is likely that the extensions of this path will correspond to one or 
more of the R dominant terms that are of interest. All paths with the same P; 
can be grouped together for easier sorting of the stack. The complete algorithm 
is given in Fig. 7.20 and is described as follows. 


1. Load the stack with the initial node, set all the parameters equal to zero, and 
input the threshold value Py (described below) or R. 


2. Determine if the top path terminates at the final node. If it does, then go to 
Step 3; otherwise go to Step 4. 


3. Output P;, and determine if the algorithm should be terminated. If yes, 
then terminate the algorithm; otherwise delete the top path and go to Step 
2. 


4. Extend the top path and calculate |T1¢; 3)) Pigs Lo ci.gy} Wag Gay} Ajj; 
and Py for all of the extension paths. 


5. Delete the top path. 


6. Insert the new extension paths and rearrange the stack in the order of 
decreasing intermediate bit error probability Py. 


7. Go to Step 2. 


64 EXAMPLES 


Union bounds will now be evaluated and compared with computer simula- 
tions for two example systems by using the above procedure. In the simulations, 
Ge a= o*, Vi, d. The tap coefficients are generated by passing independent 
complex white Gaussian noise through a digital Butterworth filter with a nor- 
malized 3-dB cut off frequency equal to fT’ = 8.333 x 107 Hz, typical of an 
HF channel [201]. All analytical results are obtained by setting the threshold 
Pr = 107? + Pax, Where Pmax is the maximum term in the upper bound in 
(7.193); 

Example 7.6 BPSK Modulated System 

A three-tap channel with BPSK modulation is analyzed in this example, 
where x, € {—1,+1}. There are three different error symbols in this case, ie., 
€, € {0, +2}. The error-state diagram is shown in Fig. 7.21. Observe that the 
error-state diagram is symmetrical in that there are always two paths having the 
same set of parameters P{¥(e)}, w(e), and A. Combining all such pairs of 
paths together, results in the simplified error-state diagram shown in Fig. 7.22. 
For equal strength taps, Aj; = o7E;;, where E,; is given by (7.159). The 


aj 
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Initialization 
r=0,sum=0,R,P, 


sum=sum+P, 
r=r+l 


Figure 7.20. The stack algorithm for computing the error probability union bound with MLSE, 
from [300]. 


branch weights for the error-state diagram are defined in Table 6.1. Since E,; 
is Hermitian, only the lower triangular elements of the matrix E;; are given. 

Fig. 7.23 compares the union bound with simulation results. The received 
branch bit energy-to-noise ratio 7, can be obtained from (7.41). For D=1, 
the union bound is loose by about 2 dB for bit error probabilities less than 
10-3. However, for D = 2, the union bound is tight to within 1 dB. This is 
reasonable because the channel is unlikely to experience a deep fade on both 
diversity branches where the union bound becomes loose. In general, the bound 
is tighter for larger 7, and D. 


Example 7.7 QPSK Modulated System 

This example considers QPSK on a two-tap channel model. The x, are 
complex taking on the values exp {j(1/4 + kw/2)}, k =0, 1, 2, 3. There 
are nine different error symbols in this case, i¢., ex € {0, V2, +7 V2, +V2+ 
jV2}. It is left as an exercise to the reader that Fig. 7.24 represents a simplified 
error state diagram. The branches labeled with “2” represent two error-state 
transitions. For example, the branch 612 represents the error-state transitions 
€12 = +(V2, 7 V2) and ey2 = +(2, —j V2). The transition-gains are shown 
in Table 6.2, where only the lower triangular elements of B;; are given. Fig. 7.25 
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Figure 7.21. _ Error-state diagram for the BPSK system, from [300}. 


Figure 7.22. Simplified error-state diagram for the BPSK system, from [300]. 


compares the union bound with simulation results. For D = 1, the difference 
is about 4 dB. However, for D = 2 the difference is only 1.5 dB. 
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branch Pi; Uij €11 €21 €22 €31 €32 €33 
bor 1.0 1.0 4.0 0.0 0.0 0.0 0.0 0.0 
bio 0.5 1.0 4.0 4.0 4.0 0.0 0.0 0.0 
bis 0.5 1.0 4.0 -4.0 4.0 0.0 0.0 0.0 
bia 0.5 0.0 0.0 0.0 4.0 0.0 0.0 0.0 
boo 0.5 1.0 4.0 4.0 4.0 4.0 4.0 4.0 
bas 0.5 1.0 4.0 -4.0 4.0 -4.0 4.0 4.0 
bog 0.5 0.0 0.0 0.0 4.0 0.0 4.0 4.0 
b32 0.5 1.0 4.0 4.0 4.0 -4.0 -4.0 4.0 
bss 0.5 1.0 4.0 -4.0 4.0 4.0 -4.0 4.0 
bsa 0.5 0.0 0.0 0.0 4.0 0.0 -4.0 4.0 
at 0.5 1.0 4.0 0.0 0.0 4.0 0.0 4.0 
oi?) 0.5 1.0 4.0 0.0 0.0 -4.0 0.0 4.0 
bas 0.5 0.0 0.0 0.0 0.0 0.0 0.0 4.0 


Table 7.1. Branch weights of BPSK modulated system, from [300] 


7. ERROR PROBABILITY FOR 7/2-SPACED MLSE 
RECEIVER 


Referring to Fig. 7.6, let X(z), V(z), and V(2) (z) be the z-transforms 
of the input sequence x, the 7-spaced received sequence v and the 7/2- 
spaced received sequence v?), respectively. The mappings from X(z) to 
V(z) and from X(z) to V©)(z) are one-to-one and both the T-spaced and 
T/2-spaced MLSE receivers operate on noisy sequences that are corrupted 
by noise samples with variance N,. Therefore, we only need to compare the 
Euclidean distances between allowed sequences of channel outputs to determine 
the relative performance of the T- and 7/2-spaced receivers. 


7.1. T-SPACED MLSE RECEIVER 


From the definition of the error event in (7.144), the z-transform of the error 
sequence is 


E(z) = ex, + i412 +...+ tigataize (7.192) 


356 


107! + T T 
107 4 4 
F 
se) 
3 D=1 
e 
a 10% 4 
. 
8 D=2 
ai 
5 
10 + 4 
107° " 1 1 4 re 
5.0 10.0 15.0 20.0 


Received Bit Energy to Noise Ratio (in dB) 


Figure 7.23. Comparison of union bounds with simulation results for BPSK on a three-equal- 
tay T-spaced fading ISI channel, [300]. 


Figure 7.24. Simplified error-state diagram for QPSK system, from [300]. 
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branch Pim Um eu €21 €22 
bor 1.0 1.0 2.0 + 50.0 0.0 + j0.0 0.0 + j0.0 
bea 1.0 1.0 2.0 + 50.0 0.0 + j0.0 4.0 + j0.0 
a? 0.5 1.0 2.0 + j0.0 2.0 + j0.0 2.0 + j0.0 
bp?) 0.5 1.0 2.0 + 50.0 ~2.0 + j0.0 2.0 + 50.0 
Bi) 0.25 2.0 4.0 + j0.0 2.0 — j2.0 2.0 + j0.0 
Bf?) 0.25 2.0 4.0 + j0.0 —2.0 + 72.0 2.0 + j0.0 
of) 0.25 2.0 4.0 + j0.0 0.0 — j4.0 4.0 + j0.0 
of?) 0.25 2.0 4.0 + 50.0 —4.0 + j0.0 4.0 + j0.0 
b3s 1.0 0.0 0.0 + j0.0 0.0 + j0.0 4.0 + j0.0 


bas 1.0 0.0 0.0 + 70.0 0.0 + 70.0 4.0 + 70.0 


Table 7.2. Transition-gain examples of QPSK system, from [300] 


where €, = 2, — Z,. The z-transform of the signal error sequence associated 
with the error event is 


Ey(z) = (Vij ~ dk, ) + (Vig +1 ~ m4" Pat (Uk, —e-1 a Bi ge1)2 tt 
(7.193) 

and we have 
Ey(z) = E(z)G(z) . (7.194) 


From (7.155), the squared Euclidean distance A? of the error event in (7.144) 
is [127] 


ky +e-1 2 


L 
o ps GiEk-i 


k=k, li=0 
[ Ex(z)E5 (1/z") Jo 
[ E(z) F(z)E*(1/2") Jo (7.195) 


A? 


where [ - J is the coefficient of z°. 


7.2. T/2-SPACED MLSE RECEIVER 


For the same error event described in (7.144), the corresponding z-transform 
of the 7/2-spaced error sequence is 


E(2) (z) = (2) + re a +...+ ee : (7.196) 
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Figure 7.25. Comparison of union bound and simulation results for a QPSK on a two-equal-ray 
T-spaced channel, from [300]. 


Notice that (?) = x?) _ al?) is zero for even k. Therefore, €(2)(z) = 


E(z?). The corresponding z-transform of the 7/2-spaced signal error sequence 
associated with the error event in (7.144) is 


EA) (z) = E17) (z)G)(z) (7.197) 


From (7.155), the squared Euclidean distance of the error event in (7.144) is 


‘ 2(kit€—-1) | ab aa 2 
(AM) = SY Wyo g 2), 
k=2k, |i=0 


[ EP) (2)EP)"(1/z*) Jo 
[ € (z) FO (z)EP" (1/2*) Jo 
[ E (22) FP) (z)E*(1/z*?) Jo . (7.198) 


Note that polynomial E(z?) €*(1/z**) has the property that the odd powers 
of z have zero coefficients. Therefore, the contributions to the coefficient 
[ E(z*) F) (z)E*(1/z*?) Jo arise only from the coefficients of F()(z) as- 
sociated with even powers of z. Note also from (7.42) and (7.43) that the 
coefficients on of F)(z) associated with even powers of z are equal to the 
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coefficients f, of F(z), ie., f2) = f,. Therefore, 


(AM) = [é(27) PO) e*(1/2"") jo = [ER)FR)E* 1/2") ln = A? 
(7.199) 
Consequently, the error probability performance of the 7- and T/2-spaced 
MLSE receivers are identical. 


Example 78 
Let 
E(z) = et ez} + egz? 
FOR (z) = p22 4 fo 4 pO) 4 ped 4 plz? | 
Then 
F(z) = faztfot he? = fQ2t frst pPer 
EN2) = egtez?+enz . 
Therefore, 
[E(2)F(z2)E*(1/2") Jo = (leo! + lerl? + lea?) fo 
+eei fi + reg f—1 
and 


* 2 
[E (2) FP) (z)EP)"(1/z*) Jo = (lol? + ler? + leal?) 0° 
tenet fies 


Hence, A? = (A®))?. 


7.3 PRACTICAL T/2-SPACED MLSE RECEIVER 


The receivers in Figs. 7.3 and 7.6 use a filter that is matched to the received 
pulse h*(—t). Since this filter requires knowledge of the unknown channel 
impulse response, it is impractical. One solution is to implement an ‘ideal’ 
low-pass filter with a cutoff frequency of 1/T and sample the output at rate 2/T. 
The noise samples at the output of this filter will be uncorrelated and, therefore, 
the 7/2-spaced MLSE receiver can be implemented. Vachula and Hill [332] 
showed that this receiver is optimum; however, it has some drawbacks. First, 
it is not suitable for bandwidth efficient systems that are affected by adjacent 
channel interference such as the North American IS-54 and Japanese PDC 
systems, because the cutoff frequency of the low-pass filter will extend signifi- 
cantly into the adjacent band. Second, the ideal low-pass filter is nonrealizable 
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Figure 7.26. Block diagram of system that implements a filter matched to ha(t) followed by 
a T'/2-spaced noise whitening filter. The structure of the noise whitening filter depends only on 
the pulse a(t). 


and difficult to approximate. One solution is to use a receiver filter that is 
matched to the transmitted pulse hg(t) as suggested by Hamied and Stiiber 
[159]. Chugg and Polydoros have suggested a similar approach [53]. If the 
received pulse /A(f) is time-limited, then such front-end processing is optimal 
only if the channel rays themselves are 7/2 spaced. However, if the transmitted 
signals are strictly bandlimited with at most 100% excess bandwidth, then rate 
2/T sampling satisfies the sampling theorem and the 7/2-spaced samples will 
provide sufficient statistics as we now show. 

Let HY”? (z), C)(z), and H()(z) bethe z-transforms of the T/2-spaced 
discrete-time signals corresponding to hg(t), c(t), and A(t), respectively. The 
z-transform of the autocorrelation function of the noise samples at the output of 
the receive filter hy (—t) is NoF\”’(z) where F,” (z) = HY?) (2) (H&?(1/2"))”. 
Using the factorization 


FP)(2) = GP)(2) (GP (1/2) (7.200) 


the 7/2-spaced noise sequence can be whitened by using a filter with transfer 
function 1/(G(/2")) . The resulting system is shown in Fig. 7.26. We 
now show that the receivers in Figs. 7.6 and 7.26 yield identical performance. 

The z-transform of the overall 7/2-spaced discrete-time channel that in- 
cludes the noise-whitening filter is 


G22) = HO (2)0(2)(HP(1/2")) (GP (a/2"))" 
C2) (2)GP) (z) . (7.201) 


On the other hand, referring to the conventional system shown in Fig. 7.6, we 
have 
H)(z) = H()(z) C?)(z) (7.202) 


and 


FO)(z) = HP)(2)(HP)(1/2*)) C@(z)(CM1/z"))" . (7.203) 
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Let 
C)(z)(C@(1/2"))" = GP (2) (GP (a/z"))" (7.204) 


be a factorization of C?) (z) (c@1/2*))" such that (GP) (ayery)" has min- 
imum phase. Using (7.200), (7.203) and (7.204) yields 


F(z) = Gz) (GP a/z*))"a (41 /2*))” . (7.205) 


The transfer function of the noise-whitening filter must be chosen as 


1/( (GP a/e))" (EP a/2))") . (7.206) 


Therefore, the overall transfer function at the output of the noise whitening 
filter is 
GO(z) = G (z)GO (2) . (7.207) 


The equivalent response G?) (ei) in (7.201) has the same amplitude as 
G2) (ed) but different phase. Also 


G2(2)(GQ(1/2t))" = FR(z) . (7.208) 


Therefore, the Euclidean distance between sequences of channel outputs for 
the T-spaced and T/2-spaced systems are the same. It follows that the system 
shown in Fig. 7.26 has maximum likelihood performance. The main advantage 
of the system in Fig. 7.26 is that the noise-whitening filter does not depend on 
the unknown channel and has a fixed structure. The channel estimation can 
be performed after the noise-whitening filter and the Viterbi algorithm can be 
implemented using the metric in (7.129). Although the number of computations 
needed in the 7/2-spaced MLSE receiver is twice that of a T-spaced receiver, 
the latter can not be implemented for unknown channels. Moreover, a T-spaced 
MLSE receiver has poor performance when it is implemented with a matched 
filter that is derived from an inaccurate channel estimate [252]. 


7.4 TIMING PHASE SENSITIVITY 

The conventional MLSE receiver based on T-spaced sampling at the output 
of the matched filter suffers from sensitivity to the sampler timing phase [274]. 
We now show that a 7/2-spaced MLSE receiver is insensitive to the sampler 
timing phase. 

For a given a timing offset ¢,, the sampled impulse wae at the output of 
the matched filter is resented by the vector f° ) where i 1, = F(kT’ to) 


and J” = T/2. Note that ie # bie i in this case. The DTFT of f°) is 


Fp (eh) = FO) (ele essen 728) 
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where 79 = tg/T’. If the sampler phase is known, then a discrete-time filter 
with response e*“70 after the sampler will give the symmetric signal f(?) at 
its output. However, as we now show, there is no need to correct the phase. 

The power spectrum of the noise at the output of the matched filter is 
independent of the timing offset éo and is given by 


Sw(f) = NoF?)(e™) . (7.210) 
Since the DTFT of the noise-whitening filter is 
1/(G? (1/2")) "lew = 1/(G)(e))* (7.211) 
and we have 
FO (ei#) = Ge!) (GP (e%))* = [GM (eM)? (7.212) 


it follows from (7.210) that the noise is white at the output of the noise-whitening 
filter. The DTFT of the message signal at the output of the noise-whitening 
filter is 


GP (el) = GO (el) etie70 (7.213) 
and we have 
1 /* 
Ye? = + iP = = | IG) (eI) (2du (7.214) 
This means that , . 
GO (2)(GP)* 1/2") = FO (2) . (7.215) 


Therefore, the distances between allowed sequences of channel outputs with the 
T/2-spaced MLSE receiver is insensitive to the sampler phase eJ“7°, Since 
the noise remains white the performance is also insensitive to the sampler phase. 


8. MIMO MLSE RECEIVERS 


In this section, we derive the optimum and suboptimum MLSE receivers for 
co-channel demodulation of digital signals corrupted by intersymbol interfer- 
ence (ISI). By modeling the overall system as a discrete-time multiple-input 
multiple-output (MIMO) channel, the optimum MIMO MLSE receiver is de- 
rived. By following the same arguments used for single-input single-output 
(SISO) channels, a T/2-spaced MIMO MLSE receiver is shown to have the 
same performance as the 7-spaced receiver, but with insensitivity to timing 
phase errors. The optimality of a practical T/2-spaced receiver is shown, that 
consists of a filter that is matched to the transmitted pulse, followed by a rate- 
2/T sampler, a 7/2-spaced noise whitening filter and a Viterbi algorithm. The 
optimum MIMO MLSE receiver requires complete knowledge of all co-channel 
signals. In many cases, this is impractical or even infeasible. For such cases, 
we discuss an interference rejection combining MLSE (IRC-MLSE) receiver. 
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8.1 SYSTEM AND CHANNEL MODEL 


Consider a system where the signals from K co-channel signals are re- 
ceived by J antenna elements. This system can be modeled by a multiple-input 
multiple-output (MIMO) channel, where the channel inputs are the symbol 
sequences from the K co-channel users and the channel outputs are the com- 
bination of the signals that are received from the co-channel users at each of 
the J receiver antenna elements. The problem is similar to CDMA multiuser 
detection. However, while each user in a CDMA system uses a unique spread- 
ing sequence, the K co-channel transmitters in a TDMA system all use the 
same pulse shaping filter ha(t). The impulse response of the channel between 
the kth user and the jth antenna element is denoted by g*4)(t), where we 
have assumed that the channels can be modeled as time-invariant linear filters. 
The case of time varying channels will be considered later. While the channel 
introduces fading and time dispersion into the received signals, these same 
effects allow the co-channel signals to be distinguished at the receiver, since 
the received pulses h'*9)(t) = g(*J)(t) @ ha(t) are all distinct. 

The received signal at the jth antenna element is 


K 
> 3 x") nh) (t — eT — 14) + A(t) (7.216) 


where T, (0 < 7, < T) is the random transmission delay due to asynchronous 
users and 7{)(£) is additive white Gaussian noise (AWGN) assumed to be 
independent on the different antenna branches. For our purpose, the channel 
g‘*J)(t) is modeled by £4) arriving rays so that the impulse response has the 
form 


Ld) 
g(t) = So albdeien” 54 — 7()) (7.217) 


n=1 


where all 9) , of fd) ,and hts ) are the amplitude, phase, and delay of the nth 


arriving ray from the kth transmitter at the jth antenna element. The parameters 
afd ) Ged), ) and rhe ) vary with time, but the explicit time dependency is not 
shown here since these parameters vary slowly compared to the baud duration. 
It is safe to assume that the channel impulse responses g‘*4) (), & = 
1,...,K are uncorrelated for fixed j; however, the g(t), 7 = 1,...J 
for fixed k are usually correlated, especially on the reverse link of a cellular 
system where the signals arrive at the base station with a narrow angle of arrival 
spread. 
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8.2 JOINT MAXIMUM LIKELIHOOD SEQUENCE 
ESTIMATION 


The joint maximum likelihood sequence estimation (J-MLSE) receiver pro- 
cesses the total received vector 


Fe) = FO (1), FO), ... FM) 
to generate the ML estimate of the information sequence 
x = (x), x), xl) 
where x(*) = = {xi My, To derive the structure of the joint ML receiver, we 


follow same approach used in Section 2.1. Let {y,(t)}denote a complete 
set of orthonormal basis functions defined over the interval (0,7). Then 


N-1 
F(t) = S> FD yp, (t) + Z(t) (7.218) 
n=0 
where 
. K . . 
FD) = Scaled 4 a (7.219) 
k=1 @ 
where 
- 
nei) = [x k(t — OT — rp) ph (t) dt (7.220) 
0 
A ae [a AI) (t)p% (Bde. (7.221) 
Define the received vector 
B= (FO) pA). rl) 
where #9) = = {FP }. Since the noise components 7 a’ ) associated with the J 


antenna elements are areas zero-mean sonipler Gaussian random vari- 


ables with variance LEAs i) |?] = No, the received vector f has the multivariate 
Gaussian density 


7 N-1 1 J 
p(#|x,H) = Il ow, = aa af IN, #0) _ 3 aMalt Ka) 
j= 


k=1 € 


(7.222) 
The optimum receiver chooses x to maximize p(w|x, H) or, equivalently, the 


metric 
2 


K 
(9) = s- So ol) ales) . (7.223) 
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Since 7774 = 4 es |? is independent of x, maximizing (7.223) is equivalent 
to maximizing 


j=l = 
kK K nn, N=1 . - 
-Y Verve se” ye Herne” | . (7.224) 
k=1h/=1 € 0 na 


To proceed further, define 


N-1 
yA oa. ;\* 
yh) A yi, 3 wd) phy) 
= i. w)(t)nd)" (¢ — OT — 7) dt (7.225) 


(I> 


fh vim, a nl ad) p(k J)" 


lI 


[- n&INt — eT — tp) AI (t — OT — Ty) dt (7.226) 
—o 


giving 
: SF (6) (he) 
p(x) = D {2Re{ Sah Yo "| 
é 


hh) gh)" pk P| . (7.227) 
e 
It follows that the ML receiver processes the {yd } and { firs ) } to deter- 
mine the most likely sequence. The integral in (7.225) represents the output 
of the kth matched filter at the jth antenna element and the a a ) are the 
ISI coefficients for the jth antenna element. It follows that the ML receiver 
employs a bank of K matched filters at each of the J antenna elements and 
combines together all JK matched filter outputs to generate the ML estimate 
of the transmitted sequence. From a ae and (7.226), we note that the ML 
receiver requires knowledge of the {hi RI) (t (t)} and the {7; }. 

The noise samples at the output of the matched filter AI)" (t) are 


yh) — yk (ET) = [- nD (t)h®3)" (t — eT — 14) dt (7.228) 
which from (7.226) have autocorrelation function 


bk D(n) = 5B ly yf), (k a) = Ny fhe) (7.229) 


vy 
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This leads to the overall discrete-time model 


yr) = -> So alk) pA) ed) (7.230) 
k/=1 7 
If we define 
= Oe,” ) (7.231) 
xe = (2),...,20) (7.232) 
vV) _ ($19) V9) (7.233) 
FU) = Ea eee (7.234) 


then (7.230) has the convenient matrix form 


y) = Sox FO) +0 | (7.235) 


The above development leads to the overall system model shown in Fig. 7.27. 


Kt) 


03) 
ae 
VT 
ye 
VT 


‘ ye 
VT 


Figure 7.27. | Overall MIMO system model. 


8.3. DISCRETE-TIME MIMO CHANNEL MODEL 
Analogous to the discrete-time model for digital signaling on a single input — 
single output (SISO) ISI channel, the MIMO ISI channel can also be described 
by acollection of J parallel discrete-time white noise channel models. A matrix 
noise whitening filter is used to whiten the noise samples at the outputs of the 
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bank of matched filters for each antenna element. Suppose that the channel 
impulse response A(*)(t) has length L)7, i.e., h)(t) = 0 for t < Oand 
t > L“)7, Then the channel matrix filter for the jth antenna element can be 
defined as [93] 
Lj 
FU (z)= So Fz (7.236) 
n=—L; 

where L; = max, L‘*3), This is a straight forward extension of the conven- 
tional SISO ISI channel where F(z) = %=',,, faz”. An asynchronous 
MIMO channel is described by a matrix filter and the range of summation in 
(7.236) must be expanded from (—L; + 1,£; — 1) to (—Z;, L;) in order to 
account for the random user delays. For an ideal channel (with no ISI) the 
channel matrix filter in (7.236) is 


N 
F(z) = > FU)z-" (7.237) 
n=-N 


where NT is the length of the transmitted pulse, i.e., ha(t) = 0 for t < 0 and 
t > NT. For a synchronous ideal MIMO channel 
N-1 
FY(2)= SO FY2” (7.238) 
n=—-N+1 
By using (7.226), it can be shown that the ISI coefficients have the symmetric 
property 
ay A (7.239) 


and, therefore, FY _ po" where H denotes Hermitian transposition. 
Hence, F()(z) has the symmetric form 


F(z) = FO)" (1/z*) . (7.240) 
It follows that the channel matrix filter FY)(z) can be factored as 
F(z) = G9) (z)GO" (1/2*) : (7.241) 


Example 7.9 
Consider a two user system with a single receiver antenna. Since J = 1, we 
can omit the index (7). Let Z = 1 and F(z) be 


F(z) = F¥z+¥Fo+Fi27! 
- 1 0.48 + 0.4827! 
0.48 + 0.482 1 


_ f 0 0 1 0.48 0 0.48], 
= aa a 128 lous 1 ear 0 IE 


368 


The matrix spectral factorization of F(z)has the form 
F(z) = G"(1/z*)G(z) 
= [Go+Giz*)* [Go+ Giz] 
Fp and F, can be represented by 
Fo = GiGo+ GG; 
F; = GjG, , 


where Go is lower triangular and F, is upper triangular with zero diagonal. 
In turn, G, must be upper triangular with zero diagonal. This results in the 
spectral factorization 


i. Los 08 | +Lo 0 Je] ([o3 os |+{o 0 jz" 


The matrix noise whitening filter (G¥(1/z*)]~’ is anticausal and stable with 
an infinite length. 


-1 
H *\1—L1 —_ 0.8 0.6 
eee) = ae ne | 
= a | 0.8 nd 
~ 0.64 ~ 0.362 | —0.6z 0.8 


In practice the filter [G¥ (1/z*)]~* can be approximated as a finite length filter 
with sufficient delay. Finally, the overall discrete-time white noise matrix 
channel has transfer function 


G(z) = | i Ae + E a en 


As analternative, it is possible to choose [G(z)]~ ‘as the matrix noise whitening 
filter. In this case the matrix noise whitening filter is stable and causal. This fact 
makes no difference in the performance of an MIMO MLSE receiver. However, 
it is important to choose the matrix noise whitening filter as [G¥(1/z*)]"* 
for some reduced complexity co-channel receivers such as those that employ 
reduced-state sequence estimation (RSSE) [110], delayed decision feedback 
sequence estimation (DDFSE) [90], or symbol-by-symbol co-channel receivers 
that employ decision feedback MIMO equalization. 


Ifthe sequence #4) (z) is input to the matrix noise whitening filter, the output 
is 
v9 (z) = GO) (z)x(z) + nF (z) (7.242) 
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where 7)(z) is white Gaussian noise with power spectral density 


Spano (f) = Nol . 2) 
In the time domain L, 
vy) = >> xen!) + ny (7.244) 
n=0 
where 
v= (vl). of) (7.245) 
ni a (nf, ... nf) (7.246) 


The optimum receiver consists of a bank of K matched filters at the output of 
each antenna element, followed by a baud-rate sampler and a K x K matrix 
noise whitening filter. With J-branch diversity reception, the overall matrix 
channel consisting of the transmit filters, channels, matched filters, samplers, 
and matrix noise whitening filters, can be modeled as a parallel collection of 
J T-spaced matrix filters with independent white noise sequences as shown 
in Fig. 7.28. To determine the number of states in the overall channel model, 
we first define Ly, = max; L*3) as the length of the channel memory for the 


K 
kth input. Then there are 2” Dker Et states, where 2” is the size of the signal 
constellation. 


Figure 7.28. _ Discrete-time white noise MIMO channel model. 


Similar to the receiver derived by Ungerboeck [328], it is possible to im- 
plement the ML receiver by directly operating on the sequences {y y at the 
outputs of the matched filters, thus eliminating the need for the matrix noise 
whitening filters. The metric for Ungerboeck’s receiver can be obtained from 
(7.227). 
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84 THE VITERBI ALGORITHM 


Suppose that m symbols from each of the K transmitters have been trans- 


mitted over the channel. Let V, = (vi? ve? ow), where vi) = 
(vi ) nn san )) denote the collection of vectors at the outputs of the matrix 


noise whitening filters on each of the J antenna branches at epoch n. After 
receiving the output sequence {V,, }”,, the ML receiver decides in favor of the 
sequence of input vectors {x,, }/., that maximizes the log-likelihood function 


log p(Vim,--- V1 Kroes X1) 


= log p(VinlzQ,... 00), 52,... te peep) pencg@s es) 
+log P(Vm-1; nabss »V1|Xm-1,- oe »X1) (7.247) 


The first term on the right hand side of (7.247) is the branch metric used 
in the Viterbi algorithm. The discrete-time white noise matrix channel model 
leads to the conditional density function 


gl?) ‘op EC) eK) 


mort m—L2)***) miottty m—Lr 


log p(Vin|a), ... gl) (2) 


1%m—L,? 


i i L . 
~ TN) Ka oP ("7 Yo Iv - > sn ni} (7.248) 
7 eo g=1 n=0 


where L = max, Ly. Note that some elements in the matrix ay ) may be zero 
if Ly # L, k =1,...,K in which case the branch metric computation can be 
simplified. The density in (7.248) leads to the branch metric 


J L 
fm = — SINR — Yo xm-nG iI? a 


8.5 PAIRWISE ERROR PROBABILITY 

Let x and xbe the transmitted and estimated symbol sequences, respectively, 
and define the error sequence € = x — x. The pairwise error probability is the 
probability that the receiver decides in favor of sequence x when sequence x 
was transmitted, equal to 


P(I(x — €) > I'(x)|x) = P (I(x) > I(x)) (7.250) 


where I'(x) = >>, fém is the path metric associated with the input sequence x 
with the branch metric jz,, defined in (7.249). From (7.249), 
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P(I'(x — €) > P(x)|x) 


L 
P bes | So €m—-nGY) + |)? 


J . 
<> In? |? 
m j=1 
J L oy 
= P{|>->-2R, {em Pal 
ce o£ . 
<= SYS em-nGY|? |. 7.251) 
Define 
L < 
A= VY IY en-meH |? (7.252) 
m j=l n=0 
J L ine 
x = DD eRe {3 en-nGllng (7.253) 


It can be shown that x is a zero-mean Gaussian random variable with variance 
4N,A?. Therefore, the pairwise error probability becomes 


AZ 
P(I'(x — €) > T(x)|x) = Q ( ea | (7.254) 


8.6  T/2-SPACED MIMO MLSE RECEIVER 


Suppose that the matched filter outputs y* )(t) are sampled at the correct 
timing phase but with rate 2/T. In this case, the discrete-time channel from 
the kth input to the jth output can be described by a 7/2-spaced transversal 


filter with coefficients Fieea = f(€T/2) and Flee = fer)” where the 
tilde denotes rate 2/T sampling. Since the timing phase is correct, we have 
piers Dg ji? ) It follows that the overall discrete-time matrix channel 
filter, denoted by 1) di z) has the factorization 


F(z) = GD (z)GO" (1/z") . (7.255) 
As with baud-rate sampling, the 7/2-spaced correlated noise samples can be 
whitened by using a stable anticausal matrix noise whitening filter with the 


nee = 
transfer function [Go ye (1/ z*)| . The output of the matrix noise whitening 


filter is oe 
6 (2) = G9) (z)x(z) + H(z) (7.256) 
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or in the time domain 
wy = “5 %e-nGY) + HY? (7.257) 


where {a )} is a T/2-spaced white noise sequence with power spectrum 
Sia(f) = Nol, The sequence {Xn} is the corresponding 7/2-spaced input 
_ ol sequence and is given by 


_ x » meven 
Xp, = { hie aan (7.258) 


3 


The overall system and equivalent discrete-time white noise models are shown 
in Figs. 7.29 and 7.30, respectively. 


Ht) 


Figure 7.29. | Overall MIMO system model with T'/2-spaced sampling. 


Note that the vector samples WY ) and vo correspond to the th received 
baud, where 


wy = 5a: nGy) + a (7.259) 
n=0 
Lj-1 a 
ee = > xe-nG?),, +1, (7.260) 


n=0 
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K-20. 1) 


Figure 7.30. Overall discrete-time white noise MIMO channel model with T/2-spaced sampling. 


With 7/2-spaced fractional sampling there are two samples per baud and the 
branch metric becomes 


J ‘ L So FS 
ite ==, {2 — Yo xXm—-n GP) |? 
j=l n=0 
Gy =,(j) 
+ l¥na1 -— >, rm iP (7.261) 
n=—0 


Once again, if L, # L,k =1,..., A then some of the GY) may be zero. No- 
tice that 7/2-spaced fractional sampling doubles the number of computations 


in forming the branch metrics as compared to T-spaced sampling. 


8.6.1 ERROR PROBABILITY 

We now generalize the result for SISO channels, and show that the T-spaced 
and 7T/2-spaced MIMO MLSE receivers have identical performance. For T- 
spaced sampling, define 


E(z) = So enz” (7.262) 

EY) (z) = Sovz2 (7.263) 
Then 

E)(z) = E(z)G) (z) (7.264) 


and 
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J L 
SSIS en-meP)|? (7.265) 
= n=0 


~ 

~ 
SK 

i 


M-«~ 


[EY (BY (1/2")] 


&. 
ll 
ran 


Ms 


[B(z)GO (2)GO" (1/z*)E*(1/2")| 


&. 
{| 
e 


Ms 


[E(2)F (2)E*(1 eae (7.266) 


&. 
Il 
~ 


For T/2-spaced sampling, define 


Therefore 


E(2) = 0&2" . (7.267) 
Since: Ey, = Xp» — Xp is zero for even k, we have E(z) = E(z?). Also, 
BY) (z) = B(z)G")(z) (7.268) 
yt o£ 7 
DS En-m GY |? (7.269) 


Ms 3M 
i 
= 
I 


[BY)(2)BP*(1/2")) , 


&. 
I 
_ 


Mes 


[B96 )G0" (1/e*)B(1/2")), 


&. 
Il 
pant 


Me 
“ee 


(2)F)(z)E*(1/2*)| 


& 
i 
a 


Ms 


[E(2?)F (z)E*(1 [2 )| : (7.270) 


Mw. 
Il 
ran 


where [ - ]o is the coefficient of 2°. Since the odd powers of E(z?2)E*(1/z*’) 


are zero and Fy» 


Foy we have A? = A?. Therefore, the 7-spaced and 


T/2-spaced receivers have identical bit error probability performance. 


8.6.2 


TIMING PHASE SENSITIVITY 


The 7T-spaced MIMO MLSE receiver must have knowledge of the set of 
delays {r,} 4 to generate the branch metrics. One of the greatest advantages 
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of a T/2-spaced MIMO MLSE receiver is its insensitivity to timing phase. 
Section 7. showed this property for SISO channels and here we generalize the 
result to MIMO channels. 

Suppose that the timing phase offset for the kth sampler and the jth antenna 
branch is t\*3) seconds. The 7/2-spaced sampled impulse response at the 
output of the matched filter h{*)"(—t) is Na I) PRR DOT! + thd), 
where T’ = T/2. Due to the timing phase offset, the ISI coefficients are not 
symmetric, ie., fp, piksk.3) #f ey )” Define the matrices 


PO) — [fler's) 
te lf lee ey 
mij) #lASRYS) 
ee (7.272) 


The discrete-time Fourier transform (DTFT) of FY He is 


FY) = So PEE) 
n=—2L; 
etIuT) Fal) (ei) (7.273) 


where et3¥T — (etjer) pt gw) ang p(k) = p(k) /T", 
Since the noise is circularly symmetric, the psd of the noise at the output of 
the jth matched filter is independent of the timing offset t and is given by 


Syypta(F) = NF (e3”) (7.274) 
The DTFT of the matrix noise whitening filter is 
ats . a= 
[GO" (aje* i we = [(GO" e*)] (7.275) 
and we have a re re 
FD) (el) = GA (eI%)GO" (ce) . (7.276) 


Hence, the noise at the output of the matrix noise whitening filter is white. 
Since the input data sequence is white, the DTFT of the message vector at the 
output of the noise whitening filter is 


GL) (civ) = etivT GU) (giv) (7.277) 
and we have 
. 1 H 
TGVay" = T|EN|a" = 5° [GME Yaw 


(7.278) 
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This implies that 

~ (a ~ (3\H ~7, 

G2 (2)GO" 1/2") = FO (z) . (7.279) 
It follows that the distances between allowed sequences of channel outputs with 
the T/2-spaced MLSE receiver is not sensitive to the sampler phase etiwT 
Since the noise remains white, the error rate performance is insensitive to the 
sampler phase. Finally, we note that (7.278) does not hold for the 7-spaced 
receiver due to aliasing of the signal spectrum. 


8.6.3 PRACTICAL RECEIVER 


Section 7. showed that the optimal front-end processing for a SISO ISI 
channel can be realized by a receiver filter that is matched to the transmitted 
pulse hg(t) followed by a rate-2/T sampler and a 7/2-spaced noise whitening 
filter. Here we generalize this concept to MIMO ISI channels. For a MIMO 
system where all input signals have the same form, a significant complexity 
reduction is realized by using this receiver. No longer is a matched filter bank 
required at each antenna element. As shown in Fig. 7.31, the receiver simply 
consists of a single matched filter for each antenna element followed by a rate- 
2/T sampler and a T/2-spaced noise whitening filter. Although the 7-spaced 
samples at the output of the filter h*(—t) are white, the 7/2-spaced samples 
are not and, therefore, the noise whitening filter is necessary. However, the 
structure of the noise whitening filter is completely known because it depends 
on the known filter h%(—t). 


al yd 
[Be(12*)] Ky 
2/T 


Figure 7.31. Practical MIMO system with T'/2-spaced sampling. 


We now establish that the systems shown in Figs. 7.29 and 7.31 yield identical 
performance. Assuming that rate-2/T sampling satisfies the sampling theorem, 
the two systems can be completely represented by their 7/2-spaced discrete- 
time signals. This is achieved, for example, by using raised cosine pulse 
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shaping with less than 100% excess bandwidth. Define 


cA) (t) = (eb (t),...,c[K)(t))7 (7.280) 
bP) = (ACI), AE)? (7.281) 


Leth, (z), €(z), and h(z) be the z-transforms of the T/2-spaced sample signals 
corresponding to h(t), and ¢e(f) and h(t), respectively. The z-transform of the 
autocorrelation function of the noise samples at the output of the receive filter 
h*(—t) is NoF,(z) where F(z) = ha(z)h*(1/z*). Using the factorization 


Fr(z) = Gn(z)9%(1/2*) (7.282) 


the T/2-spaced noise sequence at the output of the matched filter h* (—t) can be 
whitened by using a filter having the transfer function [gf (1/z*)]~! as shown 
in Fig. 7.31. Note that the noise whitening filter is not a matrix filter, but just a 
scalar filter. 

The z-transform of the overall 7/2-spaced discrete-time channel in Fig. 7.31 
that includes the noise-whitening filter is 


Beq(z) = ha(z )E(z)hi (1/2")/9,(1/2") 
€(z)Gn(z) . (7.283) 


Referring to the conventional system shown in Fig. 7.29, we have 


h(z) = ha(z)é(z) (7.284) 
and 
F(z) = ha(z)&(z)(ha(1/2*)e(1/z*))” = ha(z)e(z)E* (1/2*)ha(1/2") 
(7.285) 
Let 
&(z)é" (1/z*) = G.(z)G* (1/2*) (7.286) 


be a factorization of the matrix 6 (z)é# (1/z*) such that G #(1/z*) has minimum 
phase. Combining (7.282), (7.285) and (7.286) gives 


F(z) = Gn(2)GE (z)G2 (1/2")gR(1/2") . (7.287) 
The transfer function of the matrix noise-whitening filter is chosen as 
e -1 
[GEC/e)aC/2")] (7.288) 
Therefore, the overall transfer function at the output of the matrix noise whiten- 


ing filter is 


G(z) = gn(z)G-(z) . (7.289) 
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Finally, we note that 
Beq (2) Bey (1/2") = F(z) = G(z)G*(1/2") . (7.290) 


Therefore, the Euclidean distance between sequences of channel outputs for 
the system in Fig. 7.31 is the same as those for the 7/2-spaced MLSE re- 
ceiver in Fig. 7.29. Consequently, the system shown in Fig. 7.31 achieves 
ML performance. The main advantage of the system in Fig. 7.31 is that the 
noise-whitening filter does not depend on the unknown channel and has a fixed 
structure. Of course, the implementation of the noise whitening filter will still 
require substantial complexity. 

The receiver shown in Fig. 7.31 has a scalar output, while the receiver in 
Fig. 7.29 has a vector output and, furthermore, ao) ni is a vector while fet] dis 
a matrix. As a result, the branch metric used in the Viterbi algorithm needs to 
be modified accordingly. From (7.261) 


2 


J 
lim = ->~ 


j=l 


L; 
=(3) 
7 Ss; Xm-—nBeq,2n 
n=0 


2 


~(9) ~(7) 
OSn41 — - Xm- nBeq2nt1 
n=0 


4 (7.291) 


Although the 7/2-spaced receiver is optimum, there are several key issues 
that must be resolved before it can be implemented. First, receiver must be 
trained to derive an initial estimate of the chance vectors {g Fah di}. This synchro- 
nization and training problem is particularly challenging for an asynchronous 
TDMA cellular system where the training sequences are not coincident. With 
an asynchronous system different elements of the channel matrices are trained 
at different times. Second, the receiver must be able to track the channel vectors 
{ge} during data demodulation. Perhaps a per-survivor processing approach 
such as the one suggested in Section 5.1.1 could be used. 


8.7. INTERFERENCE REJECTION COMBINING 
MLSE 


In many cases, the structure of the CCI is often unknown. This is true for 
example with licensed cellular systems that use different common air interfaces 
in the same band. For example, AMPS, IS-54/136, and CDPD users all share 
the same band. Here we derive a MIMO MLSE receiver, called the interference 
rejection combining MLSE (IRC-MLSE) receiver, for such conditions. 

Once again, we assume that the receiver filter on each antenna element is 
matched to the transmitted pulse and followed by rate 2/T sampling. Since 
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the CCI has an unknown form, a matched filter is only required for the desired 
signal. The overall pulse response consisting of the transmit filter, channel, 
and receiver filter is f()(t) = c{9)(t) * p(t), where p(t) = ha(t) * h*(—t)is 
the overall response of the transmit and receive filters. The vector of matched 
filter outputs from the J antenna elements is 


L 
y(t) = }> wef(t — eT) + 2(t) (7.292) 
£=0 


where 


z(t) = (2 (t),..., 2 (4)? (7.293) 


and where LT is the length of the pulse f (9)(t). The vector z(t) is the 
impairment at the output of the matched filter due to the K co-channel signals 
plus AWGN, and has the form 


K 
z(t) = S_ ig(t) + v(t) (7.294) 


where 


v(t) = (q@(a),..., ny)? . (7.295) 


The matched filter outputs are sampled at rate 2/T and passed to a noise 
whitening filter. The noise whitening filter is sub-optimum in the presence 
of CCI, since the CCI at the input to the receiver filter can be viewed as 
colored noise. However, the noise whitening filter ensures maximum likelihood 
performance in the absence of CCI. The noise whitening filter is obtained 
by using the same procedure leading to the overall T/2-spaced discrete-time 
channel with the transfer function defined in (7.283). It follows that the overall 
channel consisting of the transmit filter, channel, and receiver filter, and 7/2- 
spaced sampler can be modeled as a 7/2-spaced tapped delay line with tap 
coefficients 

g) = (oy”,...,952,) 
where LpT is the length of the pulse h,(t). Define 


Gh) . (7.296) 
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Then the vectors V2,_ and V2.4; at the output of the noise whitening filter 
corresponding to the kth received baud are 


Lp 
Voz = >. x(k — £) G09 + Nox (7.297) 
awl 
Vor, = SY) wk — 2)Boe41 + fons (7.298) 
é=0 


To derive a feasible receiver structure, we now assume that the sampled 
impairment vector nx at the output of the noise whitening filter is a vector of J 
correlated complex Gaussian random variables having the joint pdf 


&s 1 i ee } 
= —————. —-n; R,-n 1299 
p(nx) (2n)J iR,| exp { gmk k k ( ) 
where |R,| is the determinant of R; and 
1 

Ry = 5E [raf] (7.300) 
Assuming an MLSE-like algorithm, the branch metric should be related to the 
likelihood of the impairment vector. At epoch k, the samples Vaz and Vox~+1 

are used by the Viterbi algorithm to evaluate the branch metric 

He = [Won ~ Wy] R3) [Woe — 0), 

+[¥oee1 — Ons) Roy [Words — O3¢41] (7-301) 


where 
QL, 2L,-1 
ty, = D> e(k — 2)B20 Geri = D> k- QB - 
£=0 £=0 


Notice that the metric calculation requires the correlation matrix R, and its 
inverse, and the subchannel impulse responses 


g (Go, 82,---, Ban,) (7.302) 
go = (Gives. n Roa) (7.303) 


Computing the inverse of Ry can be computationally intensive for large J, 
the number of computations required being proportional to J?. However, when 

= 2 (two receiver antenna elements) the inverse can be obtained by using 
direct matrix inversion (DMD), i.e., the inverse of the matrix R,is 


ee | Te | (7.304) 


[Re| Tk keg — Tki2Tka Lo Tha | Tkait 
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Division by the determinant |R,| is unnecessary provided that Ry remains 
constant over the decision delay in the Viterbi algorithm, since the determinant 
just scales all the path metrics. In this case, the Viterbi algorithm can use the 
simplified branch metric 


Me = [Vox = i,” adj (Rox) [Von — ay] 
+[Voeg1 — O3¢41) 7 adjRoe+1)[Vort1 — B3¢41] - (7-305) 


which only requires multiplications and additions. 

Finally, a metric combining MLSE (MC-MLSE) receiver is one that zeroes 
the off diagonal elements of the matrix Ry. The metric combining receiver is 
equivalent to maximal ratio combining when the channel is affected by additive 
white Gaussian noise. 


8.8 EXAMPLES 


The performance of the J-MLSE, IRC-MLSE and MC-MLSE receivers dis- 
cussed in the previous sections is now compared and contrasted. For this 
purpose, and EDGE (Enhanced Data for GSM Evolution) burst format is as- 
sumed. The EGDE burst format is the same as the GSM burst format described 
in Fig. 1.2. However, instead of the GMSK modulation used in GSM, EDGE 
uses 8-PSK modulation with square-root raised cosine pulse shaping with a 
roll-off factor of 8 = 0.5. For illustrative purposes, a T-spaced two equal ray 
model is assumed for the desired signal. The interference impairment consists 
of a single flat faded EDGE interferer. In all cases, the receiver front-end 
consists of a receiver filter that is matched to the transmitted pulse followed 
by a rate 2/T sampler and a noise whitening filter. The J-MLSE receiver has 
512 states, as defined by 2 symbols for the desired signal and 1 symbol for the 
co-channel interferer. The MC/IRC-MLSE receivers have 64 states, as defined 
by 2 symbols for the desired signal. Each simulation run consists of 3000 
frames of 142 8-PSK symbols. 

Fig. 7.32 shows the E/N performance of the three receivers for a fixed 
C/I = 30 dB. The J-MLSE receiver is the optimum receiver in the maximum 
likelihood sense and achieves the best possible performance in AWGN. The 
MC-MLSE receiver is also optimum for AWGN channels, but exhibits some 
degradation at higher E,/N, due to the co-channel interference that is present. 
The IRC-MLSE receiver give the worst £,/N, performance. 

Fig. 7.33 shows the C/ performance of the three receivers for Ey/No = 
30 dB. Observe that the MC-MLSE receiver gives the worst performance, while 
the J-MLSE receiver and IRC-MLSE receivers offer huge C/I performance 
gains. The best performance is realized with the IRC-MLSE receiver. Hence, 
the IRC-MLSE receiver sacrifices a small amount of £,/N, performance for a 
large gain in C/I performance. 
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Figure 7.32. Relative E,/No. performance of the J-MLSE, MC-MLSE and IRC-MLSE re- 
ceivers; C/I = 30 dB. 


It is curious that the IRC-MLSE receiver outperforms the J-MLSE receiver. 
First the J-MLSE receiver that we have implemented, does not have a sufficient 
number of receiver states due to pulse truncation effects. Hence, there is some 
residual intersymbol interference that can be significant at low C/I. Second, the 
overall signal constellation produced by the combination of the desired signal 
and the co-channel signal may degenerate such that the constellation points 
overlap. In this case, errors can occur even for large E/N values. 


APPENDIX 7.A: Derivation of Equation (7.184) 


Assume that (7.176) has M different poles y,, yo, --.,ya- Then the 
pairwise error probability is equal to 


ee le =| (- sViea) HI (- "| ; (7-7.A.1) 


Define the function -é(-y) = 4, y%; — C = 0, where C is a constant. The 
method of Lagrange multipliers suggests that 


OP, \ 0 


= =1,...,M 7-7.A.2 
Ovi oy, = : 
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Figure 7.33. Relative C/I performance of the J- MLSE, MC-MLSE and IRC-MLSE receivers; 
E,/No = 30 dB. 


for any real number X. It can be shown by induction that 


dP 1 1% ) ae ny ( uy 
ee ee ae a Jie 
OYK € 2V14+ % > fe Vk IT Yk 


itk jH#i,k 
1 yest . lm 4\7} 
Ef -3) GN) B08 
E Yi 20 2V 1+ %) oF, Yi 
1 1 ( a)" 
-{—, as | TWO - |] (7-7.A.3) 
(ar (1 + A) i#k Yk 


By solving (7-7.A.2) and observing the symmetry of P(-y) and the derivative 
(7-7.A.3) with respect to the permutations of ¥, it is apparent that the minimum 
of P(-y) is achieved when*ey; = y2 =... = ym. 


Problems 
7.1 Assume that a received signal is given by 


co 


y(t)= S°> a f(t-iT) 


1=—00 
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where x, = +1, and f(t) is a the minimum bandwidth pulse satisfying 
Nyquist’s criterion for zero ISI, i.e., 


JT (f\s1/27 

Fi={ 4 if] > 1/20 
and mee 
joy = set 


There are two problems associated with this pulse shape. One is the problem 
of realizing a pulse having the rectangular spectral characteristic F(f) given 
above. The other problem arises from the fact that the tails in f(t ) decay as 
1/t. Consequently, a sampling timing error results in an infinite series of 
ISI components. Such a series is not absolutely summable and, hence, the 
sum of the resulting interference does not converge. 


Assume that f(t) = Ofor |t| > NT’, where N is a positive integer. In spite 
of the restriction that the channel is band-limited, this assumption holds in 
all practical communication systems. 


a) Due toa slight timing error, the received signal is sampled at t = kT+to, 
where to < T. Calculate the response for ¢ = kT + to. Separate the 
response into two components, the desired term and the ISI term. 


b) Assume that the polarities of x; are such that every term in the ISI is 
positive, i.e., worst case ISI. Under this assumption show that the ISI 
term is 


2, al n 
ISI = ~ sin(nto/T) 2 n2 — t2/T2 . 


and, therefore, ISI 4 00 as N > oo. 
7.2. Starting with 
fo) 
= . h*(r)h(r + kT )dr 
—0o 


show that . 
F(e??"sT) = Fy(f) . 


73. Suppose that the impulse response of an overall channel consisting of the 
transmit filter, channel, and receive filter, is 


1 » fl < fe 
r= | boil | hells hu 


a) Find the overall impulse response f(t). 
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b) Is it possible to transmit data without ISI? 


c) How do the magnitudes of the tails of the overall impulse response 
decay with large values of t? 


d) Suppose that binary signaling is used with this pulse shape so that the 
noiseless signal at the output of the receive filter is 


y(t) = ) J anf(t — nT) 


where tn € {—1,+1}. What is the maximum possible magnitude that 
y(t) can achieve? 


74. Show that the ISI coefficients {f,} may be expressed in terms of the 
channel vector coefficients {gp } as 


L-n 
in > opgeen n=0,1,2,...,L . 
k=0 


7.5. Suppose that BPSK is used on a static [SI channel. The complex envelope 
has the form 


a(t) =A 3 ryha(t — kT) 
k=—00 


where x, € {—1,+1} and h,(t) is the amplitude shaping pulse. The non- 


return-to-zero pulse ha(t) = ur(t) is used and the impulse response of the 
channel is 


g(t) = god(t) — 91d(t — 7) 


where go and g; are complex numbers and 0 < 7 < T. 


a) Find the received pulse h(). 
b) What is the filter matched to h(t)? 
c) What are the ISI coefficients { f;}? 


7.6. Suppose that BPSK signaling is used on a static ISI channel having impulse 
response 


g(t) = 6(t) + 0.16(t — T) 


The receiver employs a filter that is matched to the transmitted pulse ha(t), 
and the sampled outputs of the matched filter are 


Yn = Ingo + oD LEIn—k + Mn 
kfn 
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where zp € {—1,+1}. Decisions are made on the {y,} without any 
equalization. 


a) What is the variance of noise term 7? 
b) What are the values of the {qn}? 


c) What is the probability of error in terms of the average received bit- 
energy-to-noise ratio? 


7.7. A typical receiver for digital signaling on an ISI channel consists of a 
matched filter followed by an equalizer. The matched filter is designed 
to minimize the effect of random noise, while the equalizer is designed to 
minimize the effect of intersymbol interference. By using mathematical 
arguments, show that i) the matched filter tends to accentuate the effect of 
ISI, and ii) the equalizer tends to accentuate the effect of random noise. 


78. Consider an ISI channel, where f, = Ofor |n| > 1. Suppose that the 
receiver uses a filter matched to the received pulse h(t) = ha(t) * g(t), and 
the T-spaced samples at the output of the matched filter, {y,}, are filtered 
as shown in Fig. 7.A.1. The values of go and g, are chosen to satisfy 


lgol? + lal? = fo 
99 = hi 


Find an expression for the filter output vz, in terms of go, 91, Ze, Lp—1, and 
the noise component at the output of the digital filter, 1. 


Figure 7.A.1. Digital filter for Problem 7.8. 


79. The z-transform of the channel vector g of a communication system is 
equal to 
G(z) =0.141.0z7'-O.12-? . 
A binary sequence x is transmitted, where x, =€ {—1, +1}. The received 
samples at the output of the noise whitening filter are 
2 


Un = Yo 9 En—k +1 
k=0 


Equalization and Interference Cancellation 387 


where {n,,} is a white Gaussian noise sequence with variance a; = No. 


a) Evaluate the probability of error if the demodulator ignores ISI. 
b) Design a 3-tap zero-forcing equalizer for this system. 
c) What is the response {v, } for the input sequence 


{x,} = (-1)*, k=0,1,2,3 ? 


What is the response at the output of the equalizer? 
d) Evaluate the probability of error for the equalized channel. 


7.10. Suppose that a system is characterized by the received pulse 
h(t) = V2ae~%, 0<t<oo. 


A receiver implements a filter matched to h(t) and generates T-spaced 
samples at the output of the filter. Note that the matched filter is actually 
noncausal. 


a) Find the ISI co-efficients f;. 


b) What is the transfer function of the noise whitening filter that yields a 
system having an overall minimum phase response? 


c) Find the transfer function of the equivalent zero-forcing equalizer C’ (z). 


d) Find the noise power at the output of the zero-forcing equalizer, and 
find the condition when the noise power becomes infinite. 


7.11. Consider M-PAM on a static ISI channel, where the receiver employs 


a filter that is matched to the received pulse. The sampled outputs of the 
matched filter are 


Yn = Info + > Tkfn—-k + Un 
kn 
where the source symbols are from the set {+1, +3, ..., +(M@—1)}.De- 


cisions are made on the {y,} without any equalization by using a threshold 
detector. The éth ISI pattern can be written as 


DO =>) ttitas 
kin 


and D(é) is maximum when sgn(2¢x) = sgn(fn—x) and each of the xe, 
takes on the maximum signaling level, ie., tg, = (M — 1)dfor M even. 
The maximum distortion is defined as 


1 
Dmax = > = lfrl : 
fo 
n#0 
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a) Discuss and compare error performance M-ary signaling (M > 2)with 
binary signaling (M = 2), using Dmax as a parameter. 


b) Suppose that the channel has ISI coefficients 


% =.00, ties 


fo = f2=01 
fi = fu=-0.2 
dy AD, 


Plot the probability oferror against the signal-to-noise ratio and compare 
with the ideal channel case, i.e., fo = dno. Show your results for M = 2 
and 4. 


7.12. Consider a linear MSE equalizer and suppose that the tap gain vector c 
satisfies 


C = Cop + Ce 


where c, is the tap gain error vector. Show that the mean square error that 
is achieved with the tap gain vector c is 


J = Jmin + c.M,¢c} . 


7.13, The matrix M,,has aneigenvalue A, and eigenvector x, if 
x, My = AgXk k=1,...,N. 
Prove that the eigenvectors are orthogonal, i.e., 
Xixy dy 
7.14. Show that the relationship between the output SNR and Jmin for an 
infinite-tap mean-square error linear equalizer is 


Wig: a eo 
° Jmin 


where the subscript oo on y¥ indicates that the equalizer has an infinite 
number of taps. Note that this relationship between yo, and Jmin holds 
when there is residual intersymbol interference in addition to the noise. 


7.15. In this question, we will show in steps that 


Ved = 2c7M, — 2vF . 
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Define 


M, = M,, + jM,, 
Cr+ jer 


Var + IV 2; 


c 


Ver 
a) By using the Hermitian property M, = M# show that 
M,, = Mj, and M,, =—Mj, . 


b) Show that 


VepRe{vic*} = Vir 
Ve, Re{viic*} = —vi 


Vege! M,c* = 2chM,, —2c}M,, 
Ve;e?Mye* = 2c7M,, + 2chMy, 


where Vx is the gradient with respect to vector x. 


c) If we define the gradient of a real-valued function with respect to a 
complex vector c as 
Ve = Ver +5Ve; 
show that 
V-Re{viic*} vil 
V.ctM,c* = 2c7M, . 


7.16. Show that the pairwise error probability for digital signaling on an ISI 
channel is given by (7.154). 


7.17. Consider the transmission of the binary sequence x, tp, € {—1, +1 }over 
the equivalent discrete-time white noise channel model shown in Fig. 7.A.2. 
The received sequence is 


vo = .7029 + 
vy = .70x, — 6029 + 2 
vg = .10rq — 602; + "73 


Vv, = .70x,% — .60r,~_1 + 
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a) Draw the state diagram for this system. 
b) Draw the trellis diagram. 
c) Suppose that the received sequence is 
{u;}$9 = {1.0, —1.5, 0.0, 1.5, 0.0, —1.5, 1.0} 


Show the surviving paths and their associated path metrics after vg has 
been received. 


{n,} 


Figure 7.A.2._ Discrete-time white noise channel model for Problem 6.17. 


7.18. Suppose that BPSK signaling is used on a frequency selective fading 
channel. The discrete-time system consisting of the transmit filter, channel, 
receiver filter, and baud-rate sampler can be described by the polynomial 

(j= ig 3? ae: 

The samples at the output of the receiver filter are processed by a noise 

whitening filter such that the overall discrete-time white noise channel 

model G(z) has minimum phase. 

a) Find G(z). 

b) Draw the state diagram and the trellis diagram for the discrete-time 
white noise channel model. 

c) A block of 10 symbols x = {2;}?_9is transmitted over the channel and 
it is known that zy = —1. Assume that x; = 0,2 < 0 and the suppose 
that the sampled sequence at the output of the matched filter is 


Y = (Yo: ¥1,Y2,¥3,--- Yo) 
(1/2, 1/4, —3/4, 3/4, —3/4, -1/4, 3/4, —3/4, —1/4, —1/4) 
What sequence x was most likely transmitted? 


Chapter 8 


ERROR CONTROL CODING 


Channel coding and interleaving techniques have long been recognized as an 
effective technique for combating the deleterious effects of noise, interference, 
jamming, fading, and other channel impairments. The basic idea of channel 
coding is to introduce controlled redundancy into the transmitted signals that 
is exploited at the receiver to correct channel induced errors by means of for- 
ward error correction. Channel coding can also be used for error detection in 
schemes that employ automatic repeat request (ARQ) strategies. ARQ strate- 
gies must have a feedback channel to relay the retransmission requests from 
the receiver back to the transmitter when errors are detected. ARQ schemes 
require buffering at the transmitter and/or receiver and, therefore, are suitable 
for data applications but are not suitable for delay sensitive voice applications. 
Hybrid ARQ schemes use both error correction and error detection; the code 
is used to correct the most likely error patterns, and to detect the more infre- 
quently occurring error patterns. Upon detection of errors a retransmission is 
requested. 


There are many different types of error correcting codes, but historically they 
have been classified into block codes and convolutional codes. To generate a 
codeword of an (n, k) block code, a block of k data bits is appended by n — k 
redundant parity bits that are algebraically related to the k data bits, thereby 
producing a codeword consisting of n code bits. The ratio R, = k/nis called 
the code rate, where 0 < R, < 1. Convolutional codes, on the other hand, are 
generated by the discrete-time convolution of the input data sequence with the 
impulse response of the encoder. The memory of the encoder is measured by 
the duration of the impulse response. While block encoder operates on k-bit 
blocks of data bits, a convolutional encoder accepts a continuous sequence of 
input data bits. 
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Both block codes and convolutional codes find potential applications mobile 
radio systems. Some second generation digital cellular standards (e.g., GSM, 
IS-54) use convolutional codes, while others (e.g., PDC) use block codes. 
Although hard decision block decoders are easy to implement, there exist some 
very simple soft decision decoding algorithms (e.g., the Viterbi algorithm) for 
convolutional codes. As a result convolutional codes are often preferred over 
block codes. 

In the early application of coding to digital communications, the modulator 
and coder were treated a separate entities. Hence, a block code or a convo- 
lutional code was employed to obtain a coding gain at the cost of bandwidth 
expansion or data rate. Although this may be a feasible approach for power 
limited channels where bandwidth resources are plentiful, it is undesirable and 
sometimes not even possible for bandwidth limited applications such as cellular 
radio. If no sacrifices of data rate or bandwidth can be made, then schemes 
that separate the operations of coding and modulation require a very powerful 
code just to break even with an uncoded system. In 1974, Massey [219] sug- 
gested that the performance of a coded digital communication system could be 
improved by treating coding and modulation as a single entity. Ungerboeck, 
later developed the basic principles of trellis-coded modulation (TCM) [330] 
and identified classes of trellis codes that provide substantial coding gains on 
bandwidth limited additive white Gaussian noise (AWGN) channels. 

TCM schemes combine the operations of coding and modulation and can be 
viewed as a generalization of convolutional codes. While convolutional codes 
attempt to maximize the minimum Hamming distance between allowed code 
symbol sequences, trellis-codes attempt to maximize the Euclidean distance 
between allowed code symbol sequences. By jointly designing the encoder 
and modulator Ungerboeck showed that, for an AWGN channel, coding gains 
of 3-6 dB could be obtained relative to an uncoded system by using trellis 
codes with 4-128 encoder states, without sacrificing bandwidth or data rate. 
This property makes TCM very attractive for cellular radio applications where 
high spectral efficiency is needed due to limited bandwidth resources and good 
power efficiency is needed to extend battery life in portable radios. TCM 
experienced an almost immediate and widespread application into high-speed 
power-efficient and bandwidth-efficient digital modems. In 1984, a variant 
of the Ungerboeck 8-state 2-D trellis code was adopted by CCITT for both 
14.4 kb/s leased-line modems and the 9.6 kb/s switched-network modems [38]. 
In 1985, a TCM-based modem operating at 19.2 kb/s was introduced by Codex 
[331]. 

Ungerboeck’s work [330] captured the attention of the coding community 
and laid the foundation for intensified research. Calderbank and Mazo in- 
troduced an analytic description of trellis codes [43]. They showed how to 
realize the two operations (coding and mapping) in Ungerboeck’s codes by 
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using a single-step procedure. Calderbank and Sloane [44], and Wei [352], 
proposed multi-dimensional trellis codes. Spaces with larger dimensionality 
are attractive, because the signals are spaced at larger Euclidean distances [38]. 
Calderbank and Sloan [44], and Forney [128], made the observation that the 
signal constellation should be regarded as a finite set of points taken from an in- 
finite lattice, and the partitioning of the constellation into subsets corresponds 
to the partitioning of the lattice into a sub-lattice and its cosets. They then 
developed a new class of codes, called coset codes, based on this principle. 

Many studies have examined the performance of TCM on interleaved flat 
fading channels [82, 83, 94, 45]. Divsalar and Simon [83, 84] constructed trellis 
codes that are effective for interleaved flat Ricean and Rayleigh fading channels. 
Interleaving randomizes the channel with respect to the transmitted symbol 
sequence and has the effect of reducing the channel memory. Consequently, 
interleaving improves the performance of codes that have been designed for 
memoryless channels. Moreover, trellis codes that are designed for flat fading 
channels exhibit time diversity when combined with interleaving of sufficient 
depth. It was reported in [45] that interleaving with reasonably long interleaving 
depths is almost as good as ideal infinite interleaving. The design of trellis codes 
for interleaved flat fading channels is not guided by the minimum Euclidean 
distance used for AWGN channels, but rather by the minimum product squared 
Euclidean distance and the minimum built-in time diversity between any two 
allowed code symbol sequences. Wei [353] introduced an additional design 
parameter called the minimum decoding depth, and proposed a set of efficient 
codes for interleaved flat Rayleigh fading channels. 

Many studies have also considered the effect of intersymbol interference 
(ISI) on the performance of trellis codes that have been designed for AWGN 
channels [319, 363, 88, 107]. The coded performance on static ISI channels 
may be significantly degraded compared to that on ISI-free channels. Receivers 
for trellis-coded modulation on static ISI channels typically use a linear for- 
ward equalizer followed by a soft decision Viterbi decoder. For channels with 
severe ISI, a more appropriate approach is to use a decision feedback equalizer 
(DFE) in front of the TCM decoder to avoid the problems of noise enhance- 
ment. However, the feedback section of the DFE requires that decisions be 
available with zero delay. Since the zero-delay decisions are unreliable, the 
performance improvement by using the DFE is marginal [49]. It is possible that 
the performance can be improved if equalization and decoding is performed in 
ajoint manner by using maximum likelihood sequence estimation (MLSE) or 
some other form of sequence estimator. However, the complexity of an MLSE 
receiver grows exponentially with the number of encoder states and the length 
of the channel vector. 

In 1993, Berrou et al., introduced parallel concatenated convolutional codes 
(PCCCs), called Turbo coding [36]. When used in conjunction with an iter- 
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ative decoding scheme, PCCCs achieve near Shannon limit performance on 
both the AWGN channel and the interleaved flat fading channel. Simulations 
of a rate-1/2 Turbo code have shown a bit error probability of 1075 at an 
E,/No = 0.5 dB, which is only 0.5 dB from the Shannon limit! Although, the 
performance of Turbo codes is remarkable at low EKy/No, their performance at 
high E/N, is unimpressive. There is a perceivable change in the slope of the 
bit error rate (BER) curves, which has been loosely termed an “error floor.” In 
1997, Benedetto et al., showed that iterative decoding of serially concatenated 
interleaved convolutional codes (SCCCs) can provide large coding gains with- 
out the problem of an error floor [288]. In general, SCCCs outperform PCCCs 
at high E/N, whereas the opposite is true for low Ey/No. 

The remainder of the chapter is organized as follows. Section 1. gives 
an introduction to block codes. Sections 2. and 3. introduce convolutional 
codes and trellis codes. This is followed by a consideration of the design and 
performance analysis oftrellis codes for various types of channels that are found 
in mobile radio applications. These include the AWGN channels in Section 4., 
interleaved flat fading channels in Section 5., and non-interleaved fading ISI 
channels in Section 6.. The evaluation of error probability upper bounds is 
important for performance prediction and Section 6.4 presents a technique for 
union bounding the error probability of TCM on a fading ISI channel; flat 
fading channels and static ISI channels can be treated as special cases. Finally, 
section 7. provides an introductory treatment of Turbo coding. 


1. BLOCK CODES 
11 BINARY BLOCK CODES 


A binary block encoder accepts a length-& input vector a = (a1, a@9,..., @x), 
where a; € {0,1}, and generates a length-n codeword c = (c),€9,---;€n)s 
where c; € {0,1}, through the linear mapping c = aG, where G = [gij]axn 
is a k x m matrix called the generator matrix. The matrix G has full row 
rank k, and the code C is generated by taking all linear combinations of the 
rows of the matrix G, where field operations are performed by using modulo-2 
arithmetic. The code rate is R, = k/n and there are 2* codewords. The whole 
task of designing a block code is to find the generator matrices that yield codes 
that are both powerful and easy to decode. 

For any block code with generator matrix G, there exists an (n — k) x n 
parity check matrix H = [hij|(n—x)xn such that GH’? = Ojx(n—4)- The 
matrix H has full row rank n — & and is orthogonal to all codewords, i.e., 
cH? = 0,-,. The matrix H is the generator matrix of a dual code CT, 
consisting of 2"~* codewords. The parity check matrix of C7 is the matrix G. 

A systematic block code is one having a parity check matrix of the form 
G = [Ikxz|P] where P is a k x (n — k) matrix. For a systematic block 
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code, the first k coordinates of each codeword are equal to the k-bit input 
vector a, while the last n — k coordinates are the parity check bits. By using 

elementary row operations, the generator matrix of any linear block code can 

be put into systematic form. A systematic block code has the parity check 
matrix H = [I(n_4)x(n—4)| — P7]. For a systematic block code, GH? = 
[P|Tkxk][—P? in—n)x(n—y)l” =-P+P= Okx(n—k): 

Example 8.) SSS Thee parity check matrix 
of an (n, k) Hamming code consists of all non-zero binary (n — k)-tuples. For 
example, the systematic (7,4) Hamming code has the parity check matrix 


101413100 
H=/1 1100107] . (8.1) 
011310041 


which consists of all non-zero binary 3-tuples. The generator matrix of the 
(7,4) systematic Hamming code is 


10001 1 0 
O10 0.0 1 7 

2 0010111 2) 
0001101 


The 16 codewords of the (7,4) Hamming code are generated by taking all 
linear combinations of the rows of G using modulo-2 arithmetic. 


1.1.1 MINIMUM DISTANCE 


Let d(c1, cz) denote the Hamming distance between the codewords c,and 
C2, equal to the number of coordinates in which they differ. For linear block 
codes, d(c,,c2) = w(c; + cz), where w(c; + C2) is the weight of c; + co, 
equal to the number of non-zero coordinates of we; + C2. The free Hamming 
distance, dj,ee, of a linear block code is the minimum number of coordinates 
in which any two codewords differ. For a linear code, the sum of any two 
codewords ¢; + cg is another codeword. Hence, the free Hamming distance is 


diree = min (c1, C2) (8.3) 
= i 0 4 

min d(c, ) (8.4) 

= i ‘ 8.5 

man to(c) (8.5) 


Therefore, dfree 1s equal to the weight of the minimum weight non-zero code- 
word. 

To derive an upper bound on dee, recall that any linear block code can be 
put into systematic form, G = [P|I;,,.,] where P is a k x (nm — k) matrix. It 
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is certainly the case the number of non-zero elements in any row of P cannot 
exceed n — k. Hence, the number of non-zero elements in any row of G cannot 
exceed n — k + 1. Since all rows of G are valid codewords, 


dire <N—-—k+1 (8.6) 


a result known as the Singleton bound.. A code that has dfree = n — k + Lis 
called a maximum distance separable (MDS) code. 

An example of a simple block code that meets the Singleton bound is the 
binary repetition code 


0 — + co = (0,0,...,0)n 
1 —>e, =(11,...,1)n 


In this case, dfree = d(co,c,) = n — k + 1. The repetition code is the only 
MDS binary code. The non-binary Reed-Solomon codes are also MDS codes. 


11.22 SYNDROMES 


Suppose that the codeword c¢ is transmitted and the vector y = c+e 
is received, where e is defined as the error vector. The syndrome of the 
received vector y is defined as 


s=yH . (8.7) 


Ifs = O, then y is a codeword; conversely if s # 0,then an error must have 
occurred. Note that if y is a codeword, then s = 0. Hence, s = O does 
not mean that no errors have occurred. They are just undetectable. Since for 
a linear code the sum of any two codewords is another codeword, it follows 
that the number of undetectable error patterns is equal to 2* — 1, the number 
of non-zero codewords. The syndrome only depends upon the error vector 
because 

s = yH’ = cH’ + eH’ =0+eH? =eH’ . (8.8) 
In general, s = eH? is a system of n — k equations in n variables. Hence, for 


any given syndrome s, there are 2* solutions for e. However, the most likely 
error pattern e is the one that has minimum Hamming weight. 
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A linear block code can detect all error patterns of dgree — 1 or fewer error. If 
e # 0 is acodeword, then no errors are detected. There are 2* ~ lundetectable 
error patterns, but there are 2” — 1 possible non-zero error patterns. Hence, the 
number of detectable error patterns is 


on { —(2* — 1) = 2" — 2" 
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Usually, 2* ~ 1 is a small fraction of 2" — 2*. For the (7,4) Hamming code 
considered in Example 8.1, there are 2 — 1 = 15 undetectable error patterns 
and 2° — 2+ = 112 detectable error patterns. 


114 WEIGHT DISTRIBUTION 


Consider a block code C and let A; be the number of codewords of weight i. 
The set { Ag, A},...,An} is called the weight distribution of C. The weight 
distribution can be expressed as a weight enumerator polynomial 


A(z) = Agz? + Ayzi +++» 4+ Anz” . (8.9) 
For the (7,4) Hamming code in Example 8.1, 
Ag = 1, Ao = 0, A3 = 7, Aq = 7,A5 =0,Ag =0,A7 = 1. 


Hence, 
A(z) =1+ 723 4 724 4 27 


115 PROBABILITY OF UNDETECTED ERROR 
The probability of undetected error is 


Pa) = is a nonzero codeword) 


DAP (e) = 1) (8.10) 


The error probability P(w(e) = 2) depends on the coding channel, defined as 
that portion of the communication system that is seen by the coding system. 
The simplest coding channel is the binary symmetric channel (BSC), where 


Py Aci) =p=1—P(yi=c) . (8.11) 


For a BSC, P(w(e) = i) = p*(1 — p)"~* and, hence, 
n . . 
Pe(U) =) Aip'(1—p)"™ . (8.12) 
w=1 


The (7,4) Hamming code in Example 8.1 has an undetected error probability 
of 

Pe(U) = p°(1 — p)* + Tp(1—p)? +p" . (8.13) 
For a raw channel error rate of p = 10~*, we have P,(U) = 7 x 10~® Hence, 
the undetected error rate can be very small even for a fairly simple block code. 
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1.1.6 ERROR CORRECTION 
A linear block code can correct all error patterns of tf or fewer errors, where 


t< | ditee ==), 


= 5 | (8.14) 


and |z| is the largest integer contained in x. A code is usually capable of 
correcting many error patterns of t + 1 or more errors. In fact, up to 2”~*error 
patterns may be corrected, which is equal to the number of syndromes. 

For a BSC, the probability of codeword error is 


P(E) < 1-— P(t or fewer errors) 


t 
1-> ac -p)?. (8.15) 


7=0 


11.7 STANDARD ARRAY DECODING 

One conceptually simple method for decoding any linear block codes is 
standard array decoding. The standard array of an (n, k) linear block code 
is constructed as follows: 


1. Write out all 2* codewords in a row starting with co = 0. 


2. From theremaining 2” — 2* n-tuples, select an error pattern eof weight | 
and place it under cg. Under each codeword put ¢; +e2,i = 1,...,2* —1. 


3. Select a minimum weight error pattern e; from the remaining unused n- 
tuples and place it under cg = 0. Under each codeword put ¢; + e3,4 = 
1,...,2* -1. 


4. Repeat Step 3 until all n-tuples have been used. 


Note that every n-tuple appears once and only once in the standard array. 
Example 8.2 
Consider the (4,2) code with generator matrix 


The standard array is 


e; 0000 1100 0101 1001 
e2 0001 1101 0100 1000 
e3 0010 1110 0111 1011 
eg, 0011 1111 0110 1010 
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The standard array consists of 2"~* disjoint rows of 2* elements. These 
rows are called cosets and the ith row has the elements 


Fy = {e;,@; +C1,...,@; + eg%_1} : 


The first element, e;, is called the coset leader. The standard array also consists 
of 2* disjoint columns. The jth column has the elements 


D; = {cj,¢; + €2,...,€j; + @gn-«} . 


To correct errors, the following procedure is used. When y is received, find 
y in the standard array. If y is in row i and column, then the coset leader from 
row 2, e;, is the most likely error pattern to have occurred and y is decoded into 
y +e; =c;. A code is capable of correcting all error patterns that are coset 
leaders. If the error pattern is not a coset leader then erroneous decoding will 
result. 


118 © SYNDROME DECODING 

Syndrome decoding relies on the fact that all 2* n-tuples in the same coset 
of the standard array have the same syndrome. This is because the syndrome 
only depends on the coset leader as shown in (8.8). To perform syndrome 
decoding 


1. Compute the syndrome s = yH’. 
2. Locate the coset leader ep where epH? = s. 
3. Decode y into y + eg = é. 


This technique can be used for any linear block code. The calculation in Step 2 
can be done by using a simple look-up table. However, for large n — k it 
becomes impractical because 2"~* syndromes and 2”~* error patterns must be 
stored. 


2. CONVOLUTIONAL CODES 
2.1 ©ENCODER DESCRIPTION 


The encoder for a rate-I/n binary convolutional code can be viewed as a 
finite-state machine (FSM) that consists of an v-stage binary shift register with 
connections to n modulo-2 adders, and a multiplexer that converts the adder 
outputs to serial codewords. The constraint length of a convolutional code is 
defined as the number of shifts through the FSM over which a single input data 
bit can affect the encoder output. For an encoder having a v-stage shift register, 
the constraint length is equal to K = vy + 1.A very simple rate-1/2, constraint 
length-3, binary convolutional encoder is shown in Fig. 8.1. 
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(1) 


input output 
a b 


(2) 
b 


Figure 8.1. Binary convolutional encoder; Re = 1/2, K = 3. 


output 
b 


Figure 8.2. Binary convolutional encoder; Re = 2/3, K = 2. 


The above concept can be generalized to rate-k/n binary convolutional 
code by using k shift registers, n modulo-2 adders, along with input and 
output multiplexers. For a rate-k/n code, the k-bit information vector ag = 


(a, ce ,a\*)) is input to the encoder at epoch @ to generate the n-bit code 


vector bg = (a), a af”). If K; denotes the constraint length of the ith shift 
register, then the overall constraint length is defined as K = max; K;.Fig. 8.2 
shows a simple rate-2/3, constraint length-2 convolutional encoder. 

A convolutional encoder can be described by the set of impulse responses, 
(gi? yy where gl ) is the jth output sequence b“) that results from the ith input 
sequence a’) = (1,0,0,0,...). The impulse responses can have a duration of 
at most K and have the form gl! ) = (9? : ree caey 4): Sometimes the 


{gl ) } are called generator sequences. For the encoder in Fig. 8.1 


g) =(1, 1, 1) g®) = (1, 0, 1) (8.16) 
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and for the encoder in Fig. 8.2 


gf = (1,1), 6 =, 1), 6 =(1, 1) 
g) = (0,1), g) =(1,0), &=(,0). 17) 


It follows that the jth output, bi ) corresponding to the ith input sequence 


a) is the discrete convolution pb! = al?) @gl ) where @denotes modulo-2 


convolution. The time domain convolutions can be conveniently replaced by 
polynomial multiplications in a D-transform domain according to 


pb!) (D) alt) (D)g'”)(D) (8.18) 

where = 
a()(D) = > ai, D* (8.19) 

k=0 


is the ith input data polynomial, 
. oo . 
b!?)(D) = 5 Dé (8.20) 
k=0 
is the jth output polynomial corresponding to the ith input, and 
(ip) = > of 
gD) = > aD" (8.21) 
k=0 


is the associated generator polynomial. It follows that the jth output sequence 
is 


k ; k ; 
bY (D) = > bP (D) = ra (Dg (D) . (8.22) 
i=l i=1 


The above expression leads to the matrix form 


[b(D),... ,b™(D)| 


g(D), «--, gD) 
= [al (D), ... ,a‘*)(D)| (8.23) 
gD), «+, gh (D) 
where : 
gM (dD), ---, g(D) 
G(D) = : (8.24) 


gi) (D), ---, g(D) 
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is the generator matrix of the code. For the encoder in Fig. 8.1 
G(D) = [1+D+D? 1+D*| (8.25) 


while for the encoder in Fig. 8.2 


a(n) =| 5°” D | 


D to (8.26) 


After multiplexing the outputs, the final codeword has the polynomial repre- 


sentation 
nr 


b(D) = 5° D*b(D") . (8.27) 
j=l 
Systematic convolutional codes are those where first k encoder output se- 
quences, b(),... , b(*) are equal to the k encoder input sequences a, ... , a*), 


2.2 STATE AND TRELLIS DIAGRAMS, AND WEIGHT 
DISTRIBUTION 


Since the convolutional encoder is a FSM, its operation can be described by 
a state-diagram and trellis diagram in a manner very similar to the treatment 
of ISI channels in Chapter 7. The state of the encoder is defined by the shift 
register contents. Fora rate-k/n code, the ith shift register contains 14 previous 
information bits. The state of the encoder at epoch @is defined as 


o.= Our — (an sfins ap yiyay te ) (8.28) 


There are a total of Ns = 2”T encoder states, where vp 4 e4 py; is defined 
as the total encoder memory. For a rate-I/n code, the encoder state at epoch 
£is simply ag = (@g_1,°++ @¢—v). 

Figs. 8.3 and 8.4 show the state diagrams for codes in Figs. 8.1 and 8.2, 
respectively. The states are labeled using the convention o,i = 0,...,vr—1, 
where o*) represents the encoder state (co,...,yp—1) corresponding to the 
integer i = 7°75 *¢;29. In general, for a rate-k/n code there are 2* branches 
entering and leaving each state. The branches in the state diagram are labeled 
with the convention a/b = (a) a... al) /(bY) Bb)... b)). For 
example, the state transition o@) — o(3) in Fig. 8.3 has the label 1/01. This 
means that the input a = 1 to the encoder in Fig. 8.1 with state o() = (01) 
gives the output b = (01) and transitions the encoder to state o(3) = (11). 

Convolutional codes are linear codes, meaning that the sum of any two 
codewords is another codeword and the all-zeroes sequence is a codeword. It 
follows that the weight distribution and other distance properties of a convo- 
lutional code can be obtained from the state diagram. Consider, for example, 
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Figure 8.3. State diagram for the binary convolutional encoder in Fig. 8.1. 


10/010 O1/111 


Figure 8.4. State diagram for the binary convolutional encoder in Fig. 8.2. 


the encoder in Fig. 8.1 along with its state diagram in Fig. 8.3. Since the 
self-loop at the zero state a) corresponds to the all-zeroes codeword, we can 
split the zero state a‘) into two nodes, representing the input and output of the 
state diagram. This leads to the modified state diagram shown in Fig. 8.5. 
The branches in the modified state diagram have labels of the form D*NJL, 
where i is the number of 1’s in the encoder output sequence corresponding to a 
particular state transition, and j is the number of input 1’s into the encoder for 
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Figure 8.5. Modified state diagram for the binary convolutional encoder in Fig. 8.1. 


that transition. Every branch is labeled with the letter L, and the exponent of 
L is unity because each branch has length one. 

The distance properties of a convolutional code can be obtained by com- 
puting the transfer function T(D, N, L) of the modified state diagram. Any 
appropriate technique can be used to obtain the transfer function, such as Ma- 
son’s formula [218]. For the example shown in Fig. 8.5, the transfer function 
is 


D°NL3 
DNL) = FONE #1) 
D®I3N + D9N?LA(L +1) + D’NSL5(L + 1)? 
ee? pO as ima Faas OF 4. i" fee (8.29) 


The term D*+5Nk+17,4+3(7, + 1)* appearing in the transfer function means 
there are 2* paths at Hamming distance k + 5 from the all-zeroes path, caused 
by k + 1 input ones. Of these 2* paths, C) have length k + n + 3. 

Sometimes the transfer function can be simplified if we are only interested in 
extracting certain distance properties of the convolutional code. For example, 
the weight distribution of the code can be obtained by setting N = land L=1 
in the transfer function. For the particular transfer function in (8.29) this leads 
to 


D® 
Lop 
D420 24D" pce OF eae: (8.3011 


T(D) = 


meaning that there are 2* codewords at Hamming distance 5 + k from the all- 
zeroes codeword. Notice that no non-zero codeword exists with a Hamming 
distance less than 5 from the all-zeroes codeword. For the code in Fig. 8.1, we 
see that dfree = 5 from (8.30). The free Hamming distance can also be seen by 
inspecting the trellis diagram in Fig. 8.6. The branches in the trellis diagram 
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state 


(1) 
G 


Figure 8.6. _ Trellis diagram for the binary convolutional encoder in Fig. 8.1. 


are labeled with the encoder output bits that correspond to the various state 
transitions. 

Convolutional codes are designed to have the largest possible dfree for a 
given code rate and total encoder memory. Tabulation of convolutional codes 
that are optimal in this sense can be found in many references, e.g., Proakis 
[270], Lin and Costello [199], and Clark and Cain [63]. 


2.3 RECURSIVE SYSTEMATIC CONVOLUTIONAL 
(RSC) CODES 


Forney [126] and Costello [70] showed that it is possible to construct a 
recursive systematic convolutional (RSC) encoder from every rate R, = 1/n 
feed-forward non-systematic convolutional encoder, such that the weight dis- 
tributions of the codes are identical. Consider a rate-l/n code with generator 
polynomials g,(D),...,gn(D). The output sequences are described by the 
polynomials 


bY (D) =a(D)g(D), jf =1,...,n. (8.31) 


To obtain a systematic code, we need to have b‘!)(D) = a(D). To do this, 
suppose that both sides of (8.31) are divided by g‘!)(D), so that 


7 b((D) 

bY (D) = apy Dy =a) (8.32) 
se i) 

bY (D) = oe = a j=2,...,n. (8.33) 
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Sometimes the g%) (D) are called the feed-forward polynomials, while g‘) (D) 
is called the feed-back polynomial. Define a new input sequence a(D)as 


a(D) 4 rat (8.34) 

so that 
bY(D) = a(D)g)(D) (8.35) 
bY(D) = a(D)g(D), jf =2,...,n. (8.36) 


Observe that the transformation between a(D) and a(D) in (8.34) is that 
of a recursive digital filter with modulo-2 operations. This transformation 
simply reorders the input sequences a(D). Since the input sequences consist 
of all possible binary sequences, the filtered sequences 4(D) also consist of all 
possible binary sequences. Hence, the set of coded sequences b(D)is the same 
as the set of coded sequences b(D) and thus the non-systematic and systematic 
codes have the same weight distribution functions. However, the input weight 
distributions for the two codes are completely different as we will see. 


Example 8.3. 
Consider, for example, the rate-1/2 encoder in Fig. 8.1 with generators 
g)(D) =14+D4D? (8.37) 
g°)(D) =1+ D? (8.38) 


By following the above described procedure a RSC code is obtained with 
generators 
g(D) = 1 
g@p) = S2(D) __1+D? | 
g(D) 1+D+D? 


The RSC is shown in Fig. 8.7 


Similar to their feed-forward counterparts, the weight distribution and other 
distance properties of RSC codes can be obtained by constructing their corre- 
sponding modified state diagram andcomputing the transfer function 
T(D, N, L). The RSC encoder in Fig. 8.7 has transfer function 

DI Ne L3 = D®&Nn4AL4 a D®N2L4 a 30) 
1—- DNL ~ DNL? — D?L3 + D?N?2Z3 
D°N3 1° + D®N?L* + DON4AL> +--- (8.40) 


T(D,N,L) 


By setting N = 1 and Z = 1, we obtain the weight distribution of the code, 
T(D), which is identical to the weight distribution of the corresponding feed- 
forward non-systematic encoder in (8.30). However, by comparing the first 
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—» 


Figure 8.7. Recursive systematic convolutional (RSC) encoder derived from the feed-forward 
non-systematic encoder in Fig. 8.1. 


few terms in their respective transfer functions in (8.29) and (8.40) it can 
be observed that the input weight distributions are completely different. In 
particular, codewords can be generated by weight-1 input sequences for the 
feed-forward non-systematic encoder, while the RSC requires input sequences 
having at least weight-2 to generate codewords. In fact, any finite weight 
codeword for the RSC code in Fig 8.7 is generated by an input polynomial 
a(D) that is divisible by 1 + D+ D*. We will see later that these properties 
are crucial for Turbo codes. 

Finally, both the feed-forward non-systematic and RSC codes are time in- 
variant. This means that if the input sequence a(D) produces codeword b(D), 
then the input sequence D*ta(D) produces the codeword . D*b(D). Note that 
the codewords b(D) and D*b(D) have the same weight. 


3. TRELLIS CODED MODULATION 
3.1 © ENCODER DESCRIPTION 


Conventional convolutional codes realize a coding gain at the expense of data 
rate or bandwidth. Although, such coding schemes are attractive for power- 
limited applications, they are not suitable for bandwidth-limited applications. 
Ungerboeck showed that a coding gain can be achieved without sacrificing data 
rate or bandwidth by using a rate-m/(m +r) convolutional encoder, and map- 
ping the coded bits onto signal points {x,}through a technique called mapping 
by set partitioning [330]. This combination of coding and modulation, called 
trellis coded modulation (TCM), has three basic features; 


1. Anexpanded signal constellation is used that is larger than the one necessary 
for uncoded modulation at the same data rate. The additional signal points 
allow redundancy to be inserted without sacrificing data rate or bandwidth. 
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Figure 8.8. | Ungerboeck trellis encoder. 


2. The expanded signal constellation is partitioned such that the intra-subset 
minimum squared Euclidean distance is maximized at each step in the 
partition chain. 


3. Convolutional encoding and signal mapping is used so that only certain 
sequences of signal points are allowed. 


Fig. 8.8 shows the basic encoder structure for Ungerboeck’s trellis codes. 
The n-bit information vector ay = (a, mesg al”) is transmitted at epoch k. 
At each epoch, m < n information bits are encoded into m + r code bits by 
using a rate-m/(m+r) linear convolutional encoder. The m+r code bits select 
one of 2™+*? subsets of a 2"*-point signal constellation. The uncoded n-— m 
information bits select one of the 2"~™ signal points within the selected subset. 
This principle is best explained by example, and Fig. 8.9 shows a 4-state 8-PSK 
Ungerboeck trellis code. The equivalent uncoded system is 4-PSK which has a 
bit rate of 2 bits/symbol. The 4-state 8-PSK code uses a rate-1/2 convolutional 
code along with one uncoded bit to select signal points in an expanded 8-PSK 
signal constellation. Note that the overall rate is still 2 bits/symbol. Fig. 8.10 
shows an 8-state 8-PSK Ungerboeck trellis code. The equivalent uncoded 
system is again 4-PSK with 2 bits/symbol. The 8-state 8-PSK code uses a 
rate-2/3 convolutional code to select one of the points in an expanded 8-PSK 
signal constellation so that the overall rate is again 2 bits/symbol. 


3.2 MAPPING BY SET PARTITIONING 


The critical step in the design of Ungerboeck’s codes is the method of 
mapping the outputs of the convolutional encoder to points in the expanded 
signal constellation. Fig. 8.11 shows how the 8-PSK signal constellation is 
partitioned into subsets such that the intra-subset minimum squared Euclidean 
distance is maximized for each step in the partition chain. In the 8-PSK 
signal constellation there are 8 signal points equally spaced around a circle 
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Figure 8.9. Encoder and signal mapping for the 4-state 8-PSK Ungerboeck trellis code. 


00001111 
00110011 
01010101 


01234567 x 


Figure 8.10. Encoder and signal mapping for the 8-state 8-PSK Ungerboeck trellis code. 


of unit radius. Notice that the minimum Euclidean distance between signal 
points in the 8-PSK signal constellation is Ag = 0.765, while the minimum 
Euclidean distances between signal points in the first and second level partitions 
are A, = V2 and Ag = 2, respectively. The minimum Euclidean distance 
increases at each level of partitioning. 

The advantages of using TCM can most easily be seen by considering 
the trellis diagram. For both the 4-state and 8-state 8-PSK trellis codes the 
equivalent uncoded system is 4-PSK. The trellis diagram for uncoded 4-PSK 
is shown in Fig. 8.12. The trellis only has one state and there are 4 parallel 
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Figure 8.11. Set partitioning for an 8-PSK signal constellation. 


transitions between the states. The subsets Do, Do, D4, and Dg are used as 
the signal points. The label Dp, D2,D4, Dg means that the branches in the 
trellis diagram are labeled from top to bottom with signal points taken from 
the sets Do, Do, Da, Dg. The minimum Euclidean distance between any two 
paths through the trellis is dmin = V2. 

The trellis diagram for the 4-state 8-PSK code is shown in Fig. 8.13. Each 
branch in the 4-state trellis is labeled with one of the four subsets Co, Cy, Co, 
and C3. Again, the label C;C; associated with a state means that the branches 
in the trellis diagram originating from that state are labeled from top to bottom 
with the subsets C; and C;. As shown in Fig. 8.11, each subset C; contains 
two signal points. Thus, each branch in the trellis diagram actually contains 
two parallel transitions. For example branches with the label Cp have two 
parallel transitions that are labeled with the signal points 0 and 4. For the 
4-state 8-PSK code, it is possible that two coded sequences could differ by 
just a single parallel transition and, hence, their minimum Euclidean distance is 
d = 2. Also, any two signal paths that diverge from a state and remerge with the 
same state_after more that one transition have a minimum Euclidean distance 
ofd = ,/A? + A2 + A? = 2.141. For example, the closest non-parallel code 
sequence to the all-zeroes sequence x = (0, 0,0) is the sequence x = (2, 1,2) 
at distance d = 2.141. Hence, the minimum Euclidean distance of the code 
over all parallel and non-parallel pairs of sequences for the 4-state 8-PSK code 
iS Amin = 72. 

At high signal-to-noise ratio (SNR), the bit error rate performance on an 
AWGN channel is dominated by the minimum Euclidean distance error events. 
The pairwise error probability between two coded sequences x and X separated 
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Figure 8.12. Trellis diagram for uncoded 4-PSK. 
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Figure 8.13. Trellis diagram for 4-state 8-PSK Ungerboeck trellis code. 


by Euclidean distance dmin 1s 


2 
P(x > x) =Q ( | (8.41) 


The asymptotic coding gain is defined by [38] 


Ga = logy dB (8.42) 


( 2. in uncoded/ av uncoded ) 


where Fay is the average energy per symbol in the signal constellation. For the 
4-state 8-PSK code, the asymptotic coding gain is Gg = 3 dB. 

The concept of mapping by set partitioning was developed by Ungerboeck 
as a method for maximizing the minimum Euclidean distance of a code and 
optimize the performance on an AWGN channel. Ungerboeck’s construction 


of the optimum 4-state 8-PSK code was based on the following heuristic rules 
[331]; 


1. Parallel transitions (when they occur) are assigned signal points having the 
maximum Euclidean distance between them. 


2. The transition starting or ending in any state is assigned the subsets (Co, C2) 
or (C, C3) which have a maximum distance between them. 


3. All signal points are used in the trellis diagram with equal frequency. 
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Figure 8.14. Trellis diagram for 8-state 8-PSK Ungerboeck trellis code. The dashed lines 
show two minimum distance paths. 


It is clear that the performance of the 4-state 8-PSK code is limited by 
the parallel transitions. Larger asymptotic coding gains can be obtained by 
introducing more code states so that the parallel transitions are eliminated. For 
example, the above design rules can be applied to the 8-state 8-PSK code to 
obtain the code trellis shown in Fig. 8.14. In this case, the minimum Euclidean 
distance is dmin = \/A? + AZ + A? = 2.141. This yields an asymptotic 
coding gain of 3.6 dB over uncoded 4-PSK. 


4. CODED PERFORMANCE ON AWGN CHANNELS 


Viterbi originally exploited the trellis structure of convolutional codes and 
developed the Viterbi algorithm for ML decoding of convolutional codes [341]. 
Given the similarity between the trellis structures of ISI channels, convolutional 
codes, and trellis codes (e.g., compare Figs. 7.15, 8.6 and 8.13), it is not 
surprising that the union bounding techniques that were developed to evaluate 
the error probability of digital signaling on ISI channels with an MLSE receiver 
in Chapter 7.6 can also be applied, with some modification, to evaluate the error 
probability of convolutional and trellis codes with an MLSE receiver. 

To develop the union bound, let a = {a,, } denote the transmitted information 
sequence. For any other sequence 4 # a, define the corresponding error 
sequence as e = {e,} = a@A, where @denotes modulo-2 addition. Since the 
bit error probability at epoch 7; is of interest, e;, 4 Ofor all error sequences. 
An error event occurs between k; and kg of length ko — ki, if o,, = Ox, 
and Or, = Gp, buta; # G; for ky <j < ko, where ky < jy < ko,and 
o = {o,} and & = {Gx} are the system state sequences associated with a 
and a, respectively. Let E be the set of error sequences corresponding to all 
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possible error events at epoch j,. Then, the average bit error probability is 
bounded by 
1 
ee > . 
aes ) wp(e) » P(a) P(Tlaee) 21a) a) (8.43) 


ecE 


where ['(a) is the path metric of a,and w,(e) is the number of bit errors 
associated with e. The factor 1/n appears in front of the first summation, 
because n information bits are transmitted per epoch (or per branch in the trellis 
diagram). The second summation is over all possible information sequences, 
because each sequence acan have e as the error sequence. This is necessary for 
trellis codes because the signal mapping and, hence, the codes are nonlinear. 
Another way of writing the bound on the bit error probability in (8.43) is 


Py < 35 SY wo(x, &)P(x)P(x > %) (8.44) 
xEC xEC 


where C is the set of all coded symbol sequences, w,(x, X) is the number of bit 
errors that occur when the sequence x is transmitted and the sequence x # x 
is chosen by the decoder, P(x) is the apriori probability of transmitting x, and 
P(x —> x) is the pairwise error probability. 

For convolutional codes the upper bound in (8.43) simplifies because the 
codes are linear, meaning that the sum of any two codewords is another code- 
word and that all-zeroes sequence is a codeword [ 199]. Because of this property, 
we can assume that a = 0, so that the union bound becomes 


1 
P<Z Dy wle)P (Te) 21) (8.45) 
k 
ecE 
Note that we divide by k rather than n in front of the summation, because a 
convolutional code transmits k bits per epoch whereas a trellis code transmits 


n bits per epoch. 
4.1. UNION BOUND FOR CONVOLUTIONAL CODES 


Evaluation of the error probability upper bound for trellis codes is compli- 
cated by the fact that trellis codes are nonlinear and, therefore, all possible 
correct sequences must be considered when computing the upper bound. We 
will defer treatment of the coded error probability upper bound for trellis codes 
until Section 6.4, where we will consider the more general case of TCM on 
a fading ISI channel. In this section we will show how the error probability 
upper bound can be computed for convolutional codes with Viterbi decoding. 

For convolutional codes the set E in (8.45) consists of all sequences that 
begin and end at the zero-state in the state diagram. The enumeration of these 
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sequences (or codewords) along with their associated Hamming distances, in- 
formation weights, and lengths, was obtained earlier by computing the transfer 
function, T(D, N, L), of the augmented state diagram. When a particular in- 
correct path through the trellis is selected over the all-zeroes path at a given 
node in the trellis, the corresponding number of bits errors, wp(e), is given by 
the exponent of N in the transfer function. Multiplying wa{e)by the pairwise 
error probability P (T(e ) > [(0)) for that path and dividing by the number 
of input bits per branch, k, gives the bit error rate for that path. Summing over 
the set of all possible incorrect sequences E yields a union bound on the bit 
error probability. 

In general, the transfer function T(D, N) for a convolutional code has the 
form 


CO 
T(D,N)= S> agDtni® (8.46) 
d=dfree 
where f(d) is the exponent of N asa function of d. For the example in (8.29), 
aq = 24-5 and f(d) = d — 4. Differentiating T(D, N) with respect to N and 
setting N = 1 gives 


dT(D,N = 
aN) lea = > ag f(d)D* (8.47) 
d=dtree 
Once again, for the example in (8.29) this leads to 
dT(D,N = = 
ae ™) be = SY 2? *(d-4)D*. (8.48) 
d=dtree 


The pairwise error probability in (8.45) depends on the type of modulation, 
detection, and decoding that is employed. The code bits are mapped onto 
symbols taken from a signal constellation, and transmitted over the channel. 
The sampled output of the receiver matched filter at epoch k is 


Yk = Ie + (8.49) 


where x, is one of the M low-pass points in the signal constellation and , 
is a zero-mean complex-valued Gaussian random variable with variance No. 
For convolutional codes, two types of decoding can be used, hard decision 
decoding and soft decision decoding. Soft decision decoders do not make 
symbol by symbol decisions on the received symbols, rather, the decoder 
operates directly on the sequence of matched filter outputs y. For an AWGN 
channel, the MLSE receiver searches for the symbol sequence x that is closest 
in Euclidean distance to the received sequence y. Following the same argument 
used in Chapter 5.2, the MLSE receiver decides in favor of the sequence xthat 
maximizes the metric 


u(x) =—lly - xl? . (8.50) 
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The sequence x corresponds to a unique sequence &@ that is the final estimate 
of the transmitted information sequence a. 

In general, the pairwise error probability for an AWGN channel that is 
associated with an error event of length £ beginning at epoch ky is 


A? 
P(t) =Q in, (8.51) 
where 
ky+é+1 
w= Y & (8.52) 
k=k, 
52 = |xy — Sl" (8.53) 


and x = {az,} and X = {%,} are the symbol sequences corresponding to the 
information sequences a and a, respectively. The parameter 67 is the squared 
branch Euclidean distance associated with branch k&, and A? is the squared 
path Euclidean distance associated with the error event. Clearly, the pairwise 
error probability depends on the particular mapping between the encoder output 
bits and the points in the signal constellation. Suppose for example that code 
bits are mapped onto a BPSK signal constellation. Then the pairwise error 
probability between the two codewords b and b that differ in d positions is 


Py(d) = Q(V2R-dy) (8.54) 


where ‘y,, is the received bit energy-to-noise ratio'. Therefore, the union bound 
on bit error probability becomes 


[e.<) 


P, <7 > aaf(d)P2(d) . (8.55) 
d=dtree 


Note that we have explicitly shown the pairwise error probability to be a func- 
tion of the Hamming distance between the codewords in (8.54). However, it is 
very important to realize that this property does not apply to all convolution- 
ally encoded systems. For example, suppose that the outputs of the rate-2/3 
convolutional encoder in Fig. 8.2 are mapped onto symbols from an 8-PSK 
signal constellation. In this case, the pairwise error probability depends not 
only on the Hamming distance between codewords, but also upon the particular 
mapping between the 8-PSK symbols and the encoder outputs. 

Hard decision decoders make symbol by symbol decisions on the received 
sequence of matched filter outputs y = {yx} to yield the received symbol 


‘The received symbol energy-to-noise ratio is ys = Rep 
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sequence x. A minimum distance decoder decides in favor of the symbol 
sequence x that is closest in Hamming distance to the received symbol sequence 
x. Again, the pairwise error probability depends on the particular mapping 
between the encoder outputs and the points in the signal constellation. If BPSK 
signaling is used, for example, then the pairwise error probability between two 
codewords b and bat Hamming distance d is 


e=(d+1)/ ()p*( — pF , d odd 


P,(d) = : 
Ee Dena/z+1 (PAL — p)O* + 3 (aja)P7(1 — p)¥?, — deven 
(8.56) 
where 
P= QV 2Reyp) S91) 


is the probability of symbol error. Once again, the pairwise error probability 
for BPSK is a function of the Hamming distance between the codewords. 

The union bound in (8.55) can be simplified by imposing a Chernoff bound 
(see Appendix A) on the pairwise error probability. First consider the case of 
soft decision decoding. Suppose that sequence x is transmitted and y is the 
received sequence. Then the pairwise error probability between sequences x 
and x with an ML receiver can be Chernoff bounded by 


P (lly ~ xlI? < lly - xll?) 
E [exp {A (ly — xl? — ly - I?) } lx]. 58) 


Substituting y = x + », taking the expectation over the Gaussian random 
vector 7, and simplifying gives 


P(x —> X) 


IA 


P(x + &) < exp {—Allx — xI/P(1 - d2N)} (8.59) 
The tightest upper bound is obtained with A* = 1/(4N,) yielding 
_Iy — <Il2 
P(x 3 x) < exp {=r (8.60) 


Finally, if the signal constellation is normalized so that E[|x;|?] = 1, then the 
Chernoff bound can be written in the form 


P(x > x) < exp {Zl — x1? } (8.61) 


where ‘ys is the received symbol energy-to-noise ratio. 
For the case of BPSK signaling on an AWGN channel, the Chernoff bound 
on the pairwise error probability becomes 


P2(d) < e Ret , (8.62) 
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Likewise, if BPSK signaling is used with hard decision decoding, then the 
pairwise error probability has the Chernoff bound 


P,(d) < [4p(1 — p)|*? (8.63) 


Notice that the Hamming distance d appears in the exponent of the pairwise 
error probability. The resulting upper bound on bit error probability is called a 
union-Chernoff bound and has the simple form 


 14T(D,N) 


Pct 41. p= 8.64 
bS ay |NeLD=zZ (8.64) 
where 
_ 4p(1—p), hard decision decoding 
a= e~Re% | soft decision decoding 8:09) 


At high SNR, the performance is dominated by the error events with min- 
imum Hamming distance. Since the minimum distance error events are not 
necessarily mutually exclusive, the bit error probability at high SNR is approx- 
imately 


d 


1 
Py re J Mire f (dtree) Pe (dfree) 


< ~dvecd (eee) 24 : (8.66) 
The above procedure for upper bounding the error probability is called the 
transfer function approach, because it relies upon the transfer function of 
the state diagram. The transfer function approach, however, has its limita- 
tions. First, if the number of encoder states is large, then obtaining the transfer 
function 7(D, N) quickly becomes intractable. Second, if the pairwise error 
probability is not just a function of the Hamming distance between allowable 
code sequences, then the branch labeling in the augmented state diagram must 
be done differently and the Chernoff bound cannot be employed. These prob- 
lems can be overcome by a using a different approach to compute the upper 
bound, such as the stack algorithm presented in Section 6.4. 


5. CODED PERFORMANCE ON INTERLEAVED FLAT 
FADING CHANNELS 


Fig. 8.15 is a block diagram of a coded communication system operating 
on an interleaved flat fading channel. The information sequence a is encoded 
and mapped onto a signal set to generate the symbol sequence x by using 
either convolutional coding or trellis coded modulation. The symbol sequence 
is then interleaved (or scrambled), and the resulting sequence xis filtered for 
spectral shaping and transmitted over the channel. The receiver employs a filter 
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Figure 8.15. Digital communication on an interleaved fiat fading channel. 


that is matched to the transmitted pulse and symbol- or T-spaced samples are 
taken at the output of the matched filter. With hard decision decoding, these 
outputs are applied to a decision device and deinterleaved to yield the received 
code sequence b. With soft decision decoding, the received samples y are 
deinterleaved to generate the sequence y which is then input to the Viterbi 
decoder. 
The channel is characterized by flat Ricean fading, so that the sampled output 
of the matched filter is 
Yk = AkEn + Nhe (8.67) 


where the pdf of ad is 


a 
pa(z) = eG ex {-K = Fee hn (20 K(K + 2) 


Qp 
(8.68) 
where 2, = E[aZ]. The 7, are independent zero-mean complex Gaussian 
random variables with variance .N,. 

The interleaver serves to reduce the correlation between the fades expe- 
rienced by successive source symbols that are transmitted over the channel. 
There are a variety of interleaver structures [63], and the interleaver that we 
consider here is a block interleaver. A block interleaver can be regarded as 
a buffer with J rows and M columns, where J represents the interleaving 
depth and M represents the interleaving span. The length of the interleaver 
is JM symbols. Source symbols are fed into the buffer in successive rows 
and transmitted out of the buffer in columns. The deinterleaver performs the 
reverse operation. In practise, the interleaver depth J should be chosen so that 
successive source symbols, which are actually transmitted J symbol durations 
apart, are independently faded. In a 2-D isotropic scattering environment, the 
fades experienced at two different locations separated by a half wavelength 
are approximately uncorrelated. Ifthe signals are received by a mobile station 
(MS) traveling with a speed of v km/h relative to the base station (BS), then 
the spatial distance associated with one symbol duration T is equal to vT. 
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Therefore, we should have JuT’ > 0.5A, where Ais the carrier wavelength. 
For example, a carrier frequency of 900 MHz yields 


J> 06= (symbols) (8.69) 


where R is the signaling rate (symbols/s), v is the vehicle speed (km/h) and 
J is in units of symbols. Observe that the required interleaving depth is 
inversely proportional to the speed and, therefore, slow moving MSs require 
large interleaving depths. For R = 24 ks/sand v = 30 km/h, J = 478 symbols. 

The basic objective of any interleaver is to at least separate any Lp + 1 
successive source symbols as far apart as possible, where Lp is the decoding 
depth. Hence, M should be at least equal to Ln + 1yielding an interleaving 
delay of 


(Lp +1) 


tg = 0.6 (seconds) . (8.70) 


For example, with Ly = 13 symbols and a MS speed of 30 km/h, the inter- 
leaving delay should be at least 280 ms. This delay is quite large, especially 
for voice applications, and the problem is exasperated by lower MS speeds. 
One possible solution is to design codes that minimize the decoding depth, Dp. 
The other solution is to use better interleaving techniques so that the effective 
interleaving length is longer than the actual interleaving length JM. 

For analytical purposes, an infinite interleaving depth is often assumed so 
that the deinterleaved sequence {a} is a sequence of independent random 
variables. In this case the conditional density of y has the product from 


plyla-x) =] p(ynlarze) - (8.71) 
k 


Suppose that sequence x is transmitted and the vector y = a-x+77 is received. 
An ML receiver having perfect knowledge of a chooses the sequence x that 
maximizes the metric 


y(&) = —lly — a XII? . (8.72) 


The pairwise error probability between the sequences x and xhas the Chernoff 
bound 


P(x > x) < exp {He O—2I| (8.73) 


Once again, if we assume the normalization E[|a,|?] = 1 then the Chernoff 
bound becomes 


P(x -> %) < exp {-F lla («—#)/°} . (8.74) 
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Averaging (8.74) over the probability density function in (8.68) gives [82] 


14K K% |x; — aj? 
( ) ivkv heap 1+K + #\z; — 3;|? 
(8.75) 


where ¥, = E[a?|E/N, is the average received symbol energy-to-noise ratio, 
and A = {ilx; # z;}. At sufficiently high ¥,,(8.75) simplifies to 


41+K) x 


= a 12 
icA Ys|zi — £;| 


P(x + &) < (8.76) 


It follows that the bound in (8.43) will be dominated by the error event path 
having the smallest number of elements in set A. Divsalar and Simon [82, 83] 
called this path the shortest error event path and defined its length as Lyin. 
Based on previous arguments, the bit error probability can be approximated as 


—~K\ Emin 
By o( eee") 7 >K (8.77) 
Ys 
where C is a constant that depends on the distance structure of the code. 
Observe that P, varies inversely with (7,)/™', yielding a diversity effect of 
order Lmin. Wei [353] called Lin the minimum built-in time diversity 
(MTD). The MTD dominates the performance of TCM on an interleaved flat 
fading channel, and the maximization of the MTD is the major design criterion 
for TCM on interleaved flat fading channels. 
The pairwise error probability in (8.75) can be written in the form 


4a g2 


P(x > x) <e 4 (8.78) 
where 
> [vi — 2° K _ (22) “mn ( +K+ ¥[2; | 
ccALt+K + |x; — 2, 4 1+K 
= > di,+ dj, (8.79) 
icA 


Two special cases are associated with (8.79), K = oo and K = 0. For K = oo 
(no fading), 
d?; = |x; — 2,|, a; =0 (8.80) 


and, therefore, d? becomes the sum of the squared Euclidean distances over 
the error event path. Maximizing d? under this condition is the TCM design 
criterion for AWGN channels. 


Error Control Coding 421 


For K = 0 (Rayleigh fading), 


s\~ 7 
a. =0, di, = (¥) In (1 + 4 | - i,)) ; (8.81) 
For reasonably large SNR, d? is the sum of the logarithms of the squared 
Euclidean distances, each weighted by ¥,. In this case, the pairwise error 
probability is given by 


z -1 

P(x +x) < (0 Jigs = a) (8.82) 

near e 
1EA 

which is inversely proportional to the product of the squared Euclidean dis- 

tances along the error event path. The minimum product squared Euclidean 

distance (MPSD) between any two valid sequences, 


min TT |x; — #41? (8.83) 
OO IEA 
is another design parameter for Rayleigh fading channels. For values of K 
between 0 and oo, the equivalent squared Euclidean distance of (8.79) becomes 
a mixture of the two limiting cases given above. 

If interleaving is not used, then the assumption that the fading is independent 
from symbol to symbol is no longer valid. If the fading is slow enough to be 
considered constant over the duration of the minimum distance error event path, 
then for coherent detection with a Gaussian metric the bit error probability at 
high SNR is, approximately, 


Py =~ C\E [exp { - abi (8.84) 
where C', is a constant, y, = a?#/N,j is the received symbol energy-to-noise 
ratio, d2,;,, is the minimum Euclidean distance of the code, and the averaging 
is over the density in (8.68). Taking this average gives 


2 slp. _ A.l2 
P, a : po |e | . i} 
1+K+d55,7¢lei— &:| 14+ K+ 5.3% |e: — &| 
(8.85) 
which can be approximated at large 75 by 
pene ee. (8.86) 
drain’ Vs 


Observe that without interleaving, P, is asymptotically inverse linear with ¥,, 
independent of the trellis code. Iffollows that interleaving is required to achieve 
diversity with TCM on a flat fading channel. 
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5.1 DESIGN RULES FOR TCM ON FLAT FADING 
CHANNELS 


According to the previous section, when TCM is used on Ricean fading 
channel with interleaving/deinterleaving, the design of the code for optimum 
performance is guided by the minimum built-in time diversity (MTD) of the 
code. For Rayleigh fading channels, the design of the code is also guided by 
the minimum product squared distance (MPSD) of the code. The minimum 
Euclidean distance, which is the principal design criterion for trellis coded 
modulation AWGN channels, plays a less significant role on Ricean fading 
channels as the K factor decreases, and no role for Rayleigh fading channels 
(K = 0). A third design criterion is to minimize the decoding depth of the 
code. 

The design of trellis codes for interleaved flat fading channels is based on 
Ungerboeck’s principle of mapping by set partitioning, but now the partitioning 
is done to maximize the MTD and MPSD of the code. This can be accomplished 
by maximizing the intra-subset MTD and MPSD, but it should be pointed out 
that large MTD and MPSD can be sometimes achieved even if the partitioning 
is done to maximize the minimum Euclidean distance as in Ungerboeck’s codes 
for AWGN channels. 

In general, the following guidelines are followed when designing trellis 
codes for interleaved flat fading channels; 


1. All signals occur with equal frequency and with regularity and symmetry. 


2. Transitions originating from the even and odd numbered states are assigned 
signals from the first and second subsets, respectively, of the first partitioning 
level. 


3. Whenever possible, the transitions joining in the same state receive signals 
from either the first or second subset of the first partitioning level. 


4. Parallel transitions receive signals from the same subset of the finest parti- 
tioning level. 


5. The state transitions originating from each current state and going to even- 
numbered next states are assigned signals from subsets whose inter-subset 
MTD and MPSD are maximized. The same applies for the transition 
originating from each current state and going to odd-numbered next states. 


The first four rules are similar to those suggested by Ungerboeck [330], but 
now the subsets used may be different. The fifth rule is used to reduce the 
decoding depth of the code. Wei [353] developed several codes based on 
minimizing the decoding depth of a code. He defined two minimum decoding 
depths (MDD1, MDD2) to characterize a code. MDD1+1 is defined as the 
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length (in symbols) of the longest valid sequence of signal points, say xy, 
which originates from the same state as another valid sequence x and merges 
into the same last state as x and whose Hamming distance from x is the same as 
the MTD of the code. Note that the performance of a code is mainly governed 
by the pairs of sequences which determine the MTD of the code. Each such 
pair of sequences differ in at most MDD1+1 successive symbols. The farther 
these symbols are separated, the better the performance of the code. Hence, to 
benefit from the MTD of the code, the interleaver should separate the symbols 
in each sequence of MDD1+1 input symbols as far as possible. 

MDD2? is defined as the length of the longest unmerged valid sequence of 
signal points, say X2, which originates from the same state as another valid 
sequence, say x, and whose Hamming distance from x is not greater than the 
MTD of the code. In case the Hamming distance between the two sequences 
is equal to the MTD of the code, the squared product distance between the two 
sequences must be less than the MPSD of the code. Since MDD2 is greater 
than MDD1, the decoding depth should be at least equal to MDD2 to realize 
the MTD and MPSD of a code. It suffices ifthe decoding depth is few symbols 
longer than MDD2. Finally, to benefit from both the MTD and MPSD of a 
code, the interleaver should separate the symbol in each sequence of MDD2+1 
input symbols as far as possible. 


5.1.1 MULTIDIMENSIONAL TCM 


Recall that the length of the shortest error event with conventional trellis 
codes (one symbol per trellis branch) is equal to the number of branches 
along that error event path. If the trellis code has parallel transitions, then 
MTD = 1. Unfortunately, parallel transitions are inevitable when the size of 
the signal constellation exceeds the number of states. In this case, the bit error 
probability for Rayleigh fading channels has an inverse linear dependency on 
the bit energy-to-noise ratio. To solve this problem, multidimensional TCM 
techniques can be used. 

Multidimensional TCM uses signal spaces having a larger dimensionality so 
as to increase the minimum Euclidean distance between signal points. Another 
feature of multidimensional trellis codes is noticed when comparing the coding 
gain of these codes to 1- or 2-D codes. When the size of the signal constellation 
is doubled with respect to uncoded modulation, the average signal energy may 
also increase. For example, doubling the size of a 2-D M-QAM constellation 
implies a 3 dB increase in average signal energy. However, if this increase 
in average signal energy can be avoided, then the TCM coding gain would be 
greater. This 3 dB cost falls to 1.5 dB when four dimensions are used, and to 
0.75 dB when eight dimensions are used [38]. Multidimensional TCM is also 
attractive for fading channels. 4-D TCM schemes are special because they can 
be implemented in radio communications without any increase in bandwidth, 
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by transmitting on the same carrier frequency with two spatially orthogonal 
electric field polarizations [38]. 

A 2N-D constellation is formed by first selecting a constituent 2-D con- 
stellation and then concatenating N such constellations together in the time 
domain. If the size of the 2N-D constellation is larger than needed, then some 
of the Jess desirable points are deleted [353]. The resulting constellation is 
then partitioned into a chain of increasingly large numbers of subsets. The 
partitioning is performed first to maximize the intra-subset MTD, and then to 
maximize the MPSD between any pair of 2N-D signal points within the same 
subset having that MTD. 

When N > 1, an MTD of at least two is easily achieved for each subset in 
the finest partition. Fig. 8.16 shows a 32-point 4-D 8-PSK constellation that is 
partitioned into 8-subsets. The 4-D constellation is formed by concatenating a 
pair of 2-D 8-PSK constellations in the time domain and deleting those points 
having the form (even,odd),(odd,even). The intra-subset MTD within each of 
the finest partitions is 2 with an intra-subset MPSD of 4. Fig. 8.17 shows a 
rate-2/3, 4-D, 4-state, 8-PSK trellis code with 2 bits/symbol. The bits 6;, be, b3 
are used to select one of the 8 subsets in Fig. 8.16 and bits b4, bs are used to 
select one of the four 4-D elements within each subset. The MTD and MPSD 
of the code are the same as the intra-subset MTD and MPSD and, hence, are 
maximized for the partitioning in Fig. 8.16. 

Fig. 8.17 also shows the trellis diagram of the code, along with examples of 
the longest sequences which determine the values of MDD1, and MDD2. Note 
that MDD1 and MDD2 are measured in units of 2-D symbols. Since there are 
parallel transitions of length 2 symbols, MDD1 = 1. To find MDD2, suppose 
that the all zeroes sequence is the reference sequence. Note that the 2-D se- 
quence {1, 5, 0, 0, 0} associated with the 4-D sequence {(1,5), (0,0), (0,2) } 
has a time diversity of 2 (which is equal to the MTD) and an MPSD of 
d?(0,1) x d?(0,5) = 0.5857 x 3.414 < 4 and, hence, MDD2=5. Wei [353] in- 
vestigated different multi-dimensional codes. He found that multi-dimensional 
TCM requires longer decoding depths than 2-D TCM. This longer decoding 
depth has proven to be very detrimental and, therefore, Wei considered only 
4-D codes. 


5.1.2 MULTIPLE TCM (MTCM) 


Multiple TCM is implemented by using a rate-b/s encoder, where the en- 
coder outputs are mapped onto k M-ary symbols in each transmission interval, 
as shown in Fig. 8.18. The s encoder output symbols are divided into k groups 
ofm = log M symbols each, in this case s = klogy M. Another method is 
to divide the s binary symbols into k groups of m;symbols where each group 
now corresponds to a signal constellation of different size M;. If mj = logy Mj; 
for the ith group, then s = )~*_, mj. Notice that k = 1 corresponds to conven- 
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Figure 8.16. Partition of the 32-point 4-D 8-PSK constellation into 8 subsets. 
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Figure 8.17. 4-D 4-state 8-PSK rate-2/3 trellis code with 2 bits/symbol. 


tional Ungerboeck trellis codes. MTCM codes can be designed with parallel 
transitions, while still achieving an asymptotic bit error probability on fading 
channels that decays faster than an inverse linear function of 7s. 
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Figure 8.19. | Code trellis for the rate-4/5 4-state 8-PSK MTCM trellis code. 


Fig. 8.19 shows the code trellis for the rate-4/6, 4-state, 8-PSK MTCM code 
reported in [84]. The signal point sets are obtained using the above method and 
they are the same as those used in the 4-D code and shown in Fig. 8.16. There 
are 16 paths emanating from each node and, hence, there are four parallel paths 
between nodes. This code has the same MTD and MPSD as the previous 4-D 
code. However, MDD1 = 5 and MDD2 = 5 and, therefore, the previous 4-D 
code remains a better choice since MDD1 is smaller. 


5.1.3 2-D TRELLIS CODES 


It is surprising that Ungerboeck’s 2-D 8-state and 16-state 8-PSK trellis 
codes that were originally designed for AWGN channels, remain good for 
interleaved flat fading channels. In fact, Ungerboeck’s 2-D, rate-2/3, 8-state 
8-PSK trellis code shown in Fig. 8.20, has an MTD of two (the thick lines) 
and the corresponding product squared Euclidean distance is 8 which is better 
than the previous codes. Note that the shortest error event is not necessarily the 
minimum distance error event. In Fig. 8.20, the minimum squared Euclidean 
distance is 4.585, corresponding to an error event of length 3 (the dashed 
path). Note also that MDD1 = 3 and MDD2 = 3. It is obvious that the set 
partitioning for this code was intended to maximize the minimum squared 
Euclidean distance. Finally, we note that good 2-D TCM codes for interleaved 
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Figure 8.20. _ Trellis diagram for Ungerboeck’s rate-2/3, 8-state, 8-PSK trellis code. 


flat fading channels will not have parallel transitions and the connectivity 
between the states will be as low as possible. 


6. CODED PERFORMANCE ON ISI CHANNELS 


Fig. 8.21 shows a model for digital signaling on a non-interleaved fading 
ISI channel. Chapter 7.3.1 showed that the overall channel with D-branch 
diversity can be replaced with the model in Fig. 7.5, consisting of D (L + 1)- 
tap transversal filters, the outputs of which are corrupted by AWGN samples 
{ng} with o*, = NoWk, d. For TCM, this leads to the equivalent discrete-time 


model shown in Fig. 8.22. As discussed in Chapter 7.3.1.1, the tap gains are 
modeled as uncorrelated complex Gaussian processes, and with 2-D isotropic 
scattering the tap gain vector ga(k) = (go,a(K), 91,a(K),---,9z,a(k))” has 
covariance matrix ®g ,(m) = Jo(27fmmT)Z4 where Jo( - ) is the zero-order 
Bessel function of the first kind and fm is the maximum Doppler frequency, and 
“gq = diag{oo,¢,01,d,---,;z,a] and OF 4 = 5E[I9i,a|“]. Here, we assume the 
9i,a(k) have zero-mean so that the magnitudes |g;,q(&)| are Rayleigh distributed. 
Assuming that the branches are balanced, the average received branch bit 
energy-to-noise ratio is 


_ _ Elleel?] Dio Ellgi,al?] 
= nN, (8.87) 


where n is the number of bits per symbol. 

As discussed earlier, the rate-m/(m + r) linear convolutional encoder con- 
tains m shift registers and is characterized by a set of generator polynomials 
gl ) 1<i< m,1<j<m+r. The length of the ith shift register is v; and 
the total number of memory elements in the encoder is vp = S772, 4%. Since 
both the trellis encoder and ISI channel are finite state machines, it follows 
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Figure 8.21. Digital communication on a non-interleaved fading IS] channel. 
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Figure 8.22. _TCM-coded system with an equivalent discrete-time white noise channel model, 
from [303]. 


that the combined trellis encoder and ISI channel is also a finite state machine 
having super-states 


s{ = (og; 2K-1,---)h-L) - (8.88) 


There are Ng = 2”72"4 = 2”S super-states and o, is the encoder state defined 
in (8.28). An equivalent definition of the super-state is [50] 


s\") = (op— nj Og-1;-++, Bb-1) 
1 1 
= (ap? set sabe yen i ee ee 
Oey ata Gpee a3 ep ase eer) : (8.89) 


The overall system also has state and trellis diagram descriptions. With MLSE, 
the Viterbi algorithm searches for the most likely path in the super-trellis based 
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on the sequence of received samples v at the output of the matched filter. An 
error event of length £ = ka — k, occurs between epochs k; and kp in the 
super-trellis if the actual super-state s, and the estimated super-state 8, satisfy 


Ski = 8k,, Sko = Sk. and sp # Sp, ky < k< ko. (8.90) 


Associated with every error event in the super-trellis is a pairwise error probabil- 
ity P(x — X), representing the probability that the receiver chooses sequence 
x when x is transmitted. 


6.1 TCM ON STATIC ISI CHANNELS 


As shown in Chapter 7.6.1, the pairwise error probability is a function of 
the path distance matrix E defined in (7.160). The matrix E depends only 
on the trellis code and the length of the channel L + 1. Equations (7.163) 
and (eigenbound) provide a guideline for designing trellis codes for static ISI 
channels. The design criterion should be to maximize Amin for the dominant 
error event. If the dominant error event has length 2, then this criterion implies 
that min{re(0)} is maximized, where r,(0) is the squared Euclidean distance 
between two allowable sequences of length @ in the super-trellis. The other 
design criterion should be to minimize the condition number c(E). The matrix 
E is perfectly conditioned, or c(E) = 1, only when rg(i) = 0,7 4 0. In this 
case E has the form r¢(0)Iz,41, where I is the identity matrix. AWGN channels 
of the form g = e;, 7 € {0, ..., LZ} represent the eigenvectors of this matrix. 

If the dominant error event of a trellis code has a perfectly conditioned 
path distance matrix E, then the asymptotic performance of the code is the 
same for any channel vector g, including the AWGN channel. An interesting 
phenomenon occurs when the dominant error event associated with a trellis 
code does not have a perfectly conditioned path distance matrix. In this case 
the asymptotic performance of the trellis code over the channel described by 
the vector g = Vmax 1S better than its asymptotic performance on an AWGN 
channel! The code has the worst performance on the channel described by the 
vector 8 = Vmmin- 


6.2 TCM ON NONINTERLEAVED FADING ISI 
CHANNELS 

As mentioned before, c(E) = 1 if and only if rg(t) = 0, 1 # 0. It 
is impossible to obtain a code where c(E) = 1 for all error events. The 
cross terms re(z),2 4 O in the path distance matrix E of any error event will 
degrade the performance. The next section shows an example where the cross 
terms cause an error event with a smaller rg(0) to have a lower pairwise error 
probability than another error event having a larger re(0). It is very difficult 
to control the cross terms of the dominant error events and, therefore, a less 
stringent criterion would be useful for predicting the performance of a trellis 
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code. We now show that if the squared Euclidean distance min({re(0)} does 
not increase linearly with @, then a trellis code will not have good performance 
on a non-interleaved fading ISI channel. We require the following definition 
and two properties to develop this criterion. 

Definition: Define Q(k, k, +7) as the set of all distinct pairs of sequences 
in the code-trellis that originate from the same state at epoch &, and merge into 
the same state at epoch k1 +7. Each pair of sequences in set (ki, ki +7) may 
also merge into the same state between epochs k, and k; + zand possibly stay 
merged for at most L — | branches in the code-trellis and then diverge, thus 
forming one or more error events in the code-trellis. 

Property 8.1: If an error event of length i having a squared Euclidean 
distance d? occurs in the code-trellis, then an error event of length €= L +i 
having a squared Euclidean distance rz4;(0) = d? occurs in the super-trellis. 
Conversely, if an error event occurs in the super-trellis between epochs k; and 
kp, having length kz — ky = LZ +72 and a corresponding squared path distance 
ry+i(O), then there exists a pair of sequences (x), x2) € 2(k1, k; +7) in the 
code-trellis having a squared Euclidean distance equal to rz4;(0). 

Proof: Using the definition of the error event in the super-trellis in (8.90), and 
using the two equivalent forms of the super-state (8.88) and (8.89), it follows 
directly that an error event in the code-trellis o%, = Ok,, Ok, 44 = Fk, 44,and 
On F Gx fork, < k < ky, +2 implies that 3%, = 8%,, $k, 4464+5 = $k, 4i4+z, and 
sp # S fork, <k < ki +1+ LZ. It also follows that e, = 0,k > k, +7 and, 
hence, rz4;(0) = d*. 

Conversely, suppose that an error event occurs in the super-trellis between 
epochs k, and k; + LE +7. It follows directly from (8.90), and the fact that 
Lk = filo, ax) and on41 = fo(ox, ax), that there exists a pair of sequences 
in the code-trellis (x ,x2) that originate from the same state at epoch ky, ie., 
€%, # 0, and merge into the same state at epoch k; + 4, i.e., €4,4;-1 # 0. The 
two sequences may merge into the same state between epochs k and k, +1,say 
at epoch k; +m (m < 1) and possibly stay merged for at most L — 1 branches; 
otherwise, ,84,424m = $k,+L+m and the length of error event is shorter than 
£+4%. Hence, (x1,x2) € (2(k1,k, +7). It also follows from (7.162) that the 
squared Euclidean distance between x, and x2is equal to rz4;(0). 

Property 8.2: Let d2,,, (i) denote the squared minimum distance of all error 
events in the code-trellis of length i. Then min (rz4:(0)} < d2,,,(i). 

Proof: An error event in the super-trellis between epochs k; and ki + L +i 
and the corresponding pair of sequences (x1, X2)may result from either a single 
error event in the code-trellis between epochs k; and k; + 2,or multiple error 
events of shorter lengths, e.g., 7 error events of length one (parallel transitions) 
or, in general, m error events of lengths 71,.-.,Jm. Note that m can take any 
value between one and i. Also, for any m, the lengths 71,...,7m can assume 
different values with the constraint }> jm <7 and (x,,X2) € Q(k,, ky +4). It 


Error Control Coding 431 


follows that 
mnin{rzsi(0)} = min { J dbinlim)} <del’) 91) 


where the minimization goes over all m < 7 and all 91,..., 7m With the above 
constraint. Ifthere exists a single error event of length i in the code-trellis, then 
the theorem is immediate. Also, if there are no error events of length 7 in the 
code-trellis then, by definition, dmin(i) = coand the above inequality in (8.91) 
is satisfied. 

If we treat the uncoded system as a trellis-coded system with a single state and 
parallel transitions, then, for two-tap channels min [r;+,,(0)} = id?,;,(0), i = 
1,2,..., where d2,;, (0) is the minimum squared Euclidean distance in the signal 
constellation of the uncoded system. The important point is that ry4;(0)for the 
uncoded system grows linearly with the length of the error event. Properties 8.2 
and 8.2 suggest that if a trellis code has a dense distance spectrum [284], then 
the set of min{r2(0)}, 2 > Lwill also have a dense spectrum. Therefore, if the 
minimum squared Euclidean distance of a trellis code does not grow linearly 
with the length of the error events, then the uncoded system is expected to 
outperform the trellis-coded system for a non-interleaved fading ISI channel. 


63 EXAMPLES 


This section illustrates the above concepts by focusing on the 4-state 8-PSK 
and the 8-state 8-PSK Ungerboeck codes [330]. The corresponding uncoded 
system is 4-PSK. We have seen earlier that the 8-state code is suitable for 
interleaved flat fading channels, having MTD = 2 and MPSD = 8. Two ISI 
channels are considered 1) a two-tap, T-space, static ISI channel and, ii) a 
two-tap, T-spaced, Rayleigh fading ISI channel. 


6.3.1 STATIC ISI CHANNELS 
For a two-tap static ISI channel, the path distance matrix is 


_ ( re(0) re(1) 
B= (1) 0) | ira 


Tables 8.1, 8.2, and 8.3, tabulate the values associated with matrix E for all 
error events of up to length 8 for the uncoded system and the two coded 
systems. Notice that the minimum squared Euclidean distance is r2(0) = 2.00 
for the uncoded system, r2(0) = 4.00 for the 4-state trellis code, and r4(0) = 
r5(0) = 4.59 for the 8-state trellis code. Also, the matrix E associated with 
the minimum distance error event is perfectly conditioned for both the uncoded 
system and the 4-state trellis code, but not for the 8-state trellis code. 

We now consider the coded performance for seven different channels with 
impulse responses listed in Table 8.4. Channels G, Al, and A2 were chosen 
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rd min{r:(0)} |re(1)| M1 d2 w(x, x) P(x - x) 

2 2.00 0.00 2.00 2.00 1 0.1705E-01 
3 4.00 2.00 6.00 2.00 2 0.6786E-02 
4 6.00 4.00 10.00 2.00 3 0.4238E-02 
5 8.00 6.00 14.00 2.00 4 0.3081E-02 
6 10.00 8.00 18.00 2.00 5 0.2420E-02 
7 12.00 10.00 22.00 2.00 6 0.1993E-02 
8 14.00 12.00 26.00 2.00 7 0.1694E-02 


Table 8.1. Error events in the super-trellis for uncoded 4-PSK system over a two-tap channel 


e min{r7(0)} Ire(1)| uM da w(x, X) P(x + %) 
2 4.00 0.00 4.00 4.00 1 0.5528E-02 
3 8.00 4.00 12.00 4.00 2 0.2033E-02 
4 4.59 2.16 6.75 2.42 2 0.5261E-02 
5 5.17 2.72 7.89 2.46 4 0.3831E-02 
6 5.17 2.16 7.34 3.01 3 0.3790E-02 
7 5.76 7 8.47 3.04 5 0.3173E-02 
8 5.76 2.00 7.16 3.76 3 0.3227E-02 


Table 8.2. Error events in the super-trellis for 4-state 8-PSK code over a two-tap channel 


£ min{rz(0)} |re(1)| v1 A2 w(x, X) P(x — X) 

3 6.00 2.83 8.83 3.17 1 0.3301E-02 
4 4.59 2.16 6.75 2.42 3 0.5106E-02 
5 4.59 1.08 5.67 3.50 3 0.4556E-02 
6 5.17 2.16 7.34 3.01 6 0.4094E-02 
7 5.17 1.08 6.25 4.09 6 0.3654E-02 
8 5.17 1.08 6.25 4.09 4 0.3654E-02 


Table 8.3. Exror events in the super-trellis for 8-state 8-PSK code over a two-tap channel 


arbitrarily and have the best spectral characteristics. Channels Bl and B2 
are equal to the eigenvectors associated with the minimum and maximum 
eigenvalues, respectively, for one of the length 3 and 4 error events in the 
uncoded system, and one of the error events of length 4 in the 8-state trellis 
code. Channels Cl and C2 are equal to the eigenvectors associated with the 
maximum and minimum eigenvalues, respectively, for some of the minimum 
distance error events that are associated with the 8-state trellis code. 
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Channel go gi 

G 0.9747 0.223 

Al 0.866 0.500 

A2 0.500 0.866 

BI -0.7071 0.7071 

B2 0.7071 0.7071 

Cl 0.7071 -0.65333+4j0.2705 
C2 0.7071 0.65333-j0.2705 


Table 8.4. Static ISI channels used to evaluate the performance of trellis codes. 


Simulation results for the uncoded 4-PSK system, the 4-state trellis code, 
and the 8-state trellis code are shown in Figs. 8.23, 8.24, and 8.25, respectively. 
Although channel C2 has an in-band spectral null, making it perhaps the most 
difficult channel to equalize, the performance of uncoded 4-PSK on this channel 
is better than that on channels B1 and B2. The 4-state trellis code performs 
better on channels B] and B2 than on channels Cl and C2, although channel 
B1 has a band-edge null while channel B1 does not. The 8-state trellis code 
performs better on channel Cl than C2. This makes sense because channel Cl 
is the eigenvector associated with .Amax for one of the dominant error events of 
the 8-state code. In general, Tables 8.1, 8.2, and 8.3 show that the coded systems 
have a larger Amin than the uncoded systems. Therefore, it is reasonable that 
the coded systems have better performance than the uncoded system, although 
c(E) for the dominant error event is greater for the 8-state code. 


6.3.2 MULTIPATH FADING ISI CHANNELS 
Consider a 2-tap fading ISI channel with matrix 


2 
_ _ are(0) pte 
A= BEB,= (70 o2re(0) et) 


and corresponding eigenvalues 
E 
Ate = re(0) = + =y/re(0)? (02 — 02)? + 40303 |re(1)|? (8.94) 


where E = Yc4.,0?,. It is obvious that 4; = Az implies that og = o1 
and re(1) = 0. For the case when<og = 0}, the eigenvalues are given by 
5[re(0) + |re(1)l]. 

Fig 8.26 plots the pairwise error probability of the 8-state code against the 
normalized energy in the first tap for different values of r¢(0) and |r¢(1)| as 
described in Table 8.3. Notice that the pairwise error probability is minimized 
for equal energy taps. Fig. 8.26 also shows how the pairwise error probability 
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Figure 8.24. 
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Performance of 4-state 8-PSK TCM over static ISI channels. 


decreases with an increase in the squared Euclidean distance, r¢(0). Finally, 
Fig. 8.26 shows the effect of the eigenvalue spread. For example, the pairwise 
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Figure 8.25. Performance of 8-state 8-PSK TCM over static ISI channels. 


error probability associated with the error event having rg(0) = 5.76 and 
\re(1)| = 1.08 (c = 1.46) is better than that with r3(0) = 6.00 and |r3(1)| = 
2.83 (c = 2.79), although the squared Euclidean distance is larger for the latter. 

Fig. 8.27 plots the bit error probability of the uncoded 4-PSK system, and 
the 4- and 8-state 8-PSK trellis codes on a two-tap, T-spaced, fading channel 
with og = 01. The performance is completely reversed from that on an AWGN 
channel. The uncoded system outperforms either trellis-coded system and, 
moreover, the 4-state trellis code outperforms the 8-state trellis code. This 
behavior is consistent with the parameters listed in Tables 8.1, 8.2 and 8.3. 
Although the uncoded system has a smaller squared Euclidean distance, (0) 
for the uncoded systems grows faster with the length of the error events than 
either the 4- or 8-state trellis codes. By comparing the parameters of the 4- and 
8-state trellis codes in Tables 8.2 and 8.3, respectively, it is not surprising that 
the 4-state trellis code outperforms the 8-state trellis code. 

As a final example, consider the simple rate-1/2, 2-state, 4-PSK trellis code 
shown in Fig 8.28. The equivalent uncoded system is BPSK having a mini- 
mum squared Euclidean distance growth given by the values {d?,,,.(i)/E} = 
{4.0, 8.0, 12.0, 16.0, 20.0, 24.0, 28.0, ... }. Table 8.5 lists the parameters 
of the code. Note that the code has a minimum squared Euclidean distance that 
grows linearly with the length of the error event but at a slower rate than that 
of the uncoded system. Fig. 8.29 shows the performance of the code. Unlike 
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Figure 8.26. Pairwise error probability for several error events for the 8-state 8-PSK trellis 
code at 7 = 10 dB. See Table 8.3 for corresponding eigenvalues. 


the Ungerboeck codes, the code at least offers slightly better performance than 
the equivalent uncoded system despite its simplicity. 


64 EVALUATION OF UNION BOUNDS FOR TCM 


The pair-state approach is one method for evaluating the error probability 
upper bound for TCM on intersymbol interference (ISI) channels [85, 37]. 
Unfortunately, there are (Ng)? pair-states, where Ng is the number of super- 
states. A simpler method that uses the transfer function of an .Ng-state error 
diagram has been proposed for linear filter channels [204]. Both of these 
techniques require a Chernoff bound on the pairwise error probability which 
can be loose, especially for fading channels.” Here we describe a method 
for evaluating the union bound that uses an error-state diagram and a one- 
directional stack algorithm. The proposed method does not require the transfer 
function and, therefore, i) an exact expression for the pairwise error probability 
can be used yielding a tighter upper bound, and ii) the method is useful for 
large-state systems. 


*The union bound may also be loose for fading channels. 
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Figure 8.27. _ Performance over a two-tap, T-spaced, fading ISI channel; 09 = 01. 


The bit error probability for TCM on an ISI channel has the bound in (8.43), 
where E is the set of error sequences that correspond to all error events in the 
super-trellis at epoch j;. For a static ISI channel, the pairwise error probability 
is given by (7.154) with the squared Euclidean path distance in (7.157). By 
following the same procedure as in Chapter 7.6.3, the parameters needed to 
evaluate the upper bound for a static ISI channel are the probability P{a}, 
the number of bit errors w,(e), and the squared Euclidean path distance A? 
Likewise, for a fading ISI channel with equal diversity branches, the exact 
pairwise error probability is given by (7.181), and the parameters needed to 
evaluate the union bound are P{a}, wp(e),and the matrix A = Ag, where Ag 
is defined in (7.172). 


The overall system has super states 3) for? = 0, ---, Ng —1, where 3) is 


defined in (8.89). Define the error state as v, = s\"” @s/? for some i andj. An 
error-state diagram can be constructed such that the initial and final nodes in the 
error-state diagram are zero-error states and each intermediate node represents 
a distinct non-zero error-state. A directed line from v; to vm indicates an 
allowable error-state transition (v;, V,,,). There is one-to-one correspondence 
between the set E in (8.43) and the set of paths from the initial to final node in 
the error-state diagram. 
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Figure 8.28. Simple rate-1/2, 2-state, 4-PSK trellis code. 
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Table 8.5. Error events in the code-trellis for the rate-1/2, 2-state, 4-PSK code in Fig. 8.28; 
Neg is the number of error events of length i having a squared Euclidean distance of d?,;,(4). 


To evaluate the union bound (8.43), we define an appropriate transition-gain 
for each transition in the error-state diagram as follows. Given an error-state 
transition (v;, Vm), each branch froms(”) to si i in the overall trellis diagram is 
assigned the appropriate branch distance (or branch distance matrix), Cyn (i, 7) 
and number of bit errors ujn(t,7). This assignment can be conveniently 
described by an Ng x Ng transition matrix Bym = [bim(i, 7)] with elements 


bim (4,97) = ‘ 
tm(t J) 0 , otherwise (8:99) 


A Zitim ZErm (EI) s) to si), transition possible 
Note that uj in (8.95) does not depend on the branch from 3) to s\/), , but 
only on the error-state transition (vj, Vm). 

Consider the following simple example, consisting of a two-state 4-PAM 
trellis code with a two-tap channel (L = 1). The encoder has generators 
ge) = (1,0) and g(2) = (0,1), and the signal mapping is zq = 4ag+2a,_1—3. 
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Figure 8.29. Performance of the rate-1/2, 2-state, 4-PSK trellis code on a two-equal-ray T- 
spaced fading ISI channel. 


Fig. 8.30 shows the error-state diagram. As an example of how to obtain 
Bim, consider the error sequence {e, = 1, eg4; = 1, exo = 1, Cx43 = 
0, ex44 = O} in Fig. 8.31. The error sequence corresponds to the path 
{vo, V2, V3, V3, Vi, v4} in the error-state diagram. Fig. 8.31 shows the 
super-trellis, along with the symbol error e, for ky < k < k, +4. Note that all 
branches merging at the same node in Fig. 8.31 have the same symbol error €x. 
Given the pair (€,-1, €,), the squared branch distance A?can be calculated 
by using (7.158) and (7.159), and the matrix A, in (7.169) can be calculated 
from the branch distance matrix Ey, in (7.159)?. For example, consider a static 
ISI channel with gp = 1 and g; = 1. The transition-gains Bog and B33 are, 
respectively, 


Zn 0: Be D 
Zi8 0 =ZA5 OO 


*In general, the squared branch distance and branch distance matrix are calculated using 
(Ek-Li€k-L+1: ***y Ek): 
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Figure 8.30. Error-state diagram for 2-state, 4-PAM, TCM on a two-tap ISI channel. 


and 
24 0 23° 0 


Zt gg OOO 


B33 = 21 - 0 22 0 Zé (8.97) 
o zi g 744 
Likewise, for a two-tap fading ISI channel, the transition gain Bgg is 
ay 0 ay 0 
Z 02 0 Z. 02 0 
Boo = Z1 - i, zo y gor (8.98) 
: 2. 6 2 
where 
Aw =5| 0 |= (8.99) 


For the error-state transition (vj, Vm), the distance polynomial [284] as- 
sociated with the node gl) is the sum of the ith-row elements of the matrix 
1/2” - Bim, where we have assumed that the information vector a, is trans- 
mitted with equal probability 1/2”. If the sum of row elements is the same 
for every row, then the matrix is row-uniform [204]. If the matrix By is 
row-uniform for all error-state transitions, then the trellis code has the uniform 
property. For AWGN channels, many trellis codes including the Ungerboeck 
codes have the uniform property, meaning that the error probability can be eval- 
uated by just considering the set of information sequences that originate from 
a particular state, say s\)), However, for ISI channels the uniform property is 
lost and all possible information sequences must be considered. For example, 
the matrix B33 does not have the row-uniform property in our example sys- 
tem, although the trellis-code is uniform for AWGN channels. Nevertheless, 
some symmetry properties of the trellis code and trellis structure can still be 
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Figure 8.31. Super-trellis showing symbol errors for the error sequence {e,, = 1, ex, 41 = 
1, ek, +2 =1, €k14+3 = 0, €ky 44 = 0}. 


exploited to simplify the performance analysis. Considering again the error 
sequence {eg = 1, e441 = 1, Cxte = 1, ex+3 = 0, ek44 = O} in Fig. 8.31, 
the following observations can be made: 

Observation 8.1:. Only half of the sequences originating from each state s(") 
must be considered, because there is always a pair of correct sequences having 
the same probability P{a}, number of bit errors w,(e), and path distance 
(or path distance matrix), e.g., the information sequences aand a @ e. This 
symmetry property exists for every TCM system. 


Observation 8.2:. Only the information sequences originating from states 
3(°) and s(”) must be considered, because for each information sequence origi- 
nating from the state si) (or s(°)) there always exists an information sequence 
originating from the state al) (or s\”’) having the same set of parameters. 
This type of symmetry usually exists but depends on the particular trellis code. 
The algorithm discussed below exploits this type of symmetry by combining 
together all paths attached to the same node that have the same set of parameters. 

The stack algorithm maintains an ordered stack where each entry represents 
one or more paths in the error-state diagram and contains the following informa- 
tion: terminal node, terminal state s,,the number of branches H, 301m) tim, 
Yim) Son (Of Lim) Atm), and the intermediate bit error probability Pr. The 
set {(/,m)} is the set of error-state transitions associated with the path under 
consideration. P; is calculated according to 


1 1 F 
Pr= 7-5. gait » um P{ P(ae) > Ta) 
{(1,m)} 


a } (8.100) 
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Figure 8.32. The stack algorithm. 


where P {T(a@e) >T(a) |a} is computed by using the squared path dis- 
tance >°y(1,m)} Aim for a static ISI channel and the matrix $7 4(,,); Aim for 
a fading ISI channel. The stack is ordered according to decreasing P;. For a 
path from the initial to final node, we have P {a} = 1/(Ng - 2"), wp(e) = 
Yim); Mim, and P{ T(a@e) > Ta) la} = P{T(ae@e) >T(a) {a}. 
A key feature of the stack algorithm is that paths having the same terminal node, 
terminal state sz, number of branches .H, ¥7 (1. m)} Wim» and D2 ¢(1,.m)} A? (or 
> {(1,m)} Alm) are combined together, because from that point on they can be 
treated as a single path. These combinations reduce the computation required 
to evaluate the upper bound as discussed in Observation 8.2. The number 
of paths represented by a stack entry is called the path multiplicity, M. The 
detailed stack algorithm is shown in Fig. 8.32 an operates much the same as 
the stack algorithm described in Section 6.6.3. 
Example 8.4 
Consider a system that uses the 4-state 8-PSK Ungerboeck trellis code in 
Fig. 8.33 on a two-tap multipath-fading channel. In the simulations, the tap 
coefficients {g;,a} are generated by passing independent complex white Gaus- 
sian noise through a digital Butterworth filter having a 3-dB cut-off frequency 
equal to 0.4 Hz. The transmission rate is assumed to be 2400 symbols/sec and 


a 5 E\lgi,a\"} = 1 for all i and d. Once again, the analytical results are 
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Figure 8.33. | Encoder and signal mapping for the 4-state 8-PSK Ungerboeck code. 


obtained by setting the threshold Pr = 1073 - Pyax,where Pmax is the largest 
term in the upper bound. For TCM on multipath-fading channels, the aver- 
age received bit energy-to-noise ratio per diversity branch is given by (8.87). 
Fig. 8.34 compares analytical and simulation results for this system. Without 
diversity (D = 1), the difference is about 2 dB for P, < 10~%. However, for 
two-branch diversity (D = 2), the difference is within | dB. 


7. TURBO CODES 


The principle of Turbo coding or concatenated coding is to construct long 
random-like codes that have a structure that permits practical decoding [26]. 
Turbo codes are interleaved concatenated codes that are constructed from sim- 
ple component codes and pseudo-random interleavers. The interleaver makes 
the code appear random. Since the component codes are easy to decode, the 
overall code can be decoded by iteratively decoding the component codes. 
There are two basic types of Turbo codes depending on the type of concatena- 
tion, namely parallel concatenated codes and serial concatenated codes. The 
component codes can be either convolutional codes or block codes. Here we 
just consider convolutional component codes. Parallel concatenated convolu- 
tional codes (PCCCs) use recursive systematic convolutional (RSC) component 
codes. Serial codes. Serial concatenated convolutional codes (SCCCs) use a re- 
cursive or non-recursive convolutional outer code and a recursive convolutional 
inner code. 
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Figure 8.34. Comparison of analytical and simulation results for 4-state, 8-PSK, TCM on a 
two-equal-ray T-spaced fading ISI channel, from [303]. 


7.1 PCCC ENCODER 

Fig. 8.35 shows a PCCC encoder structure which is a parallel concatenation 
of two RSC component codes*. The component codes must be recursive for 
reasons we will see later. If the component codes have rates RY) = k/n, and 
R®) = k/ne, then the PCCC has code rate 


Re Re! k 
The input data sequence a is first encoded by RSC1. The feedforward and 
feedback generator polynomials of RSC1 are g@)(D) = gh? + gD +..et 
9?) DY and g{)(D) = gh) + gi D +...+ gh D”, respectively, where v 
is the encoder memory. The outputs of RSC1 are the systematic component 
bs = {bs, } and the parity component pi) = {o{)} defined by 


(8.101) 


bs, = ak 
oy = Yogh dei 
i=0 


“The parallel concatenation of more than two component codes is possible, but we will consider only two 
component codes for simplicity. 
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Figure 8.35. | PCCC encoder. 


where 


dy = ay ® Yo 9 dei (8.102) 


t=1 


The data sequence a is interleaved by the interleaver 7 of size.N = kN’ into 


the sequence & and encoded using RSC2 to produce the parity sequence b?). 


The interleaving operation can be defined by a mapping 1 — 7(t) of the input 
bit position i to output bit position (7). For example, the interleaver might 
perform the mapping 


{0,1,2,3,...,N —1}y -+ {23, 12,6,7,...}w 


For Turbo codes the choice of interleaver is crucial. In many cases, random 
interleavers are employed, where the interleaving mapping is completely ran- 
dom. In other cases, an S-random interleaver is used, where interleaver inputs 
that are separated by less than S positions, |2 — j| < S, are interleaved into 
interleaver outputs that are separated by at least § positions, |7(z) —(j)| > S. 


A PCCC code word b = (b,, bS”, (2)) is formed by the parallel con- 
catenation (or interleaving) of the systematic component and the two parity 
sequences. If higher code rates are desired, then the parity outputs of the RSC 
component encoders can be punctured. A punctured Turbo code is obtained by 
starting with a rate-1l/n Turbo code and deleting or puncturing specified parity- 
check symbols. For example, the puncturing pattering in Fig. 8.35 produces 
a rate-1/2 code from a rate-1/3 code’. Note that the systematic component of 
RSC2 is not transmitted. Tail bits are typically added to the data sequence to 
terminate RSC1 in the all-zeroes state while the trellis of RSC2 is left ‘open’. 


°A “1” in the puncturing pattern means that the bit is transmitted, while a “0” means that the bit is not 
transmitted 
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7.2 PCCC DECODER 


The Turbo decoder is an iterative structure consisting of many identical 
stages, each consisting of two soft-input/soft-output SISO decoding units. The 
decoder structure for PCCCs is shown in Fig. 8.36. The (SISO) modules 
generate a-posteriori probabilities (APPs) 


P(aglys, ys), y?) (8.103) 
or, for binary codes, log-likelihood ratios (LLRs) 
) y(2) 


P(ag = Lys, ys? vy) 


(2) 


a (8.104) 
P(ag = Olys,¥p’,Yp) 


L(ax) = log 


(1) .(2) 


of each information bit a; based on the received signal sequence yg, yy" ,Y¥p 
and the extrinsic information passed between the two SISO modules. 

The iterative decoding operation of parallel Turbo codes can be explained 
as follows, using LLRs as an example. At the mth iteration, m > 1, the LLRs 
generated by the SISO decoders for data bit a, are 


ES) (ag) = Leys(ax) + L8%9” (ae) + LEE (ax) (8.105) 
Ly") (ax) = Lsys(ax) + Lei (ax) + Leed(ax) (8.106) 


where Lsys(ax) = (2/07)ys, is the LLR due to the systematic component, and 


rae (ay) and LS) (ag) are the extrinsic information for each bit generated 
at the mth decoding stage by SISO1 and SISO2, respectively, and can be 


expressed as 


LS) (ag) = Ff Lays, bere (ax) (8.107) 
LE) (an) = f Lsysy Lo) (ar) (8.108) 


where f(-) denotes the SISO decoding unit. The iterative procedure is started 
with initial condition £0), (a,) = 0. The final bit decision for 4, is determined 
by the sign of LS”) (ag). 

A variety of SISO algorithms have been proposed to either generate or 
approximate the APPs or LLRs. Berrou et al. [36] and Robertson [283] used a 
modified version of the Bahl, Cocke, Jelinek and Raviv (BCJR) algorithm [25] 
to generate APPs. Hagenauer et al. [154], [156] introduced the soft-output 
Viterbi algorithm (SOVA) [155] to generate soft outputs based on the LLR. 

As mentioned previously, Turbo codes can provide near Shannon limit per- 
formance. Fig. 8.37 shows the typical performance of a rate-1/2, 16-state, 
PCCC on an AWGN channel for different random interleaver sizes. Also in- 
cluded, is a 2'®-state convolutional code for comparison. Observe that a simple 
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Figure 8.36. | PCCC decoder. 
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Figure 8.37. | Typical PCCC performance on an AWGN channel. 


16-state PCCC can easily outperform a very complex 2'°-state convolutional 
code, at low E,/No. At high E»/No, the BER slope of PCCCs is shallow, 
loosely termed an “error floor.” The error floor is not actually an error floor, but 
rather a change in the slope of the error rate curve due to the relatively small 
free distance of Turbo codes. 
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Figure 8.38. | SCCC encoder. 
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Figure 8.39. |. SCCC decoder. 


73 SCCC ENCODER AND DECODER 


Fig. 8.38 shows a SCCC encoder which is a serial concatenation of two 
component codes separated by an interleaver. In a SCCC scheme, the input 
data sequence of length N’, is first encoded by an outer convolutional code 
Co with rate R° = k/p. The output of C, is interleaved using a pseudo- 
random interleaver of length N = N’‘/R®, and then encoded using an inner 
convolutional code C; with rate Rt = p/n. The SCCC has code rate 


Rr = RY R® = (k/p)(p/n) =k/n . (8.109) 


The codewords of the outer and inner codes are referred to as outer and in- 
ner codewords, respectively. Consequently, the inner codewords are also the 
codewords of the SCCC. With SCCCs, the inner encoder must be recursive for 
reasons to be seen later. The outer code does not have to be recursive. 

The structure of the SCCC decoder is shown in Fig. 8.39. It operates in an 
iterative fashion similar to the PCCC decoder. However, the SISO modules 
now produce APPs or LLRs for the information bits, a,,and the code bits c; 
from the outer coder. 


7.4 WEIGHT DISTRIBUTION 


It is sometimes useful to view PCCCs and SCCCs as equivalent block codes 
with input sequences of length N’ = N/k and N' = Nk/p,respectively, where 
N is the interleaver size. Like block codes, Turbo codes can be described by 
a distance spectrum (d, Ag), where Ag is the number of codewords of weight 
Hamming weight d. The conditional weight enumerating function (CWEF) of 
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a block code defined as [32] 


Aw(2) 2 7 Awaz? (8.110) 
d 


where Aw,q is the number of weight-d codewords having information-weight 
w. Note that Ag = ¥>,, Aw,a- The smallest non-zero value of d is the free 
Hamming distance of the code, denoted by dfee. The union bound on the 
probability of bit error is 


1 
Pile) <a UD wAw,aPa(d) (8.111) 


wW d=dtree 


where P2(d) is the pairwise error probability between two coded sequences 
separated by Hamming distance d. 

To obtain a low P,{e) there are generally two approaches; we can either 
decrease A.y q Or increase dfree. Withconvolutional codes, Agincreases rapidly 
with d°. As a result, convolutional codes are said to have a “dense distance 
spectrum.” Also, Ag « N’ with convolutional codes, due to their time invariant 
property. Hence, for convolutional codes a decrease in P,(e) is usually obtained 
by increasing <dpee, Which ultimately obtained by increasing the total encoder 
memory. Turbo codes take other approach by drastically decreasing Ag. This 
property is called “spectral thinning.” 

The spectral thinning property of Turbo codes can be explained intuitively 
as follows. Considering PCCCs, the total weight of a PCCC codeword is equal 
to the weight of the systematic and parity components 


w(b) = w(bs) + w(bS”) + w(b?)) . (8.112) 


Consider for example a RSC with generator matrix 1, tal and the ran- 
dom interleaver shown in Fig. 8.40. Certain input sequences a will lead to low 
output weights w(b§)) from the first encoder RSC1. For example, the input 
sequence a(D) = 1 + D® produces the output b$) (D) =1+D+D*+D°% 
from the first encoder RSC1. However, the interleaved sequence a(D) will 
usually lead to a high output weight w(b')) from the second encoder RSC2. 
Consequently, most codewords have large weight. However, some input se- 
quences that produce low weight codewords in one encoder, after interleaving 
will also produce low weight codewords in the other encoder. Therefore, there 
are a few codewords with small weight. For most random interleavers, this oc- 
curs with high probability [87]. At high &/N, the error events corresponding 


“It is important to realize that Agis not equal to ag(in our earlier discussion of convolutional codes), since 
the Turbo codewords can consist of multiple error events. 
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Figure 8.40. | Random Turbo interleaver. 
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to these low-weight codewords dominate the BER performance with the result 
that the BER curves of PCCCs flatten at high E,/No. This has been loosely 
termed as an “error floor” [32, 71]. 

In the sequel, convolutional codes, PCCC and SCCC are discussed simul- 
taneously and, to avoid confusion, the quantities associated with them are 
distinguished by the superscripts c, T, and S, respectively. 

For convolutional codes, every non-zero codeword corresponds to an error 
event or a concatenation of error events. The weight of a codeword equals the 
sum of the weights of the error events. Let Af, , ; denote the number of weight- 
d codewords having information weight-w and formed by the concatenation 
of i error events. Then, the abe of weight-d codewords with information 
weight-w is At, 4 = Lo a. aq Where mmax is the maximum number of 
possible error events for a length-N’ input sequence. 

The distance spectrum of Turbo codes is difficult to determine for a particular 
Turbo interleaver. Fortunately, Benedetto and Montorsi [32] solved this prob- 
lem by introducing a hypothetical interleaver called uniform interleaver that 
permutes a given weight-w sequence onto any of the (%) possible interleaved 
sequences with equal probability. The distance spectrum of a Turbo code with 
a uniform interleaver can be obtained by averaging the distance spectrum over 
all possible interleaver mappings. At least half the random interleavers are 
guaranteed to yield a weight distribution that is as good as the average weight 
distribution. Furthermore, most of the randomly generated interleavers have a 
weight distribution that is close to the average weight distribution. Hence, the 
typical performance of a Turbo code with a randomly chosen interleaver can 
be obtained from the average weight distribution with a uniform interleaver. 


7.4.1 WEIGHT DISTRIBUTION OF PCCCS 


With a uniform interleaver the number of weight-d Turbo codewords with 
weight-w input sequences is, for large N, [31] 


d Mmax Tmax 


Ana > a Na) Aa ead (8.113) 


{=0 n1=1 ng=1 
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Using the approximation el )x = gives 


d Mmax Nmax 


Ana® 2) 


l=0 nj=1n2=1 


eer w Ac 


— no! w,l pure, We a er (8.1 14) 
Observe that the multiplicity, Al gq» of the PCCC codewords is inversely pro- 
portional to the interleaver length N. Consequently, increasing N results in 
very small multiplicity, a phenomenon called spectral thinning, and is the 
reason for the remarkable performance of Turbo codes. In contrast, we note 
that the time-invariant property of convolutional codes implies that A§ « N. 
The uniform interleaver is hypothetical and impractical. For reasonably large 
interleaver sizes N, random interleavers perform very well [87]. To see why, 
consider a rate-1/3, 8-state, PCCC code where the RSC component encoders 
have generator matrices 1, ee]. Since the component codes are recur- 
sive, all weight-1 input sequences produce infinite-weight output sequences. 
The minimum distance error event at the output of each RSC encoder corre- 
sponds to an input error sequence of the form D*(1 + D + D*). However, the 
random interleaver permutes such sequences very effectively so that the output 
of the other encoder has high weight [87]. Weight-2 input error sequences to 
RSC1 of the form .D*(1 + D?) will produce a finite-weight output sequence 
having the form D*(1 + D + D? + D?). However, the random interleaver per- 
mutes these sequences into sequences which are not of the form .D3(1 + D3) 
with high probability [87]. However, an occasional bad mapping occurs, where 
input sequences of the form D*(1 + D*) are permuted into input sequences 
of the form DJ(1 + D*) for some i,j. This is illustrated in Fig. 8.41. Such 
input sequences produce low-weight outputs from both encoders and define the 
minimum Hamming distance of the PCCC code. The probability that an input 
sequence D'a of weight-w is interleaved into a sequence aof the form Dia 
for at least one pair i, j is proportional to NY~? [87]. Hence, bad mappings 
are very likely to occur for weight-2 input sequences and very unlikely to oc- 
cur for weight w > 2 input sequences. So the minimum distance error event 
corresponds to a weight-2 input sequence with very high probability. If the 
smallest weight RSC output corresponding to all weight-2 input sequences is 
deere, then the free Hamming distance of the PCCC code is dh ae = 2+ 2dee- 
For our example PCCC code, the free distance is dfee = 2+4+4 = 10, 
which is rather small. This small free Hamming distance is typical of PCCCs 
precisely the reason for the so called BER and FER floor of PCCCs. Finally, 
we note that other types of interleavers, such as the S-random interleaver, are 
generally very difficult to analyze, but most of the above arguments are valid. 
PCCCs inherently provide unequal error protection, because the bad inter- 
leaver mappings define certain bit positions are affected by th dominant error 
events. Such bad mappings affect only a very few bit positions, but they nev- 
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Figure 8.41, Bad random interleaver mappings. 


ertheless result in a BER floor. In contrast, for convolutional codes all bit 
positions in the input sequence are affected by the same error events. Con- 
sequently, all bit positions are equally likely to be in error. So PCCCs are 
inherently unequal error protecting (UEP) codes. 

It is instructive to understand how the expected number of bad mappings 
changes with the interleaver size, N. The total number of possible interleaver 
mappings for a block of N bits is N/ The number of bad mappings, where 
a sequence of the form D*(1 + D3) is mapped into a sequence of the form 
Dj(1 + D?) is approximately N x 2 x (N — 2)! The approximation is due 
to the fact that edge effects have been ignored which is a valid assumption for 
large N. Therefore, the probability that a sequence of the form D*(1 + D?) is 
mapped onto a sequence of the form Dj(1 + D3) is 


2N(N-2)! 2 
a ee 8115) 


P(D*(1 + D’) > D9(1+ D)) = 
Assuming that the mappings for the different bit positions are independent 
and ignoring the edge effects, the distribution of the total number of such 
bad mappings k, in a block of length N, can be approximated by a binomial 
distribution for small k, i.e., i 


N 2 k 2 N-k 
P (total number of bad mappings = k) = @ (7) (1 = x) 


The mean number of bad mappings is N Wo which converges to 2 for large N. 
Therefore, the mean number of data bits affected by bad mappings converges 
to 4 for large N, since the bad mappings correspond to weight-2 input error 
sequences. 


"The case of large k is not of interest because the probability of many bad mappings is extremely small and 
therefore, does not contribute significantly to the mean of the distribution. 
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74.2 WEIGHT DISTRIBUTION OF SCCCS 


Consider the serial concatenation system in Fig. 8.38. Let the input block 
length is N’ bits. The length of the outer codeword and, therefore, the inter- 
leaver size and length of the input to the inner encoder is N = N'/R° = N'p/k 
bits. Under the assumption of a uniform interleaver, the number of weight-h 
code words that are generated by weight-w input sequences is [287] 


nu ln ee (Ni?) 


=> ye ys Geile 


i= do n°= lni= 1 


Ale AC (8.116) 


en Ao. I,n?*"l,d,nt 


where d@ is the minimum free distance of the outer code, and n§, and ni refer 
to the maximum number of error events possible for the outer and inner codes, 
respectively. By using the approximation G )s x [287] 


nh4 ni, is a I! 1 
~) 3 ys n?-+ni— ‘ 40 yi 
Ava l=d 1 2 ‘i pretn' noni! n w,t,n??"Lh,nt (8.117) 
¢ne=l n=l 


where w¢, is the minimum-weight of all input sequences that will produce an 
error event for the outer code. 

Observe from (8.117) that the contribution of each codeword to the BER 
is multiplied by the term N”°+"'-!~1 Therefore, when n°+n'—l-—1 < 
0, increasing N decreases the BER exponentially. This effect is called the 
interleaver gain. Consider a weight-/ outer codeword which is a result of n° 
error events of the outer code. If the inner encoder is non-recursive, then a 
weight-/ outer codeword can result in a maximum of / error events (each ‘1’ in 
the outer codeword can cause an error event). Therefore, n? can be equal to 1. 
In this case, the exponent of N will be n° — 1 and, when n° > 1, the exponent 
of N will be positive. Consequently, increasing N increases the contribution 
of such codewords to the final BER [287]. When n° = 1, the exponent of N 
will be zero, implying that the interleaver does not impact the multiplicity of 
such codewords or, equivalently, no interleaving gain is possible. 

When the inner encoder is recursive, only input sequences having weight-2 
or greater can cause error events. Therefore, a weight-/ outer codeword can 
cause at most |//2| error events for the inner code. Consequently, the exponent 
of N is n° ~ [1/2]|-1. Ifall outer codewords corresponding to one error event 
of the outer code (n° = 1) have weight [| > 2or, equivalently, the free distance 
of the outer code is greater than 2, the exponent of N is always negative. This 
implies that increasing N will always decrease the BER. 


Problems 


81. Consider a rate-1/3 convolutional code with generators gil) = (111), 
g) = (111), and g@) = (101). 
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a) Draw a block diagram of the encoder structure. 

b) Draw the state diagram and trellis diagram. 

c) Determine the output sequence corresponding to the input sequence 
1110101. 


8.2. The output of a rate-1/3 convolutional encoder with constraint length 3 to 
the input a = (1,1,0,...) is b = (111, 110, 010...) 


a) Determine the transfer function T(D,N,L). 

b) Determine the number of paths through the state diagram or trellis that 
diverge from the all-zeroes state and remerge with the all-zeroes state 
7 branches later. 


c) Determine the number of paths of Hamming distance 20 from the all 
zeroes sequence. 


8.3. Consider the rate-1/3 code in Problem 8.1. 


a) Determine the transfer function T(D, N, L) of the code. What is the 
free Hamming distance dfyee? 


b) Assuming the use of BPSK signaling and an AWGN channel, derive a 
union-Chernoff bound on the decoded bit error probability with i) hard 
decision decoding and ii) soft decision decoding. 

c) Repeat part b) assuming an interleaved flat Rayleigh fading channel, 
where the receiver has perfect knowledge of the channel. 


8.4. Consider the 8-PAM and 32-CROSS signal constellations in Fig. 8.42. 


a) Construct the partition chain as in Fig. 8.11 and compute the minimum 
Euclidean distance between signal points at each step in the partition 
chain. 


b) What is the average symbol energy for each of the signal constellations. 


8.5. Consider the 2-state, rate-1/2, trellis encoder shown in Fig. 8.43. By using 
this encoder with a 4-PAM and 8-PAM signal constellation we can construct 
a TCM systems having bandwidth efficiencies of 1 bit/s/Hz and 2 bits/s/Hz, 
respectively. 


a) Determine the appropriate partitions for the signal constellation for the 
2-state, 4-PAM and 8-PAM trellis codes. 


b) Construct and label the trellis diagrams for the 2-state 4-PAM and 8- 
PAM trellis codes. 
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Figure 8.42. Signal constellations for Problem 8.4. 


Figure 8.43. _ Trellis encoder for Problem 8.5. 


c) Determine the minimum Euclidean distance for each trellis code, and the 
asymptotic coding gain on an AWGN channel relative to the equivalent 
uncoded systems. 


8.6. Construct and label the trellis diagram for a two-state MTCM system using 
8-PSK. What is the asymptotic coding gain for this system on an AWGN 
channel relative to the equivalent uncoded system. 


8.7. For the MTCM code shown in Fig. 8.19, show how the values of MDD1 
and MDD2 are determined. Repeat for the 2-D code shown in Fig. 8.20. 


88. To simplify the calculation of performance bounds a Chernoff bound is 
often imposed on the pairwise error probability. 


a) Derive the Chernoff bound on the pairwise error probability for an 
AWGN channel with soft decision decoding, given by (8.61). 
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b) Derive the Chernoff bound on the pairwise error probability for an 
AWGN channel with hard decision decoding, given by (8.63). 


c) Derive the Chernoff bound on the pairwise error probability for an 


interleaved flat fading channel with soft decision decoding, given by 
(8.75). 


89. Suppose that the 2-state, 4-PAM trellis code in Problem 8.5 is used on a 
2-tap ISI channel characterized by the channel vector g = (go, 91). 


a) Construct the super-trellis diagram. 
b) What is the minimum distance error event in the super-trellis? 


c) Determine the condition number of the path distance matrix E for the 
minimum distance error event found in part b). 


d) Determine the channel vectors that minimize and maximize the pairwise 
error probability. 


Chapter 9 


SPREAD SPECTRUM TECHNIQUES 


Spread spectrum systems were originally developed for military applica- 
tions, to provide antijam and low probability of intercept communications by 
spreading a signal over a large frequency band and transmitting it with a low 
power per unit bandwidth [86], [262], [306]. Recently, code division multiple 
access (CDMA) based on spread spectrum technology has been recognized as 
a viable alternative to both frequency division multiple access (FDMA) and 
time division multiple access (TDMA) for cellular systems. During the late 
1980s and early 1990s, Qualcomm, Inc.’s efforts, along with those of many 
other organizations such as Motorola and AT&T, have lead to the North Amer- 
ican IS-95 cellular standard [96]. A detailed description of the IS-95 CDMA 
cellular approach can be found in a number of papers, including those by Lee 
[193] and Gilhousen ef al. [136]. The book by Viterbi [344] provides a good 
coverage of the spread spectrum concepts that form the foundation of the IS-95 
CDMA cellular system. 

Spread spectrum signals have the distinguishing characteristic that the band- 
width used is much greater than the message bandwidth. This band spread 
is achieved by using a spreading code or pseudo-noise (PN) sequence that is 
independent of the message and is known to the receiver. The receiver uses 
a synchronized replica of the PN sequence to despread the received signal al- 
lowing recovery of the message. Since the PN sequence is independent of the 
message, the bandwidth expansion does not combat additive white Gaussian 
noise (AWGN), unlike some other modulation techniques such as wide band 
analog FM. Nevertheless, the wide band character of spread spectrum signals 
can be utilized to mitigate the effects of interference and multipath fading. 

While there are many different types of spread spectrum systems, the two 
predominant types are direct sequence (DS) spread spectrum and frequency 
hopped (FH) spread spectrum. DS spread spectrum achieves the band spread 
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by using the PN sequence to introduce rapid phase transitions into the carrier 
containing the data, while FH spread spectrum achieves the band spread by us- 
ing the PN sequence to pseudo-randomly hop the carrier frequency throughout 
a large band. An excellent tutorial treatment of spread spectrum can be found 
in the books by Simon et al. [306] and Ziemer and Peterson [381]. Some of 
the early proposals that applied CDMA to cellular radio, such as the system 
proposed by Cooper and Nettleton [65], were based on FH spread spectrum 
while most of the recent standards, such as IS-95, favor DS spread spectrum. 
As a result, the focus of this chapter is on DS CDMA. 


While it appears that any cellular system can be suitably optimized to yield a 
competitive spectral efficiency regardless of the multiple access technique being 
used, CDMA offers a number of advantages along with some disadvantages. 
The advantages of CDMA for cellular applications include i) universal one-cell 
frequency reuse, ii) narrow band interference rejection, iii) inherent multipath 
diversity in DS CDMA, iv) ability to exploit silent periods in speech voice 
activity, v) soft hand-off capability, vi) soft capacity limit, and vii) inherent 
message privacy. The disadvantages of CDMA include i) stringent power con- 
trol requirements with DS CDMA , ii) hand-offs in dual mode systems, and iii) 
difficulties in determining the base station (BS) power levels for deployments 
that have cells of differing sizes, and iv) pilot timing. 


This chapter begins with an introduction to DS and FH spread spectrum in 
Section 1., along with a comparison between these two types of spread spec- 
trum systems. Such a comparison is important if we are to determine the best 
CDMA approach for a given environment. PN sequences are fundamental to 
all spread spectrum systems and are the subject of Section 2.. The remainder 
of the chapter concentrates on DS spread spectrum. Section 5. discusses the 
performance of point to point DS spread spectrum on frequency selective fad- 
ing channels and shows how a RAKE receiver can be used to gain multipath 
diversity. Error probability upper and lower bounds and approximations are es- 
sential for predicting the performance of CDMA systems. Section 6. considers 
an accurate analysis of the error probability of DS CDMA on AWGN chan- 
nels. Several Gaussian approximations to the error probability are derived. The 
chapter concludes with a performance evaluation of cellular DS CDMA. Unfor- 
tunately, DS CDMA cellular systems are very complex systems with intricate 
interactions between system functions. Therefore, the analytical evaluation of 
system capacity typically requires simplifying assumptions, while focusing on 
a particular parameter or effect. Usually we can obtain relative performance 
comparisons, while the true capacity of a suitably optimized CDMA system in 
a realistic deployment scenario remains elusive. 
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Figure 9.1. Simplified DS/QPSK system. 


1. BASIC PRINCIPLES OF SPREAD SPECTRUM 
1.1 DIRECT SEQUENCE (DS) SPREAD SPECTRUM 


A simplified DS/QPSK spread spectrum system is shown in Fig. 9.1. The 
pseudo-random (PN) sequence generator produces a spreading sequence a = 
{ajt}, which is actually a periodic deterministic sequence with period N. This 
spreading sequence is used to generate the spreading waveform 


=A) aghe(t — kTc) , (9.1) 
k 


where a = {ay : a, € {+1 + j}} is acomplex spreading sequence, T is the 
PN symbol or chip period, and h(t) is areal chip amplitude shaping function 
having a peak amplitude of unity. The energy per chip is 


E, = A®o? / h2(t)dt = A? / n2(t) dt (9.2) 
—0o —0o 


since 02 = 4E[\a,|?] = 1. Notice that spectral control is achieved with DS 
spread spectrum by shaping the PN chips rather than the data symbols. 
The data symbol sequence {2} is used to generate the waveform 


=) zaur(t—nT) , (9.3) 


where A is the amplitude, x = {ry : fn € {41/V2+j/V2}} is the complex 
data symbol sequence, and T is the data symbol duration. It is necessary that T 
be an integer multiple of T,,, and the ratio G = T/T, is called the processing 
gain, defined here as the number of PN chips per data symbol. There are two 
types of spreading codes, distinguished by the relative values of N and G. A 
short code has G = N, so that each data symbol is spread by a full period of 
the spreading sequence. A long code has G < N, so that each data symbol is 
spread by a subsequence or partial period of the spreading sequence. 

The DS/QPSK complex envelope, obtained by multiplying a(f) and x(0), is 


=A »» Lnhn(t — nT) (9.4) 
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where 
G-1 


= s: Ang+khe(t — kT.) . (9.3) 
k=0 

The complex spreading operation is illustrated in Fig. 9.2. Notice that the 
DS/QPSK signal can be thought of as a QPSK signal where the nth data 
symbol is shaped with the amplitude shaping pulse h,(¢) in (9.5). For short 
codes hp(t) is the same for all data symbols. The advantage of complex 
spreading is a reduction in the peak-to-average ratio of the magnitude of the 
complex envelope. OQPSK should not be used with complex spreading, since 
it will actually increase the peak-to-average ratio. The complex envelope §(t) 
is applied to a quadrature modulator to produce the bandpass waveform 


s(t) = AD | | (crmhralt — nT) — tanhawn(t — nT) cos(2n fet) 


~ (tanhtn(t —nT) + 21phqn(t — nT) sin(2x f.t)} (9.6) 


where 


halt) = hrp(t) + jhan(t) (9.7) 
In = ®in+JrtQn - (9.8) 


During the time interval [nT, (n + 1)T], the DS/QPSK complex envelope can 
assume one of the four possible values 


5,(t) = Ahn(t)aj;, i=1,...,4. (9.9) 


Using the basis function 


dn(t) = 1f Sphnlt) (9.10) 
where EF = GE, is the symbol energy, we can write 
5;(t) = V2Ex:bn(t), i=1,...,4 (9.11) 
and it follows that the complex DS/QPSK signal vectors are 
3; = V2Ex;, i=1,...,4. (9.12) 


Notice that the basis function ¢,(t) is indexed with the baud epoch n. 
Besides complex spreading, other types of PN spreading are possible. We 

could use dual-channel quaternary spreading as shown in Fig. 9.3. Usually 

this scheme is used with OQPSK modulation to reduce the peak-to-average 
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Figure 9.2. Complex spreading. 
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Figure 9.3. | Dual-channel quaternary spreading. 


ratio of the magnitude of the complex envelope. If only one data sequence is to 
be transmitted, then we could use either simple binary spreading or balanced 
quaternary spreading, as shown in Fig. 9.4. Balanced quaternary spreading 
is known to be less sensitive to interference than simple binary spreading. 

Fig. 9.1 also shows a simplified DS/QPSK receiver. In general, the DS spread 
spectrum receiver must perform three functions; synchronize with the incoming 
spreading sequence, despread the signal, and detect the data. Consider the 
received complex envelope in the time interval [nT,(n + 1)T]. This signal 
can be despread and detected by using the correlator detector in Fig. 5.2 or the 
matched filter detector in Fig. 5.3, where ¢,(t)is defined in (9.10). The output 
of the correlator or matched filter despreader/detector is 


F=5t+n (9.13) 


where fi is a zero-mean Gaussian random variable with variance 4E|7i|?] = No. 
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Figure 9.4. Spreading binary data using (a) simple binary spreading, and (b) balanced quater- 
nary spreading. 


The ML receiver observes 7 and decides in favor of the signal vector §,, that 
minimizes the squared Euclidean distance 


(8m) = |lF — 3mll? (9.14) 


It follows that the bit error probability of DS/QPSK with Gray coding is identical 


to QPSK, given by 
Py = Q(V 2%) (9.15) 


where yp = Ey/No is the received bit energy-to-noise ratio. Note that spread 
spectrum signaling does nothing to improve the error rate performance on an 
AWGN channel. However, in the sequel we will show that spread spectrum 
signaling offers significant error rate performance gains against additive inter- 
ference, multipath-fading, and other types of channel impairments. 


1.2 FREQUENCY HOP (FH) SPREAD SPECTRUM 


Frequency hopping spread spectrum systems hop the carrier frequency 
pseudo-randomly throughout a finite set of hop frequencies. The most common 
type of modulation with frequency hopping is orthogonal M-ary frequency shift 
keying (MFSK). The MFSK complex envelope is 


5(t) = AD_ ef ™4s'up(t — nT) (9.16) 


where A, is the frequency separation, and x, € {+1, +3,..., +M-1}.A 
FH/MFSK waveform can be generated by using a digital frequency synthesizer 
whose inputs consist of the data sequence and the contents of a pseudo-noise 

sequence generator. A conceptual FH/MFSK spread spectrum system is shown 

in Fig. 9.5. 
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Figure 9.5. Simplified FH system operating on an AWGN channel. 


There are two basic types of FH spread spectrum modulation, fast frequency 
hopping (FFH) and slow frequency hopping (SFH). SFH systems transmit 
one or more (in general L) data symbols per hop. The SFH/MFSK complex 
envelope is 


L 
B(t) = AS” So einem sr Intyn(t — (nL + 1)T) (9.17) 


where the first sum indexes the sequence of hop frequencies f,, and the second 
sum indexes the vector of L data symbols x, = (2nL41, ZnL+2)--- »£(n-+1)L) 
that are transmitted at the nth hop. 

FFH systems transmit the same data symbol on multiple (in general L) 
hop frequencies. If independent interference is experienced on each of the 
hop frequencies then a diversity gain is achieved. The FFH/MFSK complex 
envelope is 


L 
a(t) = AD Sef ntAst 2a fattity 7 (t — (nL + i)T/L) (9.18) 


nm i=l 


where the first sum indexes the sequence of data symbols, zn, and the second 
sum indexes the sequence of hop frequencies f, = (fno+1, fnLt+2)--+) fintz) 
that are used for the nth data symbol. 

With orthogonal MFSK the required frequency separation A; depends on 
the type of detection that is used. Coherent detection requires a frequency 
separation A = 1/2T., while non-coherent detection requires A; = 1/T (see 
Problem 4.5). If coherent detection can be used, then the error probability 
of SFH/MFSK or FFH/MFSK on an AWGN channel is given by (5.103). 
However, FH/MFSK is often detected non-coherently because of the difficulty 
in achieving rapid carrier synchronization when the carrier frequency is hopped. 
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The error probability of SFH/MFSK on an AWGN channel with non-coherent 
square-law detection is given by (5.174). If FFH/MFSK is used on an AWGN 
channel, then the error probability assumes a more complicated form, (see 
[270]). 


2. SPREADING SEQUENCES 


CDMA systems achieve their multiple-access capability by using large sets 
spreading sequences that are chosen to have three desirable attributes; i) the se- 
quences are balanced so that each element of the sequence alphabet occurs with 
equal frequency, ii) the autocorrelations have small off-peak values, to allow 
for rapid sequence acquisition at the receiver and to minimize self interference 
due to multipath, iti) the cross-correlations are small at all delays, to minimize 
multiple-access interference. 

Spreading sequences are often characterized in terms of their discrete-time 
correlation properties. Let a’ denote the kth complex spreading sequence’. 
For spread spectrum systems that employ short codes, each data symbol is 
spread by a full period of the spreading sequence. In this case the full period 
correlation properties are of interest. The full period autocorrelation of the 
sequence al*) js? 

ORO 
0; Ajay (9.19) 
i=0 


Dkk (nm) = 

and the full period cross-correlation between the sequences a‘*) and a'™) is 
eS Oe . 

bem(n) = a Dy atin (9.20) 


where N is the length or period of the spreading sequences. 
The aperiodic autocorrelation of a‘*) is defined as 


ay Uy aa” | O<n<N-1 
Peer) = 4 SD yNin gla)” | _N+i<n<o (9.21) 


» Inj 2N 


For spread spectrum systems that employ long codes, each data symbol is 
spread by only a portion of the spreading sequence. In this case, the par- 
tial period correlations are of interest. The partial period auto- and cross- 


'The following development also applies to real spreading sequences. 

2 . . . . 

“Throughout this section complex spreading sequences are assumed. For real spreading sequences, the 
correlation functions are similar but are normalized by N rather than 2N. 
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correlations are 


1 G-1 

dhy(n) = 26 La a, (9.22) 
1 ay (my 

Giml®) = oR, 2 Cie (9.23) 


The partial period correlations are not only a function of the delay n, but also 
depend upon the point in the sequence(s) where the summation actually starts. 
The partial period correlations are difficult to derive analytically, except for 
certain types of sequences. Therefore, we often resort to a statistical treatment 
under the assumption that the sequences are randomly generated, ie., the 
sequence elements are chosen from the set {+1, +7} independently and with 
probability. For random sequences 


“Fla = 0 Ella? =1 sBlal al”) =0. (9.24) 


Hence, the mean value of the partial period autocorrelation is 


Hof ,(n) = E[¢h .(”)] = al > eI Ela ae 
= jon (9.25) 
where 
lL ,nm=tN 
Onen ={ 0 | ndéENn (9.26) 


/ an integer. The variance of the partial period autocorrelation is 


8? 4 (n) = EllPe alr)? — HEE s(n) 
1, G21G=1 


a, a 


k ” 
Bat aft ay ay.) - 


2 
Map (rn) 

J 
= (1-dnen)(1/G) . (9.27) 


Likewise, the mean and variance of the partial period cross-correlation are 


Hae | (n) Elf, n(n) : =0, Wn (9.28) 
ose in) = El m()7]— M52 my =W/G, Vn. (9.29) 


II 
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21 SPREADING WAVEFORMS 


The full period cross-correlation between two spreading waveforms al’) (t) 
and a") (t) is 


1 T * 
Rym(t) = zi, al*)(t) al™" (t + r)dt 


LQ Seems [7 
~ 7 Yue a” i h(t —iT,)he(t + 7 — jTo)dt 


i=—c j=—00 


(9.30) 


The integral in (9.30) is nonzero only where the chip pulses h,.{t — iT,) and 
h-(t+7—jT;) overlap. Since the delay 7 can assume any value lett = &T, +6, 
where £ = |7/T,| is an integer and 0 < 6 < T,. If the chip pulses are chosen 
to have duration T, and 7 = €T, + 6, then the chip pulses overlap only for 
t=f£+ 7 andi = 2+ +1, s0 that 


Rialt) = LF Wao 2 x [he he(t! + 6)dt! 
yn = al" ae 4 
No +i 7, 
N-1 T. 
1 (k) (m)* 1 f%e Np (gt ' 
— >a! Yee he(t —T, + d)dt'(9.31 
+ N = a; CeH41 TT, T,-6 e( )he(t + )dt'( ) 


The continuous-time partial autocorrelation functions of the chip waveform 
h(t) are defined as [272] 


1 Te—6 

Ril) = = i he(t!)he(t! + 6)dt! (9.32) 
c J0 

Q Te 

oo = - he(t!)he(t! — Te + 6)dt! (9.33) 


allowing us to write 


Rim(T) = bkym(€)Ra(S) + bm(€ + 1) Rp (5) (9.34) 


where ¢%.m(@) is the full period cross-correlation defined in (9.20). As an 
example, if h,(t) = ur,(t), then 


Ram(t) = dem (1-7) + oaml+ Dex = 035) 


When G <_N, the partial correlations in (9.22) and (9.23) must be used. 
In this case the cross-correlation in (9.34) becomes a random variable that (for 
random spreading sequences) has mean and variance 


PRg m(t) = Hebe m(en(4) + Hdy (+1) Fn (5) = 0 (9.36) 
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TRemlt) = Tree (9) + 7%, (041) FA (8) 
1 és 
a (RRS) + RR(8)) (9.37) 


Likewise, the autocorrelation is also arandom variable that (for random spread- 
ing sequences) has mean and variance 


HR a(t) = Hou n(e)Fen(S) + Moy e(e+1) 2a (d) 
R,(6), &€=iG 
= ¢ Ra(d), &€+1=iG (9.38) 
0, elsewhere 
Oey e(7) = To, 4(€) en (5) + Tu a (e+) eh (5) 
R2(5), &=iG 
= ¢ R26), ¢€+1=iG (9.39) 
1/G, elsewhere 


where i is an integer. 


2.2 M-SEQUENCES 

One very well known class of spreading sequences are the maximal length 
sequences or m-sequences. As shown in Fig. 9.6, an m-sequence @ = {ag}, 
a; € {0,1}, is generated by using a linear feedback shift register (LFSR) 
of length m. The sequence a = {ax} is obtained by using the level shift 
Gy = 2a, —1. The feedback or connection polynomial is a primitive polynomial 
of degree m over GF(2), having the form 


pz) =1Opizr ® pox? @ p3z° @--- ® pm-12™ | @2™ (9.40) 


where p; € {0,1} and @ denotes modulo 2 addition. Tables of primitive 
polynomials, p(x), are tabulated in many texts, e.g., [199]. Notice that po = 1, 
since this represents the feedback connection tap. Also, pm = 1; otherwise, if 
Pm = 0 we are effectively using a shift register of length less than m. 

Maximal length sequences are by definition the longest sequences that can 
be generated by an LFSR of a given length. For a shift register of length m, a 
sequence of of length N = 2™ — 1 is generated. As a m-sequence generator 
cycles through one full period of length N = 2 — 1,the contents of the m- 
stage shift register go through all possible 2 — 1 non-binary m-tuples values 
or states. The all-zeroes state is the only forbidden m-tuple, since the LFSI 
would lock in this state. 

The m-sequences have many remarkable properties, and every full period 
of an m-sequence satisfies some important randomness properties. First, the 


Figure 9.6. | m-sequence generator. 


sequence is balanced with 2”~! ones and 2™~' — 1 zeros. A run is defined 
as a string of consecutive zeros or ones, and a sequence can be characterized 
in terms of its run length distribution. For m-sequences the number of runs of 
length P, np, is 


ret. P11 
np={ 1, P=m (9.41) 
The full period autocorrelation of an m-sequence is 
1 , n=kN 
wn) = { ue (aa (9.42) 


For large values of N, ¢(n) = 6(n) so that m-sequences are almost ideal when 
viewed in terms of their full period autocorrelation. For a rectangular chip 
shaping function h,(t) = ur,(t), the corresponding spreading waveform a(t) 
has autocorrelation function 


R(r) = (8) (1 Z 7) SOPs. (9.43) 
Te Te 
This function is plotted in Fig. 9.7. 
The mean and variance of the partial period autocorrelation of an m-sequence 
can be obtained in a straight forward fashion by replacing the expectations in 
(9.25) and (9.27) with averages over all possible starting positions. This gives 


1 , n=lN 
0 , n=elN 0.45) 
Pan) La (l+ Hh) 1-$) meen ' 


Unfortunately, m-sequences also have a number of undesirable properties. 
First, the number of m-sequences that can be generated by a LFSR of length m 
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Figure 9.7. Typical full period autocorrelation function of an m-sequence spreading waveform. 


is equal to the number of primitive polynomials of degree m over GF(2), and 
is given by &(2™ — 1)/m, where ®( - ) is the Euler Totient function 


O(n) = aT] (1 - 5) (9.46) 


pin 


where the product is over all primes p that divide n. Hence, there are relatively 
few m-sequences for a given shift register length m. Second, only for certain 
values of m, do there exist a few pairs of m-sequences with low full period 
cross-correlations. In general, m-sequences do not have good cross-correlation 
properties. Consider the full period cross-correlation $4 m(n) between two m- 
sequences a‘*) and a(™), Let us define the average full period cross-correlation 


1 N-1 
oa, dX k(n) (9.47) 


The value of # depends on the particular pair of m-sequences that are selected. 
The best and worst case values of @ are shown in Table 9.1. Notice that the 
worst case full period cross-correlations are very large even for long sequence 
lengths. 


2.3 GOLD SEQUENCES 


A set of Gold sequences [141] consists of 2” + 1 sequences each with a 
period of N = 2’” — ] that are generated by using a preferred pair of m- 
sequences obtained as follows. Let GF(2™) be an extension field of GF(2). 
Let a be a primitive Nth root of unity in the extension field GR(Q™), where 
N = 2™-—1. Let p; (x) and po(z) be a pair of primitive polynomials over GF(2) 
each having degree m such that p;(a) = 0 and p2(a“) = Ofor some integer d. 


m N Number of 6 8 
m-sequences Worst Best 

5 31 6 0.35 0.29 
6 63 6 0.36 0.24 
7 127 18 0.32 0.13 
8 255 16 0.37 0.12 
9 511 48 0.22 0.06 
10 1023 60 0.37 0.06 
MW 2047 176 0.14 0.03 
12 4095 144 0.34 0.03 


Table 9.1. | Best and worst case average cross-correlations for m-sequences. 


Consider the case when m ¥ Omod 4. If d = 2? + 1 ord = 27" — 2" + 1 and 
if e = GCD(m, h) is such that m/e is odd, then p;(x) and p(x) constitute 
a preferred pair of polynomials. Note that po(2) may not be unique. For 
example, with m = 5, both h = 1 and h = 2 will work, so that we can choose 
p(x?) = 0 or po(x°) = 0. To find the corresponding polynomials we can refer 
to Peterson’s table of irreducible polynomials [261]. The two m-sequences a‘! 
and a’) that are generated by using p;(x) and po(x) are known as a preferred 
pair of m-sequences. Their cross-correlation function is three-valued with the 
values {—1, —t(m), t(m) — 2} where 
aim+/2 4.1 | modd 
an) is gim+2)/2 4 1 m even ae) 


By using the preferred pair of sequences a‘) and a), we can construct a 
set of Gold sequences by taking the sum of a(!) with all cyclically shifted 
versions of a”) or vice versa. A typical Gold sequence generator is shown in 
Fig. 9.8, where the preferred pair of polynomials are p,(z) = 1+2? + 2° and 

p(x) =1+2+2%+24+2°5. This above procedure yields N new sequences 

each with period N = 2™ — 1. These sequences along with the original two 

sequences gives a set of 2” + 1 sequences. 

It is important to note that all the 2” + 1 Gold sequences are balanced 
with 2™-! ones and 2”~! — 1 zeros. In fact, it can be shown that only 
2™ — 2™—-¢€ — 1 of the Gold sequences are balanced. The balanced Gold 
sequences are the most desirable. With the exception of the preferred pair of 
sequences a‘!) and a’), the Gold sequences are not m-sequences and, therefore, 
their autocorrelations are not two-valued. However, Gold sequences have three- 
valued off-peak autocorrelations and cross-correlations, with possible values 
{-1, -t(m), t(m) — 2}, where t(m) is defined in (9.48). 
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Figure 9.8. A Gold sequence generator with pi(z) = 1+2?+ 2° and po(z) =1+2+27+4+ 
z‘ + 2°, This sequence generator can produce 32 Gold sequences of length 31. 


m N Number Peak cross = m-sequence _t(m) Gold sequence 
m sequences correlation max/(0) t(m)/¢(0) 
3 7 2 5 0.71 5 0.71 
4 15 2 9 0.60 9 0.60 
5 31 6 11 0.35 9 0.29 
6 63 6 23 0.36 17 0.27 
7 127 18 4) 0.32 17 0.13 
8 255 16 95 0.37 33 0.13 
9 Sil 48 113 0.22 33 0.06 
10 1023 60 383 0.37 65 0.06 
ll 2047 176 287 0.14 65 0.03 
12 4095 144 1407 0.34 129 0.03 


Table 9.2. Peak cross-correlation of m-sequences and Gold sequences. 


24 KASAMI SEQUENCES 


The construction of Kasami sequences proceed as follows [177], [178]. Let 
mbe even. Let p, (x) be a primitive polynomial over the binary field GF(2) with 
degree m and a as aroot, and let p, (x) be the irreducible minimal polynomial of 
at where d = 2/2 +1. Once again, these polynomials can be identified using 
Peterson’s table of irreducible polynomials [261]. Let a‘ and a) represent 
the two m-sequences of periods 2 —1 and 2/2 — | that are generated by p, (x) 
and p(x), respectively. The set of Kasami sequences is generated by using the 
two m-sequences in a fashion similar to the generation of Gold sequences, i.e., 
the set of Kasami sequences consists of the long sequence a) and the sum of 
a) with all2”/? — 1 cyclic shifts of the short sequence a”. The number 
of Kasami sequences in the set is 2”/?, each having period N = 2™ — 1. 
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Figure 9.9. A Kasami sequence generator with pi(x) = 1+2+2° and po(z) =1+24+2°. 
This sequence generator can produce 8 Kasami sequences of length 63. 


In fact, this set is known as the small set of Kasami sequences. A typical 
Kasami sequence generator is shown in Fig. 9.9 with generator polynomials 
pi(z) =14+a2+4+ 2% and po(z) =1+24+2%. 

Like Gold sequences, the off-peak autocorrelation and cross-correlation 
functions of Kasami sequences are also three-valued, however, the possible 
values are {—1, —s(m), s(m) - 2} where 


s(m) =2™/?2 41. (9.49) 
2.5 BARKER SEQUENCES 


Barker sequences exist for lengths 2, 3, 4, 5, 7, 11, and 13, given as follows: 


(+1-1) 
(+1+1-1) 
(+1+1-1+1) 
(+1+1+1-1+41) 
(+414+1+1-—1-1+1-1) 
(+1+1+1-—1-—1-14+1-1-141-1) 
(41+14+14+1+1-1-14+14+1-14+1-1+4+1) 


pope & © & 
Il 


The mirror images (or time reversed) sequences are also Barker sequences. 
Barker sequences of other lengths do not exist. 

Barker sequences are specially designed sequences that have almost ideal 
aperiodic autocorrelation functions, defined in (9.21). For the Barker sequences 


a = 1 : n=0 
el) =| 0 vy or —1/N , 1<|Inf<N-1 O20) 


Spread Spectrum Techniques 473 


2.6 WALSH-HADAMARD SEQUENCES 


Walsh-Hadamard sequences are obtained by selecting as sequences the rows 
of a Hadamard matrix Hy. For M = 2 the Hadamard matrix is 


+1 +1 
H,=| Ti = (9.51) 
Larger Hadamard matrices are obtained by using the recursion 
_ Hy Hy 
Hou = | =| ; (9.52) 
For example, 
+1 +1 41 41 41 41 41 41 
+1 -1 +1 -1 +1 -1 +1 -1 
+t 44. =1 <1 41 41 <1 =1 
Hy = kL le) eh pl ad eT (9.53) 


+1 +1 +1 41 ~-1 -1 -1 -1 
+1 -1 +1 -1 ~1 41 -1 41 
+1 +1 -1 -1 ~-1 -1 41 41 
+1 -1 -1 41 ~-1 41 41 -1 


The rows in the Hadamard matrix define the Walsh-Hadamard sequences, 
and have the property that they are all orthogonal to each other. 

The Walsh-Hadamard sequences can be used for orthogonal spreading, also 
called orthogonal CDMA, where the users are distinguished by assigning them 
different Walsh-Hadamard sequences, and the data symbols are sent by using 
simple binary spreading as shown in Fig. 9.4... With orthogonal CDMA, the 
data symbols of the different users must be synchronized to within a small 
fraction of a chip period. This is because the Walsh-Hadamard sequences have 
very poor cross-correlations at non-zero lags. In fact, some of the Walsh- 
Hadamard sequences are just cyclic shifts of each other. Finally, multipath will 
also destroy the orthogonality of the received waveforms, because the Walsh 
Hadamard sequences have large off-peak autocorrelation values even at small 
lags. 


2.6.1 ORTHOGONAL AND BI-ORTHOGONAL MODULATION 


The Walsh Hadamard sequences can be used for modulation rather than 
spreading. There are several possibilities. One is M-ary orthogonal mod- 
ulation, where k = log, M bits are used to select one of the M orthogonal 
waveforms for transmission. The signals can be detected coherently or non- 
coherently as discussed in Chapters 4 and 5. Another possibility is a variant of 
biorthogonal modulation, where each row of the Hadamard matrix is used to 
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41 =CLL1,) 


c = = Py ee 
11 =() C49 =C1 1-1 


€, e0-Lb-1) 


SF=1 SF=2 SF=4 (spreading factor) 
R=Rmax R= Rmax R= Rmax (data rate) 
2 4 


Figure 9.10. Construction of orthogonal spreading codes with different spreading factors. 


send one bit of information. In this case M bits are sent at one time. This type 
of modulation requires coherent detection. 


2.7. VARIABLE LENGTH ORTHOGONAL CODES 


In multimedia applications it is necessary to support a variety of data services 
ranging from low to very high bit rates. Quite often these services are used 
concurrently and they all use the same spread bandwidth. Consider a system 
where each data symbol in the highest bit rate service R = Rmaxis spread by 
an orthogonal sequence of length N = 2™. Then the data symbols in a service 
with bit rate R = Rmax/2* must be spread by a sequence of length 2™+*. 
One way to achieve orthogonality between spreading sequences with different 
spreading factors is to use tree structured orthogonal codes. The construction 
of these codes is illustrated in Fig. 9.10. Tree-structured orthogonal codes are 
generated recursively according to the following: 


Cn Cri 

C2n,1 eee 
Cn,1 Cni1 

Can,2 


Con = ; = : (9.54) 


Con 5 Cnn Cnn 
oe Cnn —Cn n 
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where Cop, is an orthogonal code set of size 2n. The orthogonality properties are 
similar to Walsh-Hadamard sequences. In fact the set of sequences is identical, 
and only their order is different. 

A code can be assigned for use if and only ifno other code either on the path 
from the specific code to the root of the tree, or on the subtree produced by 
the specific code, is already being used. Hence, the total number of available 
codes is not fixed, but depends on the rate or spreading factor of each physical 
channel. 


2.8 COMPLEMENTARY CODE KEYING (CCK) 


Complementary codes have the property that the sum of their aperiodic 
autocorrelation functions are zero for all delays except zero delay. That is, 


{ M 
wf Peal) = Stn). (9.55) 


A variety of constructions exist for complementary codes and two examples 
are given here. 

The IEEE 802. 11b standard uses CCK. For 11 Mb/s transmission length-8 
sequences are used. The eight complex chip values for CCK code words are 


C= J eiergar orton), giitiee toe) IIs ear 04), 


~el (bi +04) pi(ditd2t+ds) ei(bi+s) _ el(dr+42) ei(er) | (9.56) 


where the phases { $1, $2, 63, 64} are QPSK phases. The phases ¢9, 43, and ¢4 
each take on 4 different values, leading to a code alphabet of size 64. The phase 
¢ is differentially encoded across successive codewords. Since each of the 4 
phases ¢; — —@q represents 2 bits of information, 8 bits are transmitted per 
codeword. The chip rate for IEEE 802.11 is 11 Mchips/s, so that the resulting 
bit rate is 11 Mb/s. 

The IEEE 802.11b standard for 5.5 Mb/s transmission is similar but uses 
CCK with length-4 sequences. The complex chip values for the CCK code 
words are 


f= {ellrtorrda), gildrt9a), gil +42), _ei(61)} (9.57) 


where, again, the phases {¢1, $2, 63} are QPSK phases. 


3. POWER SPECTRAL DENSITY OF DS SPREAD 
SPECTRUM SIGNALS 


We seen earlier that the DS/QPSK signal can be thought of as a QPSK signal 
where the nth data symbol is shaped with the amplitude shaping pulse in (9.5). 
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For uncorrelated zero-mean data symbols, the results in Chapter 4 showed that 
the power spectral density (psd) of the complex envelope is (c.f. 4.206) 


A? ‘ 
Sis(f) = ror Half)! (9.58) 


where h(t) is the amplitude shaping pulse. In the case of a short code, the 
amplitude shaping pulse is 


N-1 


ha(t) = So aghe(t — kTe) . (9.59) 
k=0 


Taking the Fourier transform of h,(t) gives 


N-1 


A f= Hd) > ae (9.60) 
k=0 
and 
N-1N-1 
Hof)? = HES)? D> So agaze"P74-9% = (9.61) 
k=0 @=0 


The above expression can be put in a more convenient form by using the 
aperiodic autocorrelation defined in (9.21). It can be shown that 


|Ha(f)|? = |He(f)|? 2NGe4(f) (9.62) 


where ®, %(f) is the discrete-time Fourier transform (DTFT) of the aperiodic 
autocorrelation function, defined by 


N-1 
Ger(f)= So bE y(nje?7inte . (9.63) 


n=—N+1 
Using T = NT, and o2 = $E||z;|?] = 1/2, we can write 
rig 2 
Sss(f) = Fr lHec(A)I" Pen (F) (9.64) 


Observe that the psd depends on both |H,(f)| and ®y4(f). Suppose the 
spreading sequence has an ideal “thumbtack” aperiodic autocorrelation function 


1 =0 
Pk,u(7) ={ 0. 40 (9.65) 
Then ®; 4(f) = 1 and 
A? 2 
Sss(f) = Tr |H-(f)| (9.66) 
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Figure 9.11. Aperiodic autocorrelation function for the length-11 Barker sequence. 


In this case, the psd depends only on the chip shaping response |H,(f)I. 

For example, if h-(t) = ur,(t), then H.(f) = T-sine( fT.) and S5s(f) = 

A°T,sinc(fT,). Unfortunately, no spreading sequences having the ideal ape- 

riodic autocorrelation function in (9.65) exist for any non-trivial length. 
Consider the following two spreading sequences 


a= (149-214 )<1=-1-141414) (9.67) 
A -= Glatt 1-1=1414141412141-16)) 


The first is a length-11 Barker sequence and the second is a length-15 m- 
sequence. The aperiodic autocorrelation functions for these sequences are 
shown in Figs. 9.11 and 9.12, respectively. The corresponding power spectral 
densities with a the rectangular chip shaping function h,(t) = wr,(t) are plotted 
in Figs. 9.13 and 9.14, respectively. Notice that the aperiodic autocorrelation 
of the m-sequence deviates significantly from the ideal function in (9.65). 
This leads to spectral peaks and nulls in Fig. 9.14. For wireless local area 
networks (LAN) that operate in unlicensed bands, such spectral peaks are 
highly undesirable. The length-11 Barker sequence is seen to provide a much 
smoother psd without any large peaks. For this reason, the length-11 Barker 
sequence has been chosen for the IEEE 802.11 wireless (LAN) specification. 
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Figure 9.12. | Aperiodic autocorrelation function for the length-15 m-sequence. 


It is interesting to note that complementary code keying is used, then the 
psd depends on the DTFT of the average aperiodic autocorrelation function in 
(9.55). In this case, 


1 M 
Vi > Bi n(f) = 1 
= 


and the psd has the ideal form in (9.66). 

Finally, if a long code is used, then the power spectrum must be obtained by 
averaging over all possible spreading code subsequences of length G. Usually, 
this will result in a “smoother” power density spectrum. 


4. PERFORMANCE OF DS/QPSK IN TONE 
INTERFERENCE 


Spread spectrum systems must often operate in the presence of narrowband 
interfering signals. In the United States, commercial spread spectrum systems 
operate in the unlicensed ISM (Instrumentation, Scientific, and Medical) bands 
according to FCC Part 15 spectral etiquette rules. The ISM bands are character- 
ized by sources of narrowband interference. Military systems are often jammed 
with narrowband interference. Here we consider the effect of continuous wave 
(CW) tone interference on the performance of DS/QPSK. 
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Figure 9.13. Psd with the length-11 Barker sequence. 


Consider a DS/QPSK system with dual-channel quaternary spreading as 
shown in Fig. 9.3. The bandpass DS/QPSK waveform is 


s(t) = A > {trnhrn(t — nT) cos(27 fet) 


— tanhen(t — nT) sin(27 ft) } (9.68) 


where A is the amplitude. During time interval [nT, (n + 1)T] the transmitted 


quaternary data symbol is tp = (27,n,2Q.n); ZIn,ZQn € {+1/V2, -1/V2} 
and the spreading waveforms are 


G-1 
Arn(t) = So arnerkhe(t — nTe) (9.69) 
k=0 
G-1 
DY 2Q,nG-+khe(t — nTe) (9.70) 
k=0 


he n(t) 


With dual-channel quaternary spreading, the energy per modulated symbol is 
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where 


Relative filter gain (dB) 
So 
Lo 


~20.0 - a — 
0 0.0 
Normalized Frequency, fT, 


Figure 9.14. Psd with the length-15 m-sequence. 


7 
i s?(t)dt 
0 


v 
A? i] {2 MF n (t) cos? 2n fet + LO phe nit) sin? an fot} 
0 


A? fT 
“4. 0 {hFn(t) + hd »(t)} 
A2 Gal ie 
ig y. (Qi na+k + G2 nG+k) : h2(t)dt 
k=0 
2 Te 
ch [ h2(t)dt 
GE. (9.71) 
AZ Te 
E. = er h2(t)dt (9.72) 


is the energy per PN chip. Note that (9.72) and (9.2) differ by a factor of 
2, because (9.2) assumes complex spreading while (9.72) assumes quadra- 


Spread Spectrum Techniques 481 


ture spreading. This can be seen by comparing the energy of the bandpass 
waveforms in (9.68) and (9.68) over the interval [nT, (n + 1)T]. 

The received bandpass signal in the presence of tone interference and additive 
white Gaussian noise (AWGN) is 


r(t) = s(t) + n(t) + J(t) (9.73) 


where n(t) is AWGN with two-sided power spectral density N,/2 and J(t)is 
the tone interference of the form 


J(t) = Aj cos(2mf st + 6) (9.74) 


where A, is the tone amplitude, f,; is its frequency, and @is a random phase 
uniformly distribution on theinterval [—7,, 7]. The tone energy in a time interval 
of duration T is 2 
wm 
E; = —— . (9.75) 
The received signal is despread and processed with the quadrature demod- 
ulator shown in Fig. 9.15 to generate the decision variables Z; and Zg. To 
derive the values of Z; and Zg we consider the signal, noise, and interference 
separately. During the time interval [n7, (n + 1)T] the contribution of the 
signal term to Z; and Zg is 


T A2 
A) = [ 5,(t) +4 Sahin (tat 
T A2 
[ Atinbrn(t) 4[ Gphonltat 
2 T 
= sind [bea Oat 


= £1nVE (9.76) 


where we have used (9.71). Likewise 


Zq(s) =xonVE . (9.77) 


The contribution of the AWGN term to Z; and Zg is 


T A2 

Zi(n) =f iult)y/ Fhsnltat (9.78) 
T A2 

Zo(n) = I fig(t)\/ han(that (9.79) 
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Figure 9.15. Quadrature demodulator for DS/QPSK. 


It can be shown that Z;(n) and Zg(n) are independent zero-mean Gaussian 
random variables with variance N,/2. 

Finally, the contribution of the tone interference term to Z and Zgcan be 
calculated as follows: 


Zi(J) = [ J(t) - 2cos(27fet) - / A hraltat 
ide A2 
= 7 Ay cos(2nfyt) - 2cos(2mfet) « 4/ —-hrn(t)dt 
0 4E 


2 /T 
Ay\] =/ 2hyn(t) cos(27f-t) cos(2a fyt + O)dt 
0 


A2 pT 
= Ania / hrn(t) {cos(2nZyt + 6) + cos(2nA ;t + 6)} dt 
0 


(9.80) 

where 
Lf = fer+fa (9.81) 
Ar = fi-fe. (9.82) 


Using Ay = /2E,/T, we can write 


27 1 =T 
Z1(J) = VEs/ nie [ hrn(t) {cos(2nU pt + 6) + cos(2rA st + 6)} dé 


(9.83) 
Finally, using 


Ad Te 
E=G> [ h2(t) dt (9.84) 
0 
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we can write 
— 1 /T 
Z1(J) = VEs/her | hint) {cos(27di st + 8) + cos(27A st + 0)} dt ‘ 


(9.85) 
where 


= Te 
h==> he(t)dt . (9.86) 
T, 0 


Using further trigonometric identities we can write 
= 1 7 
Zi(J) = Es/he {eos = | hry (t) (cos(2mX ft) + cos(2rA ft)) dt 


T 
= sind [ hyn(t) (sin(27X ft) + sin(27A f¢t)) a| . (9.87) 


In a similar fashion 


fra J(t) + 2sin(27fct) - | Brant t)dt 


\/ Ey /he {oo ox [ hawn(t) (sin(2rA st) — sin(2xX rt) dt 


Z1(J) 


T 
+ sind | ha n(t) (cos(2rA st) — sin(27d st)) a} (9.88) 


Combining the signal, noise, and tone interference terms 
Z = Z(s)+Z1(n) + Z7(J) 
Zq = Zg(s)+Zoa(n) + Zg(ZJ) . (9.89) 


It follows that Z; and Zg are independent Gaussian random variables with 
variance N,/2 and means 


E[Z)) = trnVE +1; VEy/he 
E[Zgq] = tanVE+1q \VEs/Re (9.90) 


where 


T 
ir = cos: | hrn(t) (cos(27X ft) + cos(27rA ¢t)) dt 
0 
1 T 
—sind= i hrn(t) (sin(2n¥t) + sin(2rA jt) dt (9.91) 
0 
1 T 
Iq = cos0= | hon(t) (sin(2mA pt) — sin(2nBt)) dt 
0 


1 T 
+ sin on [ ha n(t) (cos(27A;t) — sin(2rX-t)) dt . (9.92) 
0 
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Error probability with a short code:. For the purpose of illustration assume 
a rectangular chip shaping pulse h,(t) = ur,(t) so that hp = 1 in (9.90), and 
assume a short code (G = N) so that each data symbol is spread by the same 
sequence. Furthermore, assume that the same spreading sequence is used on 
the inphase and quadrature channels so that 


G-1 
h(t) = hrp(t) = han(t) = >_> agur,(t — kTe) (9.93) 
k=0 
(9.94) 
It follows that 
NT, N-1 
= — kT, 
Ty NT. J, D, axtr.( (t — kT.) 
x ee + “cos(2n A #)) at dt 
NT, N=1 
TE » apur,(t — kT.) 
aie + sin(27A ¢t)) dt 
= — >> ak {ooo (cos(27d Tt) + cos(27A fT, t)) dt 
NY fo6 
k+1 
— sind | (sin(27L Tyt) + sin(2mA;T,t)) dtp . (9.95) 
k 
Likewise 


N-1l 
Ig = y Xu Ok, tek” (sin(27A fT, t) — sin(27L ¢Tct)) dt 


+ sing [ (cos(27A,T,t) — sin(27d T,t)) a| . (9.96) 


Fortunately, the above integrals exist in closed form. Defining 


a = Ink fT, (9.97) 
GB = nA;T, (9.98) 


we have 
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ee 1 . 2 {cosa (ae + 1)a) — sin(ka) 


N yao ° 
_$in(4+ DA) — sin) 
tine (ate eoteee) 
cos(k@) — cos((k + 1)8) 
a 
(9.99) 
and 
1 lad cos(k@) — cos((k + 1)) 
Ig = NW 4 Qk {cos 6 (eee 
: es 
a 
sing (Sa = sn 
7 an meene 
° (9.100) 


Due to the random phase of the tone interferer, the tone interference cir- 
cularly symmetric, similar to the AWGN. This allows us to rotate the signal 
constellation for the purpose of calculating the bit error probability. The rotated 
constellation is shown in Fig. 9.16. In the absence of tone interference, the 
probability of correct symbol reception is 


P(c) = (1- PB)” (9.101) 
where 
P, = Q (v2) (9.102) 


is the bit error probability, and y, = Ey/Nois the received bit energy-to-noise 
ratio. 
The probability of correct reception is 


Pojtob, = (1 — Po1)(1 — Pha) - (9.103) 


When tone interference is present, the error probability depends on the transmit- 
ted symbol and the interference impairment J; and Jg. Referring to Fig. 9.16 


Pojoo = (1 — Poi)(1 — Pea) (9.104) 
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Figure 9.16. | QPSK signal constellation with tone interference. 


where 


Py = Pro = Q ( bea (1 + 2\/ £s/EL; + (es/8)1f) 


o 


Hence, we can write 


Pyoo = Q ( = (1 + 2\/Ey/EI; + (6118)*77) 


In a similar fashion, 


Pyor = ( (1+ 2B, /tg + (21/8/48) 


Py = ( we (1-2V/Bi/B + (21/B)*9) ) 


Pyio = a( wt (1~2V/Bs/Blo + (Es/8)22) 


Since all symbols are equally likely, the bit error probability is 


1 
P= q(Pajoo + Pyii + Poo + Prior) - 


(9.105) 


(9.106) 


(9.107) 


(9.108) 


(9.109) 


(9.110) 
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Log Bit Error Probability 


Normalized Tone Offset, (£-/)T, 


Figure 9.17. Bit error probability with length-15 m-sequence. 


Observe that the bit error probability depends on J; and Ig. However I; and 
Ig are random variables due to the random phase @. Therefore, the bit error 
probability must calculated by averaging (9.110) over random phase of the tone 
interferer. 

Fig. 9.17 shows the bit error probability when the length-15 m-sequence, a(2) 
in (9.67) is used as a short code (G = 15). Fig 9.17 arbitrarily assumes that 
fe = 280 MHz, and T, = 191 x 10~%. Observe that the bit error probability 
varies greatly with the frequency of the tone interferer. It is interesting to note 
that an interfering at the carrier frequency f, is not the worst case. Also, the 
bit error probability is seen to exhibit an error floor due to the AWGN. 

Fig. 9.18 shows the bit error probability when the length-11 Barker sequence 
al) in (9.67) is used as a short code (G = 11). Observe that the length-11 
Barker sequence generally has worse performance for the same F//F;than the 
length-15 m-sequence, except at frequencies where the length-15 m-sequence 
is highly sensitive to tone interference. This is because the length-11 Barker 
sequence has a lower processing gain compared to the length-15 m-sequence. 

Fig. 9.19 inverts Fig. 9.17 and plots the E/#y required to achieve a bit error 
rate of 10~® with the length-15 m-sequence in the presence of a single tone 
interferer and AWGN. Likewise, Fig. 9.20 inverts Fig. 9.18 for the length-11 
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Figure 9.18. Bit error probability with the length-11 Barker sequence. 


Barker sequence. Observe that the sensitivity to tone interference is much less 
with the Barker sequence. 

The sensitivity of the error probability to the frequency of the tone interferer 
can be explained as follows. The data symbols on the inphase and quadrature 
channels are spread by using the amplitude shaping pulse 


N-1 
h(t) = S> aghe(t — kTe) (9.111) 
k=0 


where {x} 3, is the periodic spreading sequence of length N. After quadra- 
ture demodulation the receiver employs a correlator or matched filter detector 
with impulse response* 


h,(t) = h* (NT, = t) 
N-1 
a 5 aye=Me. (9.112) 
k=0 


* We assume the usual case where he(—t) =h-(t). 
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Figure 9.19. Required C/I to achieve 10~° bit error rate with a length-15 m-sequence. 


The filter h,(¢) has transfer function 


Hi: = | te(te Phat 


6 NAL 


- / So ay—zhe(t — kTe)e "Fat 
~% £=0 
N-1 < . 
=. ans / he(t — kT.)e722"! tt 
k=0 = 
N-1 
= H,(f) >> ange” 
k=0 
= H.(f)A(f) (9.113) 
where 
N-1 
AG) = Sane OO, (9.114) 
k=0 


For a rectangular chip shaping function h,(t) = ur, (t), 


H.(f) = Sa(rfTe)e 374" (9.115) 
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Figure 9.20. Required C/I to achieve 10~° bit error rate with a length-11 Barker sequence. 


The corresponding amplitude response |H,(f)|for the length-15 m-sequence 
and the length-11 Barker sequence are identical in form to the corresponding 
transmitted psds shown in Fig. 9.14 and 9.13, respectively. The frequencies 
where |.H;(f)| is has the highest relative gain are the exact same frequencies 
where the tone interferer causes a large error probability. Ifthe length of the 
short code is increased, the sensitivity to tone interference will not necessarily 
diminish. To make the receiver less sensitive to tone interference, we must 
ensure that the period autocorrelation function in (9.21) is a close to ideal 
as possible. In other words, the power spectrum ©, %(f) defined in (9.63) 
is as flat as possible. Although some types of sequences, such as Gold and 
Kasami sequences, have excellent cross-correlation properties, there aperiodic 
autocorrelation functions are usually far from ideal. Their corresponding power 
spectrum ®, 4(f) is typically full of peaks and nulls. The Barker sequences 
have the best aperiodic autocorrelation properties and will result in the least 
senstivity to tone interference. 


Error probability with a long code:. With a long code each data symbol 
is spread with a subsequence of a long PN sequence. In this case, the error 
probability must be averaged over the starting phase of the PN subsequence 
that is used to spread each data symbol. 
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Fig. 9.21 shows the effect of using a long PN sequence. Three cases are 
considered; a length-31 m sequence with generator polynomial 1 + 2? + z°,a 
length-127 m-sequence with generator polynomial 1 +2 +2’, and a length- 
2047 m-sequence with generator polynomial 1 + z + x!". Fig 9.22 shows the 
length-63 m-sequence with generator polynomial 1+ 2 + 2°.The processing 
gain in each case is G = 15 chips/symbol. For the length-63 m-sequence, 15 
and 63 have a common factor of 3 and, therefore, there are three different sets 
of subsequences to consider. 

Observe that the bit error probability with a long code is less sensitive to 
the tone frequency as compared to a short code. For sequence lengths of 127 
and 2047, the bit error probability is maximized when fy = f,. For all three 
sequence lengths, there are still some spectral irregularities, because the length 
of the shift register (5, 7, and 11) that is used to generate the PN sequence 
is less than the processing gain (15). Hence, the data symbols are not spread 
will all possible binary N-tuples, thus leading to the irregularities observed 
in Fig. 9.21. It is interesting to note that the length-2047 m-sequence seems 
to be more sensitive to an on-carrier tone than the length-127 m-sequence. 
The reason is that the length-15 subsequences of the length-127 m-sequence 
tend to be more balanced (equal number of -1’s and 1’s) than the length-15 
subsequences of the length-2047 m-sequence. 

Finally, comparison of Figs. 9.17 and 9.21 leads to the observation that the 
bit error probability with the short length-15 PN sequence is worse than that 
realized with a long PN sequence (e.g., the length-127 m-sequence) only at 4 
narrow ranges of tone frequencies. 


5. DS SPREAD SPECTRUM ON 
FREQUENCY-SELECTIVE FADING CHANNELS 
Suppose that the DS complex envelope $(¢) is strictly bandlimited to a 
bandwidth of W/2 Hz, by using for example spectral raised cosine pulse 
shaping. Since the low-pass signal §(t) is band-limited to |f| < W/2, the 
sampling theorem can be invoked and S(t) can be completely described by the 
set of complex samples {&(n/W)}°22_.,. The sampled version of 8(t)is 


34(t) = y 3 2 5 (¢ - =) (9.116) 


n=—OoO 
ke n 
=< —~_—), 9.117 
3(t) 2 (« ua) ( ) 
Taking the Fourier transform of both sides of (9.117) gives 
oo 
Ss(f) = S(f)*W S$ df —nW) 


n=—0O 
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Figure 9.21, _ Bit error probability with length-31, 127 and 2047 m-sequences. 


= wy 8p) 6s —nW) 
= W 3 S(f —nW) . (9.118) 
From (9.118) we can see that 7 
5(f) = = S51) O0<lfl<W/2. (9.119) 


Ww 


Another useful expression can be obtained by taking the Fourier transform 
of both sides of (9.116) giving 


S(f)= > 5(=) eon (9.120) 


Combining (9.119) and (9.120) gives 


n 


SA=aa s (=) ea O<|f[<W/2. (9.121) 
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Figure 9.22. _ Bit error probability with length-63 m-sequence. 
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If the low-pass signal S(t) is transmitted over a multipath fading channel 
the received (noiseless) complex 


with time-variant transfer function T(f,t), 


envelope is 


=f STE a 


Substituting $(f) from (9.121) gives 


r 1: 2 uf 
r(t) = wi} W 
1 & Jf 
. wD (wal? iv) 
1 


| 
=| 

Cr 
on 
S| 5 
NE 
© 
on 
<3 
ae 


(9.122) 


(9.123) 


where g(r, t) is the time-variant impulse response of the channel. By defining 


gn(t) = 79 (Fe 


n 


(9.124) 


Figure 9.23. Tapped delay line model of a frequency selective fading channel, from [270]. 


the noiseless received complex envelope can be written as 
= n 
r(t) = ts (t-— = 9.125 
r= YO ols (t- 2) (9.125) 
and it follows that the complex low-pass impulse response of the channel is 


g(t, 7) = x gn(t)6 ("- =) (9.126) 


n=—-CO 


For WWSUS channels, the {g,,(t)} in (9.124) are independent complex Gaus- 
sian random processes. For all practical purposes, the channel will be causal 
with an impulse response that is nonzero over a time interval of duration Tmax. 
In this case, g,(t) = 0, n <0,n > L,where L = |Tax/W| + land [2x] is 
the smallest integer greater than x. It follows that the channel impulse response 


1S 
L 


n 
g(t,7) = D> gn(t)d (- - *) ' (9.127) 
n=1 W 
In conclusion, the frequency selective fading channel can be modeled as an 
L-tap, 1/W-spaced, tapped delay line with tap gain vector 


g(t) = (gi(t), 92(t),---, 9n(t)) 


as shown in Fig. 9.23. It should be emphasized that the channel vector g(t) 
is not the same as the channel vector gy(t) associated with the 7T-spaced 
discrete-time white noise channel model in Chapter 7. 

If ideal Nyquist chip amplitude pulse shaping is used such that h,(t) = 
Sa(xt/T.), then W = 1/T, and the channel can be represented as a T,-spaced 
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or chip-spaced tapped delay line. Such a model is very convenient because 
it leads to a simplified analysis. However, if any other pulse shape is used, 
such as a raised cosine pulse, then the tapped delay line channel model in 
Fig. 9.23 is not T,-spaced, e.g., a raised cosine pulse with @ = 1 (or 100% 
excess bandwidth) results a T/2-spaced tapped delay line. Moreover, the 
1/W-spaced tapped delay line model was derived under the assumption of a 
strictly band-limited (non-causal) chip shaping pulse h,(t). Any time-limited 
(causal) chip shaping pulse leads to a spectrum S (f) that is not band-limited 
and, therefore, the underlying assumptions in deriving the 1/W-spaced tapped 
delay line model are violated. Very often, the channel is simply modeled as 
consisting of uncorrelated T,.-spaced rays i.e., 


a2 > wore. (9.128) 


nm=—-0O 


However, in reality the channel rays will not be J,~spaced. We have seen in 
Chapter 2.3.4 that the net effect of non-T,-spaced rays is to introduce correla- 
tions into the taps of the T.-spaced model. Such correlations are complicated 
to handle in an analytical sense. 


5.1 RAKE RECEIVER 


A variety of receiver structures can be used to detect DS spread spectrum 
signals. For DS CDMA where multiple users share the same band, there 
are two broad types of detectors. The first is a conventional detector and 
is based on the use of correlators or matched filters. With a conventional 
detector the other user interference, or multiple-access interference is treated 
as additional unwanted noise. The second is a multiuser detector, that uses 
co-channel demodulation principles to simultaneously detect all the signals that 
are present. In this section, we concentrate on conventional detectors for DS 
spread spectrum on multipath fading channels. 

A simple type of conventional detector uses the autocorrelation properties 
of the spreading sequences to reject the multipath interference [133], [132]. 
Sometimes this is called a multipath rejection receiver. Another approach 
exploits the autocorrelation properties of the spreading sequences to resolve 
the multipath components and combine them together to obtain a diversity 
advantage. Since the diversity is obtained from the multipath channel it is 
sometimes called multipath diversity. 

To develop the multipath diversity receiver, suppose that one of M possible 
waveforms having complex envelopes §,,(t),m = 0,..., M@—l1are transmitted 
at each baud epoch. With the frequency-selective fading channel shown in 
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Fig. 9.23, the corresponding received complex envelope is 


L 
ri) = Lavlt)in (t- 2) +000) 
é=1 
= 8m(t) + A(t) (9.129) 
where 
aa(t) = J sell) (« 2 a) (9.130) 
t=] Ww 


As discussed in Section 5.2, the maximum likelihood coherent receiver employs 
a correlator or matched filter to the possible received pulses §,,,(t) to compute 


the metrics 
T 
u(m) = Re i reamtoaeh i 
T L 
= Re 1 F(t) d- gf (t)54,(t — uywrat} — Ep, (9.131) 
/ e=1 


where E,j, is energy in the received pulse §m(t). The receiver chooses the 
index m that maximizes p(m). 

The receiver described by (9.131) correlates the received complex envelope 
*(t) with delayed versions of the possible waveforms §,,(t),followed by maxi- 
mal ratio combining. This leads to the receiver structure shown in Fig. 9.24. By 
changing the variable of integration in (9.131) an alternate form of the RAKE 
receiver can be obtained as shown in Fig. 9.25. In this case the waveform §,,(t) 
is correlated with delayed versions of the received complex envelope 7(t). This 
receivers in Figs. 9.24 and 9.25 were first derived by Price and Green [269], 
and are commonly called RAKE receivers due to their similarity to the ordinary 
garden rake. 


Error Probability of DS/BPSK with a RAKE Receiver. Consider DS/BPSK 
signaling with a short PN code (G = N). The two possible DS/BPSK wave- 
forms that are transmitted at each baud epoch have the complex envelopes 


§9(t) = —5,(t) = AA(t) (9.132) 
where 


N-1 
A(t) = S> aghe(t -— nT.) . (9.133) 

k=0 
With DS/BPSK the received waveforms &,,(¢) have equal energy so the bias 
term E,;, in (9.131) is not needed. Assume that S(t) is transmitted. Then 


Spread Spectrum Techniques 


Figure 9.24. | RAKE receiver for DS/QPSK signals. 


Figure 9.25. Alternate form of RAKE receiver for DS/QPSK signals. 


using (9.131) 


LoL T 
w= >> >Re {maf 5o(t — m/W)ah(t - yw at} +n 


m=1 f=1 
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(9.134) 
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where 


L T 
a= 5° Re {0% f nt) 34 (t — what} (9.135) 
m=1 


and gm = Qme??", The random variable is Gaussian with zero-mean and 
variance 


L 
02 =2EN, >. a, - (9.136) 
m=1 

In general, the integral in (9.134) is a complicated function of the spreading 
sequence and chip amplitude shaping pulse that is used. However, certain 
cases lead to useful insight. For example, suppose the ideal Nyquist pulse 
h-(t) = Sa(at/T,) with bandwidth W = 1/T; is used. Strictly speaking this 
pulse is non-causal so the limits of integration in (9.134) must be from —oo to 

oo. This leads to* 


r= [- g(t — m/W) a(t — €/W)dt 
N-1N-1 se 

= “433 axa; [ he(t — (m+ k)Ts)he(t — (0+ j)T.)at 
k=0 j=0 = 20) 


N-1 oo 
= A? a andmse-e | h2(t)dt 
k=0 o 
= 2E.N¢ea(m — t) = 2E¢aa(m — 2) (9.137) 


where the second last step follows under the assumption of a short code. 
Therefore, (9.134) becomes 


L | ae! 
w=2B Yo a, +2E YY Re{gmgt} daa(m—e)+%. (9.138) 
m=1 m=1 we 
The second term in the above expression is a self interference that arises from 
the non-ideal autocorrelation properties of the spreading sequence. 
To demonstrate the effect of the self interference, assume a WSSUS Rayleigh 
fading channel and consider the random variable 


Yme = Re{g9mgc} 
(Gm COS dm) (arg cos Hg) + (Am sin dm) (ag sin de) .(9.139) 


“Since DS/BPSK signaling is used the spreading sequence ais real with autocorrelation function ¢aa(n) = 
E[ai Qi4+n]- 


Spread Spectrum Techniques 499 


Define the new random variables 


X 7k = Up COS hy XQjk = aR Sindy « (9.140) 
Then ve 
an = /X?,+ XB, bk = Tan“1 = . (9.141) 
Q,k 
Therefore, 
Ying = X1mX1e+ X1mX1¢ (9.142) 


Since the X74 and X74 are independent zero-mean Gaussian random variables 
with variance of, Ym,¢ has the Laplacian density 


p{- lt | (9.143) 


OmOe 


PY¥inie (y) a omoe 
Making the substitution for Y;,,¢ and rearranging the sum in the second term in 
(9.138) gives 


L L-1L-1-k 
w= 2E Yon +4E YD YO Visseaalk) +h . (9.144) 
m=1 k=1 1=1 


It is difficult to evaluate the effect of the self-interference exactly, because the 
Ym,e are non-Gaussian and correlated. However, the self interference due to 
multipath can be minimized by using spreading codes that have small auto- 
correlation sidelobes in the time intervals during which delayed signals with 
significant power are expected. For large delays, the stringent requirements on 
the autocorrelation function can be relaxed. For asynchronous CDMA appli- 
cations, the spreading codes still must have small cross-correlation sidelobes 
over all delays. It is easy to find reasonably large sets of sequences that satisfy 
these properties. For example, a set of 2” + 1 Gold sequences can be generated 
of length 2” ~ 1. Of these 2” +4 1 sequences, 2%-"+! + 1 will have their 
first autocorrelation off-peak (t, — 2 or t,,) at least n chip durations from the 
main autocorrelation peak. Consequently, these 2%-"+1 + 1 sequences will 
introduce negligible self interference if they are used on a channel having an 
impulse response whos length does not exceed n7J’, seconds. 

If the spreading sequences have an ideal autocorrelation function, Le., 
gaa(n — m) = dnm, then there is no self interference and (9.144) becomes 


L 
pa2E Dad +h. (9.145) 


mal 


The probability of bit error is 


P(%) = Q (V2) (9.146) 
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where yz is the received bit energy-to-noise ratio given by 


2 
1 L L 
W= (22 S- “a = (9.147) 
where 2 A 
[64 
Ney = N : (9.148) 
oO 


With Rayleigh fading, each of the y,, are exponentially distributed with density 
function 
1 Ym 
p(m) = = exp {-78} (9.149) 
Ym 

where 7m is the average received bit energy-to-noise ratio for the kth channel 
tap. To compute the density of yp, first note that the characteristic function of 
Ym is 


ib 
a(jv) = —_—_— (9.150) 
Py j ) 1 a Um 
so that the characteristic function of Yp is 
i 
v) (9.151) 
a ge em 1 — jv7m 


By using a partial fraction expansion and taking the inverse characteristic 
function, the density of yp is 


i 
A x 
py(a) = > exp {- =} (9.152) 
where 
L Am 
Am = — —. (9.153) 
m II Yn — Vi 
izm 
Therefore, with Rayleigh fading the average probability of bit error is 
ie. <) 
Po = f° Q (v2) pg (a)dx 
= A ix (9.154) 
oes aia 1+ 4m | 


In order to proceed further the 7, must be specified. One plausible model 
assumes an exponentially decaying power delay profile, e.g., 


m = Ce ke (9.155) 
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Figure 9.26. Bit error probability with a RAKE receiver for DS/BPSK signaling on a multipath 
fading channel. The channel has E = 4 taps and a 4-tap RAKE receiver is used. 


where € controls the delay spread and C is chosen to satisfy the constraint 
Was Ym = Yo. Solving for C yields 


(1 = ete te 


Im = Cate — ethers ore) 


The probability of bit error is plotted in Fig. 9.26 for Z = 4 and various 
values of ¢. For small ¢, the channel is not dispersive and very little multipath 
diversity is obtained. However, as e becomes large the channel becomes more 
dispersive and a greater diversity gain is achieved. 

Finally, we note that the number of taps actually used in the RAKE receiver 
can be less than the channel length L. However, such a RAKE receiver will not 
capture all the received signal energy and suffer from some loss in performance. 


6. ERROR PROBABILITY FOR DS CDMA ON AWGN 
CHANNELS 
DS CDMA systems achieve multiple-access capability by assigning each 
user a unique PN spreading sequence. In general, however, the transmissions 
from the different users are not synchronized and arrive at the intended receiver 
with different amplitudes, delays and phases. The exact error probability with 
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a conventional correlation detector will depend on the particular spreading 
sequences that are employed and will also be a function of the random am- 
plitudes, delays, and phases of the signals that arrive at the intended receiver. 
Unfortunately, the exact error probability is difficult to derive and evaluate and, 
therefore, a variety of upper and lower bounds, and Gaussian approximations 
to the probability of error have been suggested in the literature. 

Suppose that K users simultaneously access the channel using DS/BPSK 
signaling with a short spreading code of length N. The transmitted complex 
envelope for the ith user is 


=A yan’ \(t - nT) (9.157) 
where 
N-1 | 
nt) = D> alPag(t — kT) (9.158) 
k=0 
and a‘) = = {al!) }and x) = {20 } are the ithuser’s spreading and data se- 


quences, — The data symbols a are independent, random variables 


chosen from the set {-1, +1} with equal probability. In practice, the spreading 
sequences a“) are carefully chosen to have good correlation properties, e.g., 
Gold sequences or Kasami sequences. However, many of the error probability 
approximations in the literature assume random spreading sequences, where 
the error probability is obtained averaging over the ensemble of all possible 
spreading sequences, including those where multiple users are assigned the 
same spreading sequence. 

In general the signals from the various transmitters will arrive at the intended 
receiver with different power levels. However, DS CDMA systems must be 
power controlled such that all signals arrive at the intended receiver with the 
same power level. Power control is needed to combat the near-far effect, where 
strong signals will capture the receiver and mask out the weaker signals. Under 
the assumption of perfect power control and a frequency non-selective channel, 
the received complex envelope is> 


= Sea (t — 7) + A(t) (9.159) 


where the {7; } and {¢,;} are the random delays and carrier phases of the received 
signals. This leads to the model shown in Fig. 9.27. 

In this section, we consider the performance with an ideal correlation re- 
ceiver, where the composite received signal is multiplied by a synchronized 


5 Maas =e 
Here we assume the normalization @ = 1. 
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Figure 9.27. |. DS CDMA signaling on an AWGN channel. 


replica of the spreading sequence of the intended transmission; since the two 
sequences cancel, the desired data sequence can be obtained at the output of 
the correlator. Because of symmetry, we only need to consider the receiver 
that is matched to the first transmitter. Furthermore, since only the relative 
delays and phases are important, we can set 7, = 0 and ¢, = 0, and assume 
that the remaining ¢; are uniformly distributed on [0, 27) and 7; are uniformly 
distributed on [0,T). 

The decision variable at the output of the correlator in Fig. 9.1 has been 
derived by Lehnert and Pursley [195] and is given by 


bin = V2E 


4+ LY Beale (of), ao!) t) cos bf +7ny (9.160) 
k=2 


where 7; is a zero-mean Gaussian random variable with variance Ng 


Byala, 2), 74) = 0) RP (74) + oORE (Te) (9.161) 


no rtn— 


and Ri m{7) and RR on (T) are the continuous-time partial cross-correlation 
functions of a(*)(¢) and a(™)(t), defined by 


1 T * 
Rat) = oR / al®)(t — r)a™" (t)dt (9.162) 
: 0 
‘ 1 /T . 
Rim(™) = iF / al) (t — r)al™* (edt . (9.163) 


The functions Ri ,,, (7) and RP (7) can be expressed in terms of the discrete 
aperiodic cross-correlation function 4 ,,(m) and the continuous-time partial 


chip autocorrelation functions R»,(d) and R,(6 ) in (9.33) as 
Rem(T) = Pkmll—N)Rn(5) + $6 m(€ + 1 — N)Ra(d) (9.164) 
RR m(T) Ph m(€)Rn(5) + $m (6 + 1)Ra(6) (9.165) 
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where £ = |7/T,| and 6 = 7 — €T;. Note that 6 is uniform on [0,T,) and @ is 
uniform on the set {0,1,..., M— 1}. Combining (9.161), (9.164), and (9.165) 
gives 
Be alo, 0,7) = [a dea (le — N) +2) 68.1 (Cn)] Rn (de) 
+ [0 d21(te +1 -N) + 2h 62 3(Ce + 1)] Ra(de) 
(9.166) 
To proceed any further requires information about the aperiodic cross- 
correlation functions of the spreading sequences being used, as well as the 
chip amplitude shaping function. For the special case of random spreading 
sequences and a rectangular chip shaping function h,(t) = ur,(t), Morrow 
and Lehnert [233] have shown that 
Bua(o, 2, 7h) = Pede + Qu(1 — 5k) +X + Ye(1 —2Ck) . (9.167) 


where 6x is uniform on [0,1), P, and Q, are uniform on {-1, +1}, and Xgnd 
Y;, are discrete random variables having the probability distribution functions 


1/A 
px,(i) = sa ( a) i€{-A,-A+2,...,4—2,A} (9.168) 


1/{B 
py,(i) = = (ze) i€{-B,-B+2,...,B—2,B} (9.169) 


The quantities A and B are related to 


C2 N¢2,(1 - Yael (9.170) 

by 
A = Neire (9.171) 
B= voice (9.172) 


where {1(1) is the aperiodic cross-correlation of the spreading sequence 
of the first user as defined in (9.21). The parameter B is the number of 
chip boundaries in one period of the sequence a!) at which a transition to a 
different value occurs. For random spreading sequences, C has the probability 
distribution 


ei 2 INST 
peli) = ge (; yi) i€{-N+1,-N+3,...,.N-3,N-1}. 
2 
(9.173) 


Spread Spectrum Techniques 505 


6.1 STANDARD GAUSSIAN APPROXIMATION 


The standard Gaussian approximation assumes that the multiple access 
interference 


ees 
l= WV Wy, cos dr (9.174) 
k=2 
with 
We = Bealc®, 2, r.) (9.175) 


can be modeled as a Gaussian random variable with a distribution that is 
completely specified by its mean and variance. The approximation is obtained 
by conditioning the multiple access interference on the random set of parameters 
{Cx, bk, B} followed by ensemble averaging. It is not difficult to show that 


E[Z|C] = 0 (9.176) 


where Z, € {Pk, Qe, Xk, Yx} since the conditional density functions for Px, 
Qk, Xz, and Y, are symmetrical about zero. Hence E[W;,] = 0 and finally 
E[Z] = 0. 

To compute the variance of the multiple access interference, it is convenient 
to define the vectors 6 = (61, 69,...,6%) and @ = (4, ¢2,-..,¢K). The 
variance of the multiple access interference is 


of = E[I?|6,¢, B| 


_ = ye [we |d:, B] B [cos dx |x | 


1 « 
= 3n2 21 + cos(2¢;,))E [we Ide, B] (9.177) 
Since all the Z, are independent it follows that 
E [We |x, B] = 2(2B + 1)(62 - by) +N (9.178) 
so that 
i 1 
oF = =z YD (1+ cos(2d,))2(2B +1)(52 -— 5k) +=. (9.179) 
2N a N 


If the intended sequence is known, then B is known. For random sequences 
E[B] = (N — 1)/2 giving 


1 K 
a?= v2 + cos(2d,)) (62 — 54 +1/2) . (9.180) 


Several possibilities can be examined from here, including the following two 
important cases. 
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Chip and Phase Asynchronous Signals:._ The interfering signals are char- 
acterized by 5 uniform on [0,1) and @ uniform on [0, 277) so that E[6? — 5,] = 
~1/6and Efcos(2¢)] = 0. In this case, 07 = (K —1)/3N. Hence, the de- 
cision variable in (9.160) can be interpreted as Gaussian random variable with 
mean a!) € {—1,+1} and variance (K — 1)/3N leading to the probability of 


bit error 
3N 
= ne ae Ll 
P, 0 2) (9.181) 


The carrier to interference ratio C/I can be defined as the carrier power divided 


by the total noise power 

C 1 

— = ———.. 9.182 

I K-11 ( ) 
By comparing (9.181) with the probability of bit error for binary signaling on 
an AWGN channel, ie., P, = Q(./27y) we see that the C/I and the effective 


bit energy-to-noise ratio, yp, are related by 
_2NC 


9.183 
% = ZF ( ) 


Chip and Phase Synchronous Signals:._ The interfering signals have 6, = 0 
and f, = 0 so that 0? = (K — 1)/N and 


P,=Q ( 7) (9.184) 


For chip and phase synchronous signals C/I and theeffective -y, are related by 
= ane ; (9.185) 


Coherent addition of interfering signals yields worst case interference with 
random spreading sequences. The orthogonal Walsh-Hadamard sequences are 
less random (secure) but yield zero correlation (better performance) under this 
condition. 

The standard Gaussian approximation can be quite inaccurate when the 
number of simultaneous users K is small or the processing gain N is large. To 
circumvent this deficiency a number of improved approximations have been 
developed. 


6.2 IMPROVED GAUSSIAN APPROXIMATION 


An improved Gaussian approximation can be obtained by averaging the 
conditional probability of error over the variance of the multiple access inter- 
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ference. That is 


ee 1 
Pyo= [ Q (75 Dor (p)dyp (9.186) 


where Do? (q) is the pdf of the multiple-access variance o. From (9.179) 


2 1 “ 
of = yr Le (9.187) 
k=2 
where Ly = U,V; and 
U, = (1+ cos(2¢,)) (9.188) 
Ve = (2B +1)(52 — 64) +N/2 . (9.189) 


Note that the {U;} are independent and the {Vj } are conditionally independent 
given B. By using the results in [186] and [117, pp. 79-82], [186, pg. 123,244] 
the conditional pdf of Ly is 


1 N-€+VB 
Prp(£) = —==log ci aa = (9.190) 
mVBz |/N—-&€-VB 


where B = B+1/2. Since the Ly are independent and identically distributed, 
the density of o? is obtained by taking the (K — 2)-fold convolution and 
removing the condition on B, i.e., 


Poi (p) = aaEs [Pie (2) Hoe * pra (2)| (9.191) 


I 


This improved Gaussian approximation has been shown to be much more 
accurate that the standard Gaussian approximation [233]. However, the (K — 
2)-fold convolution in (9.191) must be obtained numerically followed by an 
additional numerical integration for computing the probability of error. Hence, 
the utility of this improved Gaussian approximation is limited. 


63 SIMPLIFIED GAUSSIAN APPROXIMATION 


Another simpler but still accurate Gaussian approximation has been derived 
by Holtzman [168]. To describe this method, let P(@) be any function of a 
random variable 8 having mean yz and variance o%. The using a Taylor series 
expansion about the mean p gives 


1 
P(6) = P(u) + (6 — w)P'(u) + 5(0 — w)?P"(n) + (9.192) 
Taking expectations 


BIP(6)] = Plu) + 5PMu)o? (9.193) 
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Instead of using the Taylor series expansion, we can start with differences 
(Stirling’s formula) and write 


2h 
+5 (0 = a a Pw) eat tae + +++(9.194) 
Taking expectations 
E[P(6)] © P(u) + 1P(u +h) ~2P(u) + Pua h) (9.195) 


2 h2 
Holtzman [168] has shown that h = V3oyields good results so that 


B[P(9)] = =P(u) + =P(u + ¥30) + =P — 3a) . (9.196) 


To apply the above result, we let 2 and o? be the mean and variance of o? 
in (9.187). Then 


b= ~ Ellel 
» 551 (K_wal_1) 
N?2 2 3 6 
=~ (K—1)/3N (9.197) 


where the last line assumes ensemble averaging with random spreading se- 
quences. The variance is 


on . 
= =S (ElLj] — E*[Lx] + (K -2)cov(L;,Lx)) for any j # k. 
K-1/ 28 1 K-2 1 K-2 
- SN el a i (00 

wa (550 (s+ 36 ) 20. 36 ) oe 
This yields 


2 3N 1 1 
Rs - —_—. = ——————— 
$0 (2a) +39 (eae 
1 1 
+-Q | ——————_——_} . (9.199) 
6 (=———| 


The above calculations are very simple and lead to quite accurate results for all 
values of K and N. Fig. 9.28 compares the standard and simplified improved 
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Figure 9.28. Bit error probability against the number of users and various processing gains. 
The standard Gaussian approximation is shown to under estimate the error probability for small 
numbers of users. 


Gaussian approximations for various processing gains and number of simulta- 
neous users. Note that the standard Gaussian approximation under estimates 
the error probability for small numbers of users. In this case, the improved 
Gaussian approximation should be used. However, the accuracy of the stan- 
dard Gaussian approximation improves when the number of simultaneous users 
increases. 

Note that the above approximations assume an AWGN channel. For fre- 
quency selective fading channels, the approximations must be modified to ac- 
count for the effects of self interference, multipath interference, and envelope 
fading. In this case the complex low-pass received signal is 


K 
F(t) = 3° gi 48 (t — 4 — k/W) + A(t) (9.200) 


where gj, is the complex gain associated with the ith user and the kth channel 
path. A variety of conventional RAKE demodulator structures can be employed 
to gain a diversity advantage, including the maximal ratio scheme discussed in 
Section 5.1. 
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Problems 


9.1. Suppose that a DS/BPSK spread spectrum signal is corrupted by a single, 
phase-asynchronous, interfering tone at the carrier frequency. The received 
low-pass waveform is 

F(t) = s(t) + 7(t) 
where §(t) is defined in (9.4) and 


a(t) = Ae)? 


where ¢ is an arbitrary phase offset. Assume the use of a short Gold code 
(of arbitrary length). Compute the probability of bit error with a simple 
correlation detector. 


9,2. The generator polynomials for constructing "Gold-like" code sequences 
of length N = 7 are 


p(x) = 1+ptp 
pot) = l+p’+p°. 


The sequences are "Gold-like" because p;(x)and po(x)are not a preferred 
pair and, therefore, will not actually generate a set of Gold sequences. 
However, the procedure used to construct the set sequences is similar to 
that used to construct Gold sequences. Generate all the "Gold-like" codes 
of length 7 and determine the cross-correlation functions of one sequence 
with each of the others. 


9.3. (computer exercise) Write a computer program to generate a set of Gold 
sequences of length 127. 


a) Plot the mean and variance of the partial period autocorrelation as a 
function of the processing gain 10 < G < 20for this set of Gold codes. 
b) Repeat part a) for the partial period cross-correlation. 


9.4. (computer exercise) Considera DS/BPSK CDMA system that uses length- 


31 Gold codes. The kth user spreads their binary data by using the Gold 
ai () 6) A) 
al*) — (at a5 jonny lay’ ) 


The complex envelope of the modulated waveform for the Ath user is 
s(t} =A 2 a®)t — nr) 


where 
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{al*)} is uncorrelated zero-mean binary data sequence, T/is the chip dura- 
tion and T = 31 Tis the data bit duration. 


a) Pick one of the length-31 Gold codes at random for the kth user and 
write down the sequence. Plot the aperiodic autocorrelation function of 
sequence. 


b) Plot the power spectrum of the kth user si) f) against the normalized 
frequency f Tp. 


c) Repeat parts a) and b) for a randomly chosen length-63 Gold code for 
the kth user. 


9.5. Plot the continuous-time partial autocorrelation functions of the chip 
waveform, Ra(d) and Rp,(d) in (9.32) and (9.33), respectively, as a function 
of the fractional chip delay 6 for the following chip shaping pulses: 


ur, (t) non-return-to-zero 
ha(t) = ¢ sin(at/T.)ur, (t) half-sinusoid 
1 — 2\t — T./2|/T ur, (t) triangular 


9.6. Consider the set of Walsh-Hadamard sequences of length 16. Determine 
full period autocorrelation $;4(n) for this set of sequences. Tabulate your 
results in the k x n matrix 


p= [Pk,nlkxn 
where pxn = $k,4(7). 


9.7. A wireless LAN system uses biorthogonal modulation based on the use 
of length-8 Walsh-Hadamard codewords. Following the discussion leading 
to (4.81), a set of 16 biorthogonal signals is constructed according to 


8 
5m(t) = AS? hmhe(t — kT) , m=1,...,8 
k=1 
— —Sm(t) , m=49,...,16 


where J, is the “chip duration” and T = 87, is the symbol duration. 
Assume an uncorrelated data sequence and assume that all 16 signals are 
used with equal probability. 


a Assuming that h,(t) = ur,(t), find the power density spectrum of the 
complex envelope S35(f). 


b Plot the power spectrum S35(f) against the normalized frequency fT}, 
where 7}, is the bit duration. 
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9.8. (computer exercise) Suppose that a DS/BPSK spread spectrum system 
uses an m-sequence of length 127 as a long spreading code. The generator 
polynomial for the m-sequence is 


p(t) =14+2%+27 


The processing gain G is equal to 10, i.e., there are 10 chips per modulated 
symbol. 


a) Assuming that h,(t) = ur,(t), find the power density spectrum of the 
complex envelope $33(f). Note that you must average over all possible 
subsequences of length 10. 


b) Plot the power spectrum S5s(f) against the normalized frequency fT}, 
where J is the bit duration. Comment on the effect of using a long 
code on the power spectrum. 


9.9. A spread spectrum system transmits a binary data sequence x = {zx}, 
xz; € {-1,+1}, by using the following length-3 short code spreading 
sequence 

a = (-—1,+1,+1) 
a) Compute and plot the full period autocorrelation of the sequence a. 
b) Compute and plot the aperiodic autocorrelation of the sequence a. 


c) Suppose the chip shaping function is 


ie ean (=) oo) 


What is the transmitted power density spectrum? 


d) At which frequencies is the receiver most sensitive to tone interference? 


9.10. Suppose that the multipath intensity profile of a channel is given by 


g(T) = P o-tlur ; 
Mr 


a) What is the average delay and delay spread of the channel? 


b) Suppose DS/BPSK spread spectrum is used on the channel. The receiver 
employs a two-tap RAKE receiver (assume ideal Nyquist pulses and 
maximal ratio combining). The tap spacing of the RAKE tapped delay 
line is equal to the chip duration T,. Neglecting self-interference, write 
down an expression for the probability of bit error in terms of the average 
delay of the channel and the average received bit energy-to-noise ratio. 
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c) If the bit error probability for a nondispersive channel (u%, = 0)is 
10—3, what is the value of delay spread jz, that will reduce the bit error 
probability from 10~° to 10742 


9.11. A multipath fading channel has the multipath intensity profile 


=P this 
a 
Suppose that DS/BPSK spread spectrum is used on this channel. The 
receiver employs a3-tap, T,-spaced, RAKE receiver with selective diversity 
combining. Assume ideal Nyquist pulses and the use of spreading sequences 
having an ideal autocorrelation function. Find the probability of error in 
terms of the average received bit energy-to-noise ratio. 


9.12. Consider the perfectly power controlled DS/BPSK CDMA system that 
is analyzed in Section 6.._ Determine the probability of bit error with a 
standard Gaussian approximation for the following cases; 

a) Chip synchronous and phase asynchronous. 
b) Chip asynchronous and phase synchronous. 
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Chapter 10 


TDMA CELLULAR ARCHITECTURES 


This chapter considers the architectural aspects of TDMA digital cellular 
systems. Regardless of the chosen access method the ultimate goal is to 
achieve high capacity while satisfying quality of Service (QoS) expectations. 
An architecture must also be defined so as to be flexible to accommodate system 
growth. Some schemes for high are flexible enough to be applied to any air 
interface. But regardless of what air interface is chosen the objective is to 
implement a system that permits easy installation and growth. 

Microcells are a straight forward solution to achieving high capacity. How- 
ever, as the microcells are introduced, a mixed cell architectures naturally 
evolves, consisting of both overlaid macrocells and underlaid microcells. Such 
an arrangement is called a hierarchical architecture. Hierarchical architectures 
can be implemented for both TDMA and CDMA systems. When microcells 
are introduced a key issue is the partitioning of the frequency resources among 
the hierarchical layers. The most attractive hierarchical systems are those that 
do not partition the system resources among the hierarchical layers. If the 
entire spectral allocation is used in each hierarchical layer, then both high ca- 
pacity and high flexibility can be achieved. CDMA systems employ universal 
frequency reuse, but require sophisticated power control algorithms if the spec- 
trum is to be shared between hierarchical layers. TDMA systems can avoid 
this through careful frequency planning so that the frequency resuse constraint 
is not violated when microcells are introduced. 

Macrodiversity architectures are another method for achieving high capacity, 
where the same signal is received by, and perhaps transmitted by, multiple BSs. 
Macrodiversity is an effective method for combatting shadow and envelope 
fading. In fact, cellular handoff algorithms implement macrodiversity. The 
soft handoff techniques used in CDMA sytems are a well known method for 
realizing macrodiversity. In TDMA systems that use hard handoff algorithms 
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will not yield as much macrodiversity gain due to latencies in the order of a few 
seconds in the hard handoff algorithms. The requirement for hard handoff in 
TDMA systems arises a result of the non-universal frequency reuse. However, if 
dynamic channel assignment (DCA) techniques are used, then TDMA systems 
can realize benfits from macrodiversity similar to those obtained in CDMA 
systems. DCA techniques are considered in detail in Chapter 13. 

Section 1.1 discusses the use of directional antennas for controling co- 
channel interference (CCI). 


1. CELL SECTORING 


11 CELL SECTORING WITH WIDE-BEAM 
DIRECTIONAL ANTENNAS 


One of the simplest methods for controling CCI is to use directional antennas 
at the BSs. On the forward channel, directional antennas reduce the generation 
of CCI by transmitting the signals to the MSs with a narrower angle-of-arrival 
(AoA) spread than omni-directional antennas. On the reverse channel, direc- 
tional antennas reduce the effect of the CCI because they respond to CCI that 
is generated with a narrower AoA spread about the MS. Here we consider two 
types of directional antennas; conventional wide-beam directional antennas, 
and switched beam antennas. 

Consider a uniform deployment of hexagonal cells, where the BSs employ 
omni-directional antennas. Suppose that we ignore the effects of shadowing 
and multipath-fading, and assume the simple path loss model in (2.226), such 
that the received desired signal power at distance d is 


hyhm \? 
a, = %GrGr (5) (10.1) 


where Q, is the transmit power G7 and Gz are the transmit and receiver antenna 
gains, respectively, and hy and hy», are the heights of the BS and MS antennas, 
respectively. As illustrated in Fig. 10.1, the worst case forward channel CCI 
situation occurs when the MS is located at the comer of a cell, furthest from its 
serving BS . There are six first-tier co-channel BSs, two each at (approximate) 
distances of D— R, D, and D + R. Ifthe values of 04, Gr and hy are assumed 
the same for all BS antennas, then it follows that the worst case C/I is 


A = 


(10.2) 
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co-channel 
base stations 


serving 
base station 


Figure 10.1. | Worst case CCI situation on the forward channel. 


With a path loss exponent 3 = 3.5, the worst case C/I is 


143dB forN=7 
(A)gp = | 9.2 dB for N =4 
6.3 dB for N =3 
The minimum allowable cluster size is determined by the minimum C/I re- 
quirement of the radio receiver. Unfortunately, the above worst case C/I values 
may be too small to yield acceptable performance, especially when we account 
for shadowing and multipath-fading. 

Sectoring is a very common method that is employed in cellular systems to 
improve the C/I performance, whereby the cells are divided into radial sectors 
with wide-beam directional BS antennas. Cellular systems are quite often 
deployed with 120°, and sometimes 60°, cell sectors. An N-cell reuse cluster 
with 120° sectors yields an N/3N reuse plan (N cells and 3N sectors). As 
shown in Fig. 10.2, 120° cell sectoring reduces the number of first-tier co- 
channel interferers from six to two. The two first tier interferers are located at 
approximate distances of D and D + 0.7R. The resulting worst case C/I is 


R-@ 
D-« +(D +0.7R)-¢ 


= ee , (10.3) 


(2) “+(R+0.7) ° 


A = 
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Figure 10.2. _ Worst case CCI situation on the forward channel with 120° cell sectoring. 


Hence 
21.1dB for N =7 
(Aga = 4 17.1dB  forN=4 (10.4) 
15.0 dB for N =3 


For N = 7, 120° sectoring yields a 6.8 dB C/I gain over the case when 
omnidirectional antennas are used. 

To derive a benefit from sectoring, the carriers that are assigned to each cell 
must be patitioned into disjoint sets, such that each sector uses a disjoint set 
of carriers. This finer partitioning of the carriers results in a loss in trunking 
efficiency, which we will quantify in the next section. Hence, cell sectoring 
improves the C/I performance at the cost of trunking efficiency. 


1.2 SECTORING WITH SWITCHED-BEAM 
ANTENNAS 


Switched-beam antennas can be used in place conventional wide-beam direc- 
tional antennas, to improve both the coverage and system capacity. Switched- 
beam antennas are a simple type of smart antenna where multiple antenna 
beams are used within each cell sector, and beam steering is achieved through a 
simple beam selection mechanism. Switched-beam antennas are more practical 
than other types of smart antennas such as phased array antennas, because no 
complicated multi-beam beamforming is needed and no significant changes to 
existing cellular systems that use conventional wide-beam directional antennas 
are required. 
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Switched-beam smart antennas are based on the retro-targeting concept. The 
selection of the activated receive beam is based on a simple Received Signal 
Strength Indicator (RSSI) and SAT tone’. Forward channel transmissions are 
over the best received beam, i.e., the same beam is used for both reception 
and transmission. Beam forming is accomplished by using physically directive 
antenna elements to create aperture, and thus gain [35]. Ifthe received C/I falls 
below some preset level, then the BS then switches to the best available beam 
for both reception and transmission. The directive nature of the narrow-beam 
ensures that the average level of CCI experienced by any given link is much 
less than that experienced when conventional wide-beam directional antennas 
are used [312], thus offering substantial performance advantages [281]. 

Spatial diversity is typically not used when a smart antenna system is de- 
ployed at a BS, simply because the existing physical tower structures prevent 
it. Angular diversity is a possibility, but it is not effective for macrocellular 
applications with their characteristically small AOA spreads. Our analysis 
of switched-beam smart antennas begins with the assumption of stationary or 
slowly moving MSs, where the radio link quality depends on the instantaneous 
received envelope due to Rayleigh fading. The pdf of the received signal power 
s due to the combined effect of log-normal shadowing and Rayleigh fading can 
be modeled by the composite log-normal Gamma distribution in (2.222). We 
have already seen that the composite log-normal Gamma distribution can be 
approximated by a log-normal distribution with mean and variance given by 
(2223), 

Comparisons will be made with an AMPS reference system, where the BSs 
use 120° sectoring with two-branch spatial diversity and selective combining. 
The received signal having the best quality (determined by RSSJ) is selected for 
output. Assume that the branches experience independent Rayleigh fading’. 
Furthermore, assume that the shadowing experienced on all antenna branches 
of the same BS are perfectly correlated. Then the pdf of the conditional received 
squared envelope with two-branch microscopic selection diversity is 


2 
Pan, (@) = Ge "(1 — e 2!) (10.5) 
Pp 


By averaging over the log-normal shadowing, the pdf of the composite received 
squared envelope is 


'The detection of SAT tone can prevent beam falsing where the system is spoofed into thinking that the 
desired MS is located in a different beam when a strong co-channel interferer is present on another beam. 

* As shown in Chapter 2.1.5.1, a separation of 5 wavelengths will still result in a branch correlation of about 
0.7, making the performance of the reference system optimistic [173]. 
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2 
poals) = f° g-e-*/e(1 — e°2/M) 
0 p 


[ (10log 19% — wo, )? 

xX ————. exp 4 — > | 
V2r0QQp 206 

where € = 10/In10. Appendix 10A shows that the pdf py2(zx) can be ap- 


proximated by a purely log-normal distribution with mean and variance given 
by 


! dQ, (10.6) 


(dBm) é-'[ln2-C]+ HQ, (aBm) 
o? = €7*[¢(2,1) — 2(In2)?] +03 . (10.7) 


where € = (In 10)/10, w(-) is the Euler psi function and ¢(-,-) is Riemann’s 
zeta function as defined in Appendix 10A. 

The MS antennas are assumed to be omni-directional. With omni-directional 
BS antennas, there are six first-tier co-channel interferers for both the forward 
and reverse channels. The number of first-tier interferers is reduced to two with 
120° sectoring. With a switched-beam smart antenna, the number of first-tier 
co-channel interferers on the forward channel is arandom variable ranging from 
0 to 6, due to the narrow-beam directional antennas and the dependency of the 
activated beam on the MS location. If there are N; co-channel interferers each 
with mean ju; and variance o? (in natural units), then the total interfering power 
is approximately log-normal. For our purpose, the mean and variance of the 
approximate log-normal distribution is obtained by using Fenton-Wilkinson 
method as described in Section 3.1.1. Finally, if the CCI from the antenna 
sidelobes is ignored, there is at most one interferer on the reverse channel when 
the smart antenna beamwidth is less than 40°. 


13.9 TRUNKPOOL TECHNIQUES 


In switched-beam smart antenna systems, the narrow-beam directional an- 
tennas are analogous to cell sectoring that can reduce unnecessary spillage ofra- 
diation [217] and mitigate the effects of channel time dispersion [227]. Higher 
antenna gains also can be achieved because of narrow antenna beamwidths. 
However, switched-beam smart antennas will have more frequent handoffs 
(due to inter-sector handoffs) that result in reduced trunking efficiency. To 
overcome the trunking efficiency degradation caused by narrow beam sectoring, 
sector-trunkpool and omni-trunkpool load sharing schemes are suggested. 

Fig. 10.3 shows a switched-beam smart antenna with 4 azimuthal elements 
(beams) per 120° degree sector, i.e., 30° beam widths. With a sectored- 
trunkpool arrangement, all the channels assigned to a 120° sector are shared by 
all four beams within that sector. Each sector antenna acts as a common aperture 
for one of four beams. No handoffs are needed unless the MS crosses sector 
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Figure 10.3. | Trunkpool schemes for switched-beam antennas. 


or cell boundaries. In this case, the trunking efficiency will remain the same 
as the reference system, where each wide-beam sector has a unique channel 
assignment. This concept can be extended to the omni-trunkpool technique, 
where any of the channels assigned to a cell can be assigned to any one of the 
activated beams. In this case, no handoffs are needed unless a MS crosses a 
cell boundary. 

Usually, the trunking efficiency is measured by the channel usage efficiency 
(or loading factor) [313] 


nr = p(1— Ppg)/m Erlangs/channel (10.8) 


where p is the offered traffic, Pg is the blocking probability, and m is the 
number of channels. From the Erlang-B formula under the blocked-calls- 
cleared assumption, Pg can be shown to be? 


p™/m! 

PB Sr oF/R te 
With AMPS, each service provider has 416 duplex channels, consisting of 
395 traffic channels and 21 control channels. Fig. 10.4 shows the channel 
usage efficiency for different trunkpool techniques. With the omni-trunkpool 
technique, the channel usage efficiency is increased 31.2% as compared to a 
7-cell reuse reference system when Pg = 0.01. In contrast, channel usage 
efficiency is increased only 17.4% when the frequency reuse cluster size is 
reduced from 7 to 4 cells. Therefore, the omni-trunkpool technique is helpful for 
increasing the trunking efficiency when smart antenna systems are employed. 


*The Erlang B formula assumes an infinite subscriber population, and ignores handoff traffic. 
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Figure 10.4. | Channel usage efficiency with various trunkpool schemes. 


14 CELLULAR PERFORMANCE WITH 
SWITCHED-BEAM ANTENNAS 


Our performance evaluation begins with the following assumptions: 


1. Each cell is circular in shape under a hexagonal cell layout. The MSs are 
uniformly distributed within a cell. 


2. Only the first tier of co-channel interferers is considered. 
3. The system utilization is assumed to be 100% (worst case). 


4. The 120° directional antennas used in the reference system have perfect 
directivity, i.e., there are no sidelobes. However, sidelobes adjacent to the 
main beam are considered for the switched-beam smart antenna system. 
The smart antenna front-to-back ratio is 30 dB, and the adjacent sidelobe 
attenuation is 12 dB. 


Because power control is employed in the existing AMPS system, two 
different cases are considered: power control and no power control. Practical 
power control algorithms usually react to the total received signal strength 
(C+I). However, for simplicity, the power control algorithm we consider reacts 
to the desired received signal strength C only*. The following notation will 


“Since the required CIR is 17 dB in the AMPS system, the interference power I can be safely neglected. 
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be used to distinguish between different frequency reuse factors, trunkpool 
techniques and antenna beam-widths, when switched-beam smart antennas are 
used: 


sma - [reuse cluster size] - [trunkpool type] - [antenna beamwidth] 
where 
= reuse cluster size: 7-cell or 4-cell 
» trunkpool type: omni or sectored 


« antenna beamwidth: 30° (12 elements) or 15° (24 elements). 


14.11 REVERSE CHANNEL 


When power control is not employed, all MSs are assumed to transmit with 
the same power. The CIR at the serving BS is 


Sd 
eae (10.10) 
2.410% 

where the subscripts d and i index the desired signals and interfering signals, 
respectively. The random variables cgand ¢;are Gaussian distributed, and their 
means and variances can be derived from (10.7) and (2.223) for the reference 
system and the smart antenna system, respectively. It is noted that the reference 
system has two-branch selection diversity in the reverse channel. The number 
of co-channel interferers depends on the position of the desired and co-channel 
MSs. The CIR will vary as a function of the activated beams in the co-channel 
cells. When power control is employed, we assume that the power received at 
the serving BS from each MS is maintained at a constant level C. The power 
transmitted by the ith mobile in the jth cell, MS;;, at distance dj, to its serving 
BS is P,;. The power received at BS; is 


C= P,10% . (10.11) 


MS;; is also at distance djp to the reference BS, BSo, and will generate CCI 
with a power equal to 


I = P10 =C10~ ~ =C10% . (10.12) 
Then the C/I at BSo is 


A = ——_- = ae (10.13) 
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Assuming that the path loss follows a fourth law with distance, the mean and 
variance of ¢ are 


4 
_ dig 
Hi = Bio ~ Hig = 100g 19 | + 
ij 

of = of +o%, . (10.14) 


14.22 FORWARD CHANNEL 


The major difference between the forward and reverse channels is the number 
of co-channel interferers. The calculation of the C/I is similar, but no antenna 
diversity is included for reference system. The means and variances of the 
log-normal random variables ¢ are calculated from (2.223). 


14.3.5 PERFORMANCE CRITERIA AND RESULTS 


Two criteria will be used to evaluate the performance of the switched-beam 
smart antenna system: 

Criterion 1: The area-averaged probability, Pj,that the received C/I exceeds 
a target value, Ath. 

Criterion 2: The percentage of the cell area, Po, where the received C/I 
exceeds a target value, Ath, 75% of the time. 

Criterion | can be treated as a global performance measure. However, bad 
locations will be masked from the area-averaged performance by good loca- 
tions. This is particularly true when the performance is non-homogeneous over 
the cell area. In this case, Criterion 2 is useful. The performance with Crite- 
rion | is plotted in Figs. 10.5 and 10.6. A significant performance improvement 
is observed with switched-beam smart antenna systems, especially for the for- 
ward channel. For example, with a sma-7-omni-30° system, Criterion 1 yields 
an improvement of at least 5 dB compared to the reference system. The ma- 
jor factors affecting the area-averaged C/I with switched beam smart antennas 
are the antenna beamwidth and the frequency re-use factor. The trunkpool 
techniques do not play an important role. 

Figs. 10.7 and 10.8 show the performance with Criterion 2. In this case 
there is only about 2 dB improvement with respect to the reference system. 
Trunkpool techniques are shown have significant effect in the performance 
with Criterion 2. The performance with the sectored trunkpool is better than 
the omni-trunkpool. The sma-4-sec-30° system is worse than the reference 
system. 

To explain the difference between performance Criterion 1 and 2 more 
clearly, Figs. 10.9 and 10.10 plot the points during a Monte Carlo simulation 
where the C/I is less than 17 dB more than 25% time. These points are called 
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Figure 10.5. Area-averaged probability, Pi, for the reverse channel, with 30° antenna 
beamwidths (solid), and 15° antenna beamwidths (dashed); o = 8 dB. 
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Figure 10.6. Area-averaged probability, Pi, for the forward channel, with 30° antenna 
beamwidths (solid), and 15° antenna beamwidths (dashed); o = 8 dB. 
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Figure 10.7. Percentage of the cell area, P2, for the reverse channel, where the C/I exceeds 
the target value, Ath, 75% of the time with 30° antenna beamwidths (solid), and 15° antenna 
beamwidths (dashed); o = 8 dB. 


bad points*. With power control, bad points can occur anywhere within the cell 
and notjust on the cell boundary. This is because the power control algorithm 
only controls the power of the desired signal. When a MS is close to its serving 
BS the power levels are reduced. Hence, more interference will be experienced 
on both the forward and reverse channels when the co-channel interferers are 
close to this BS yet far from their own serving BSs. When switched-beam smart 
antennas are employed, the performance with Criterion 1 can be improved and 
yet the performance with Criterion 2 may change little. 

Another interesting phenomenon shown in Fig. 10.9 is that the reverse chan- 
nel bad points with switched-beam smart antennas are concentrated in radial 
sectors called bad areas, i.e., the C/I improvement is not uniform over the 
entire cell area. We call this is the cart-wheel effect. However, it is not present 
in the forward channel. Fig. 10.11 replots Fig. 10.7 based only on the bad ar- 
eas. As shown in Fig. 10.11, even the sma-4-sec-15° system is worse than the 
reference system. Bad areas will always exist in systems using switched-beam 
smart antennas no matter how narrow the antenna beamwidth is and regardless 
of whether or not power control is used. Of course, the number of bad points is 
reduced when the antenna beamwidth is decreased. To mitigate the cart-wheel 


“The location of bad points are not fixed. Their locations vary with the locations of the co-channel interferers. 
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Figure 10.8. Percentage of the cell area, P2, for the forward channel, where the C/I exceed 
the target value, Atn, 75% of the time with 30° antenna beamwidths (solid), and 15° antenna 
beamwidths (dashed); o = 8 dB. 
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Figure 10.9. Reverse channel bad points for a ‘sma-7-omni-30°’ system with power control. 


528 


Omi, isis. ee ie eee 
So on 
Pe -t, Pi . 
’ ss 2 . 
| ae, * Pr. “ier 
j . . e *. x e = Sue . e ——- 
DOr Sr vse: 2 Foxe cer SG Me BRIE OSS 
oie ° Kees 
48 . 
. ae : 
oo . oe - reg . 
-05 | - ie PS es B. * zis . : “e #59 r 
riehes Dake) She 
2” bd 
: “és . 
? ’ . 
‘ << 
1.0 | “ ‘ 2 ae ‘ | 
-1.0 -0.5 0.0 0.5 1.0 


Figure 10.10. Forward channel bad points for a ‘sma-7-omni-30°’ system with power control. 


effect, one possibility is to rotate some switched beam cells with respect to oth- 
ers to distribute the bad points. However, this may be effective only when the 
rotation degree is larger than the AOA spread of the signals. Another approach 
is to use dynamic channel assignment to avoid using the same channel when a 
potential co-channel interferer is nearby. 


2. CONVENTIONAL CELL SPLITTING 


Conventional cell splitting is a straight forward process of introducing new, 
smaller, cells into an existing cellular deployment. By doing so, the cellular 
system can be tailored to meet traffic growth. To illustrate conventional cell 
splitting, consider the uniform grid of hexagonal cells shown in Fig. 10.12. 
If heavy traffic loading is experienced at the midpoint between two the cells 
labeled 1, then a split cell labeled 1’ is introduced at that location. The area 
of the split cell is 1/4 of the area of the parent cells. Additional split cells 
can be introduced to accommodate traffic loading in other locations throughout 
the system area. For example, the split cell 2’ can be located at the midpoint 
between the 2 cells. 

Because the split cells are smaller, the transmit power can be reduced. To 
estimate the transmit power requirements in the split cells, we note that the 
received power for a MS located at the corner of a parent cell is 


Q(R,) = AQ,R5* (10.15) 
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Figure 10.11. Percentage of the cell area, P2, for the reverse channel, where the C/I exceeds 


the target value, Atn, 75% of the time with 30° antenna beamwidths (solid), and 15° antenna 
beamwidths (dashed); o = 8 dB. 


Figure 10.12. Conventional cell splitting is used to accommodate an increased traffic load by 
introducing smaller cells. 
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while the received power at the boundary of a split cell is 
Q(R;) = AN,R,P . (10.16) 


where 2, and 25, and Rp and Rs, are the transmit power and cell radius 
associated with the parent cells and split cells, respectively. To keep the 
received power associated with a MS located on the cell boundary constant, 
the required transmitter power must be adjusted according to the path loss 
model. Assuming the model in (1.7), the new transmit power can be obtained 
as follows: 
ee ~ 10.17 
8 — 4#o0 (=) 7 ( : ) 
If 6 = 4, then Q, = 2/16, since R; = Ro/2. Hence, the split cells can 
reduce their transmit power levels by 12 dB. 

After introducing the split cells, changes in the frequency plan are required 
to avoid violations of the reuse constraint. A very straight forward approach is 
channel segmenting, where the channel sets in the co-channel cells are divided 
into two groups; the split cells are assigned one group of channels, while the 
parent co-channel cells are assigned the other group of channels. Unfortunately, 
this arrangement sacrifices trunking efficiency because the parent cells cannot 
use the channels assigned to the split cells. Furthermore, if the parent cells 
are already near capacity, then segmentation of the channels in these cells will 
require the introduction of more split cells. Hence, a propagation of splitting 
occurs throughout the system area, requiring the installation of a large number 
of additional cell sites. Therefore, channel segmenting is not a good option. 

Another solution is shown in Fig. 10.13, where overlaid inner cells are 
introduced into the parent cells. Once again, the channels sets are divided into 
two groups. MSs located within the overlaid inner cells and the split cells use 
one group of channels, while MSs located within the outer cells use the other 
group of channels. Whenever a MS moves between the inner and outer areas of 
a cell a hand-off must be executed, to avoid violations of the co-channel reuse 
constraint. 


2.1 REUSE PARTITIONING 


Halpern [157] suggested an overlay/underlay scheme based on the concept 
of reuse partitioning, where multiple co-channel reuse factors are used in the 
same deployment. An inner cell is created within each of the existing cells as 
shown in Fig. 10.14. For the example in Fig. 10.14, channels are assigned to the 
inner and outer cells according to a 3-cell and 7-cell reuse plan, respectively, 
although other reuse plans could be used. Channels that are assigned to the inner 
and outer cells can only be used by MSs located within the inner and outer cells, 
respectively. Handoffs are required when a MS crosses the boundary between 
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Figure 10.13. Overlaid inner cells can be used to maintain the frequency reuse constraint when 
cell splitting is used. 


an inner and outer cell. The reduced radii of the inner cells leads to an increase 
in cell capacity. To quantify this increase let 


R; =~ radius of the inner cells. 
R, =~ radius of the outer cells. 
D; =~ reuse distance for the inner cells. 
D, — reuse distance for the outer cells. 


Suppose that an acceptable link quality requires a co-channel reuse factor 

D;/Rj = Do/Ro = 4.6. Ifa7-cell and 3-cell reuse cluster is used for the outer 

and inner cells, respectively, then D;/Ro = 3 and 
Di/Ri _ 4.6 
D;/Ro 3 


(10.18) 


Hence, the inner and outer cell radii are related by R; = 0.65, and, therefore, 
the inner and outer cell areas are related by A; = (0.65)?A, = 0.43Ap. Ifa 
total of Ny channels are available, then 0.43.7 channels should be assigned to 
the inner cells and 0.57Nr channels assigned to the outer cell area (assuming 
a homogenous traffic distribution throughout the system area). The resulting 
cell capacity is 


Ny = 0.57Nr/7 + 0.43Nr/3 = 0.225Np channels/cell . (10.19) 
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Figure 10.14. Reuse partitioning can be used to increase the channel reuse efficiency, from 
[157]. 


On the other hand, with a conventional 7-cell reuse plan 
Ny = Nr/7 channels/cell . (10.20) 


Hence, an improvement of 1.575 in cell capacity is realized. 


2.1.1 CELL SPLITTING WITH REUSE PARTITIONING 


Cell splitting can also be used with reuse partitioning. An example is shown 
in Fig. 10.15 where a split cell is added between the parent B2 cells. The split 
cell also uses reuse partitioning. To maintain the C/I at an acceptable level, 
some of the channels in the B2 cells are moved to the inner cells and are denoted 
by B2’. Furthermore, the closest co-channel inner cells Al must have their 
channels partitioned in a similar fashion. Thus we see a drawback when using 
cell splitting with the reuse partitioning scheme — the cells must be divided into 
many concentric rings that use disjoint channel sets, and handoffs must occur 
when a MS crosses the boundary between two rings. 


ai CLUSTER PLANNED HIERARCHICAL 
ARCHITECTURE 


One drawback of conventional cell splitting and reuse partitioning is that 
the split cells and overlaid cells can only be introduced at specific locations 
in the cellular deployment. Unfortunately, these locations may not necessary 
correspond to the hot spot areas that are experiencing the highest traffic growth. 
We now describe a TDMA hierarchical architecture based on the concept of 
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Figure 10.15. Cell splitting can be used in combination with reuse partitioning. 


cluster planning, where macrocells and microcells reuse the same frequencies. 
Moreover, the microcells can be gradually and extensively deployed at any 
location to increase the capacity throughout the entire service area. With 
these flexibilities, the cluster planning approach allows the smooth evolution 
of existing macrocellular systems into a hierarchical mixed cell architecture. 


3.1 SYSTEM ARCHITECTURE 


A traditional 7/21 frequency reuse system is shown in Fig. 10.16. The 
channels are partitioned into 21 sets and each set is reused in a diamond- 
shaped sector with an adequate distance of separation. Unfortunately, the 
interfering regions for each channel cover the whole service area. This widely 
distributed CCI from the macrocells makes it impossible to reuse the same 
channel frequencies in the microcells. 

Cluster planning can be used to change the conventional sectored arrange- 
ment into one having some areas of very low interference for a specified set of 
carriers. The basic cluster planning procedure is as follows: 

Cluster planning procedure: 


1. Assign the same channels to each cell site as in the traditional 7/21 frequency 
reuse plan shown in Fig. 10.16. 


2. Divide the macrocell reuse clusters into three groups as shown in Fig. 10.17. 


3. Let the first group be the reference group. 
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Figure 10.16. _ Traditional 7/21 frequency reuse plan, from [350]. 


4. Rotate the channel sets of each cell in the second group 120° clockwise with 
respect to the first group. 


5. Rotate the channel sets of each cell in the third group 120° counter-clockwise 
with respect to the first group. 


The cluster planning procedure creates low-interference regions outside the 
areas of the designated macrocell sectors for each channel set. These low- 
interference regions are called micro-areas. Fig. 10.18 shows the result of 
rotating the sectors. We see that zones A ~ F have a very low interference for 
channel set 4, since they are located in the back-lobe areas of the macrocell 
sectors using channel set 4g. Thus microcells can be introduced in these areas 
by using channel set 4g. 


3.2 UNDERLAID MICROCELL PLANNING 
ALGORITHM 


In the cluster-planned hierarchical architecture, microcells are located in 
micro-areas where certain macrocell channel sets can be reused. To have the 
greatest flexibility in selecting the microcell BS locations, it is important to 
identify all possible micro-areas and the associated channels sets that can be 
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3rd group 


Figure 10.17. Proposed 7/21 frequency reuse plan with cluster planning, from [350]. 


used by microcells that are deployed in these areas. In the cluster-planned 
architecture, the front-lobe areas of the directional antennas are used by the 
macrocells, while the back-lobe areas of the directional antennas are used 
by the microcells. In a conventional frequency reuse system (see for example 
Fig. 10.16, the back-lobe area of each channel set will still encounter some first- 
ring interferers. To protect the back-lobe areas from the first tier interferers, 
we rotate the sectors through the cluster planning procedure. Cluster planning 
creates low-interference micro-areas as shown in Fig. 10.18, that lie in the 
back-lobe areas of the first-tier interferers. For ease of indexing, a micro-area 
denotes a region of three adjacent macrocell sectors, each of which belongs to 
different BS. Fig. 10.19 shows an example of a micro-area. Each micro-area has 
an interference neighborhood, M, defined as the 18 neighboring macrocell 
sectors that surround the micro-area. 

The following algorithm systematically determines the channels that can be 
used in each micro-area. Let c} represent the channel set in sector i = a, 8,7, 
of the cell site c, where c = 1,...,7. The superscript 7 = 1,2,3 indexes the 
three groups of rotated clusters. 


= Given a desired micro-area and a corresponding interference neighborhood, 
M, let 


0= {dem} 


denote the union of channel sets cd in the interference neighborhood M. 
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Micro-area A~F 
(using channel set 4 6) 


@ Main-lobe area of macrocell 
sectors with channel set 4 


Figure 10.18. Microcells can reuse low-interference macrocell channels in the proposed hier- 
archical architecture. The macrocell channel set 4g can be reused in the micro-area A ~ F, from 


[350]. 


= From ©, construct a3 x 3 indicator matrix B,- = [bj;|forBSsc = 1,...,7, 
where 


ee ae if the channel set c] eM; 
" 0 otherwise 


= Ifthe indicator matrix B, for some cell site c has a row of ones and two rows 
of zeroes, then the zero-rows of B, indicate the low-interference macrocell 


channel sets for the micro-area. 


Example 9.1 According to Fig. 10.19, the interference neighborhood for 


micro-area A is 
— les Way 19322 2gn2n band Ss 
41, 42,43,51,52,51,62,63,68, 7a 7p, 7st 
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x ‘, macrocell sector of the 3rd group 


Figure 10.19. Interference neighborhood for micro-area A in Fig. 10.18, from [350]. 


Then the indicating matrices are 


0 1 0 0 1 0 O11 
B, = 0 1 0 ;B.= 0 1 (0 ;B3 = 0 0 0 
010 0 1 0 0 1 0 
Lt 1 1 1 0 0 1 0 
By = 00 0);Bs={[ 0 00 );Be={ 01 1 
00 0 10 0 00 0 
0 1 0 
B, = 01 0 
01 0 


Examining the indicating matrix B,,c = 1,...,7, we find that By is the 
only matrix having a row of ones and two rows of zeroes; the second and 
the third rows of By are the zero rows. Based on the above algorithm, the 
low-interference macrocell channel sets for micro-area A are 4gand 4,. 


To see if other micro-areas can be defined in the proposed system architec- 
ture, consider the system in Fig. 10.20 having 100 micro-areas defined over the 
service area. By applying the above algorithm, the available macrocell channel 
sets for each micro-area are listed in Table 10.1. Note that the micro-areas are 
capable of reusing two macrocell channel sets and microcells can be deployed 
throughout the whole service area. 
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Figure 10.20. Channel reuse in the proposed 3-sector cellular system, where each micro-area 
consists of three sectors that belong to three different macrocells, from [350]. 


Since a micro-area consists of 3 macrocell sectors, each macrocell area has 5 
available channel sets — 3 assigned to macrocells and 2 assigned to microcells. 
Within each micro-area the microcells are deployed according to a conventional 
frequency reuse plan. The microcells could use omnidirectional antennas or 
sectored antennas. Let C, represent the number of the microcell clusters that 
are deployed in a micro-area. Since each microcell cluster can reuse two sets 
of low-interference macrocell channels as shown in the above example, the cell 
capacity can be increased by factor of 1 + 2 x C,,/3 times. Later we will show 
that C, = 6 is possible and, hence, giving a capacity increase of 7 times. 


TDMA Cellular Architectures 539 


Channel Channel Channel Channel 
Zone Set Zone Set Zone Set Zone Set 
] 7,78 26 6a, 6y $1 6a, 6g 76 3a, 38 
2 5,54 27 han by 52 Ta, 7B 77 6a, 6, 
3 1p, ly 28 5a, 58 53 5g, 5+ 78 Vey lls 
4 2g, 27 29 la, 1g 54 1g,1, 79 5a, 58 
5 Aa, dy 30 2a, 28 55 28,27 80 la, 1g 
6 3a, 3 31 3a,3¢ 56 4,4, 81 4,4, 
7 62, 64 32 6a, 6 57 3a, 3 82 3a, 328 
8 7p, Vy 33 Ta, Vy 58 68,6, 83 Ga, 6y 
9 Sas Oy 34 5a, 5g 59 7p, Ty 84 Tay ty 
10 la, ly 35 la, 1p 60 Ba, Sy 85 5a, 5B 
11 4,4, 36 2a, 28 61 2g, 27 86 la, le 
12 3a, 34 37 43,4, 62 4,,4y 87 2a, 28 
13 62, 6y 38 3g, 34 63 3a, 34 88 4g, 4 
14 7p, 7+ 39 6a, 62 64 62,6, 89 3g, 34 
15 Sa, 5 40 Ta, 78 65 78,7 90 6a, 6g 
16 la, 1, 41 lo, 1p 66 5a, Oy 91 Sa, 5B 
17 2a, 24 42 2a, 28 67 la, l, 92 la, 1g 
18 4,,4g 43 49,4, 68 2a, ay 93 2a, 28 
19 3a, 3g 44 Bad 69 4a, 4p 94 4,44 
20 6a, 6 45 6a, 68 70 3a, 38 95 38,34 
21 Sa, Sy 46 Ta, 7p 71 7g, 7 96 6a, 63 
22 la, ly 47 5g, 5y 72 5a, 5g 97 Ta, 74 
23 Qa, 27 48 1g,1y 73 la, ly 98 5g, 5+ 
24 4,48 49 2g, 24 74 2a, 27 99 1g, 1, 
25 30,32 50 4a, 4y 75 44,48 100 26,24 


Table 10.1. The macrocell channel sets that can be used in the underlaid microcells, from 
{350}. 


3.35 PERFORMANCE ANALYSIS OF CLUSTER 
PLANNED ARCHITECTURE 


Propagation Model and System Assumptions:. Our analysis uses a simple 
modification of the path loss model in (10.1)° 


= Q4(hohm)? 


% cae (10.21) 


where pin, and 9, are the received and transmitted powers, hy, and hr, are the 
BS and MS antenna heights, respectively, d is the radio path length, and £ 
is the path loss exponent. Although (10.21) is more suitable for a macrocell 


SHere we incorporate the antenna gains in the transmitted power. 
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environment than a microcell environment, it is still characteristic of the path 
loss experienced by the microcell links at locations that are well outside of the 
microcells. In other words, the model is applicable when considering the CCI 
that is generated by distant microcells. 

CCI: In our two-tiered hierarchical architecture, four types of CCI must 
be considered; macrocell-to-macrocell, microcell-to-microcell, macrocell-to- 
microcell and microcell-to-macrocell CCI. Adjacent channel interference should 
also be considered. 

Antennas: The macrocell BSs are assumed to use 120° wide-beam di- 
rectional antennas, while microcell BSs use omni-directional antennas. It is 
possible to improve the C/I performance by sectoring the microcells as well, 
but we do not consider this here. The MSs use omni-directional antennas. 

Uplink power control: We adopt the power control scheme used in IS-54/136 
and AMPS [95]. The transmitted power of a Class IV IS-54/136 portable 
handset is adjusted in six levels from -22 dBW to -2 dBW in steps of 4 dB. 
Downlink power control is not required in the proposed architecture. Before 
proceeding, we first clarify our notation. When the subscripts M and yp are 
used, they refer to macrocells and microcells, respectively; when m and b are 
used, they denote the MS and BS, respectively; when d and ware used, they 
indicate the downlink and uplink, respectively. 


3.3.1 MACROCELL PERFORMANCE 


Section 3.2 showed that the cluster planning technique creates low interfer- 
ence regions, thereby allowing the microcells to reuse macrocell frequencies. 
However, some macrocells will experience higher interference after rotating 
the sectors. This is the cost of cluster planning. To evaluate the influence of 
the sector rotations on the macrocell performance, consider both the conven- 
tional macrocellular system in Fig. 10.16 and the proposed hierarchical cellular 
system in Fig. 10.18 without the underlaid microcells. Fig. 10.21 shows the 
simulation results of the uplink C/I performance for both systems, assuming 
that the MSs are uniformly distributed in each sector and they transmit with 
the maximum power. We consider the uplink case because the downlink per- 
formance is usually better than the uplink performance. With respect to a 90% 
coverage probability, one can observe that the sector rotation technique creates 
low interference regions at the cost of about 3.1 dB, 3.3 dB, and 3.5 dB of C/A 
degradation for path loss exponent @ = 3.6,3.8,and 4.0, respectively. Even 
after sector rotations, the macrocells can maintain a C/I greater than 20 dB 
over 90% of the coverage area. In the following, we will further include the 
effect of underlaid microcells when analyzing the performance of the proposed 
hierarchical cellular system. For ease of analysis, we hereafter adopt the worst 
case scenario where a MS is situated on a cell boundary. 
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Figure 10.21. Comparison of the uplink C/I performance of conventional macrocells and the 
proposed hierarchical cellular system without the underlaid microcells for different path loss 
exponent 73, . 


Downlink C/I analysis:. By applying (10.21) with 6 = 4,we express the 
C/I received by the MS at the macrocell boundary as 


on (pt Am)? 
Cho RL 
The + Jou Si btn 5pm)? 52 a(n (A Am)? 
i=l D} j=lk=1 
(10.22) 
where 

C4, = MS received power from the desired macrocell BS 

14, = downlink macrocell-to-macrocell CCI 
J : mM =. downlink microcell-to-macrocell CCI 
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OM = macrocell BS transmitted power 
O; » = microcell BS transmitted power 
Nw = the number of macrocell co-channel interferers 
Zy = the number of interfering micro-areas 
C,, = the number of microcell clusters in a micro-area 
D; = MS distance to the i-th interfering macrocell BS 
d; = MS distance to the k-th interfering 
microcell BS in the j-th micro-area 
hit = macrocell BS antenna height 
hy = microcell BS antenna height 
hm = MS antenna height 
Ru = macrocell radius 


Referring to Fig. 10.20 and Table 10.1, we examine the downlink interfer- 
ence when a macrocell MS using channel set 1g is located at the macrocell 
boundary near micro-area 56. One can find that the macrocell-to-macrocell 
downlink interference 7%, mainly comes from two first-tier macrocell BSs 
located near micro-areas 77 and 68 with distances [D,, D2] = [4,3.61]Ry, 
respectively. However, because the objective of cluster planning is to carefully 
manage the C/I, the performance may be sensitive to the C/I. Consequently, 
we also consider the three second-tier interfering BSs located near micro-areas 
11, 17 and 62, located at distances [D3, D4, Ds] = [8.89, 8.89, 8.72] Rag sre- 
spectively. For the micro-cell-to-macrocell downlink interference Jim one 
can find six interfering micro-areas 35, 48, 54, 80, 86, and 99 in the first 
tier with distances of [d1,d2, d3,d4, ds, dg] = [3, 4.58, 3.46, 6, 5.2, 6.25) Ry, 
respectively. The second-tier interfering micro-areas 3, 29, 41, and 92 have 
distances [d7, dg, dg, dio] = [7.55, 9, 7.94, 12]Raz, respectively. We assume 
that each micro-area has C’, microcell reuse clusters, and each of these clusters 
has K, microcells. Through the channel selection algorithm in Section 3.2, 
each micro-area is assigned two macrocell channel sets. We further partition 
these two sets of channels into K,, groups and then assign each group to the 
K,, microcells in each cluster. In this manner, a macrocell channel set is used 
C,, times in a micro-area. For ease of analysis, we assume that the distance dj 
approximates d,;,, where d, is the distance from a macrocell MS to the center 
of the j-th interfering micro-area and d; x is defined following (10.22). In our 
example, the microcell BS antenna height is one third of macrocell BS antenna 
height, ie., hy /hM = 1/3, although this ratio can be easily varied. With the 
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Figure 10.22. Macrocell downlink C/I performance against 2% ,/2%4, for different values of 
C,,, where 2, /QM, is the microcell to microcell BS transmit power, and C,, is the number of 
microcell clusters in a micro-area, from [350]. 


above assumptions in (10.22), 


Ce 1 
—_ SS = > .. (10.23 
Thy + Jang ( ) 


~2 OF, —3 
1.02875 x 10-2 + C, QM x 2.79449 x 10 
t,b 


We show the downlink C/I performance in terms of C, and a »/ OM » in 
Fig. 10.22 with consideration of only first-tier interfering BSs and in Table 10.2 
with both first- and second-tier interfering BSs. Observe that C/I > 18dB for 
Cy, = 6 and 2, / ON < 0.3. In other words, the channel set 4gcan be reused 
six times in the micro-area while still keeping the worst case macrocell down- 
link C/I greater than 18 dB. The reuse increases even further if the required 
C/I is smaller than 18 dB. Furthermore, by comparing the results in Table 10.2 
with Fig. 10.22, one can find that the second-tier interfering BSs only degrade 
the C/I by an additional 0.5 dB over the first-tier interfering BSs. 


544 


Ot! (Ihe + J, aM) (dB) 


Q? 

t,b 
aa Ci =1 C, =2 C,=4 C, =6 

t,o 

0 19.88 19.88 19.88 19.84 
0.1 19.76 19.64 19.42 19.22 
0.2 19.65 19.42 19.02 18.65 
03 19.53 19.22 18.65 18.15 
0.4 19.43 19.02 18.31 17.70 
0.5 19.32 18.83 17.99 17.29 
0.6 19.22 18.65 17.69 16.91 
0.7 19.12 18.48 17.42 16.57 
0.8 19.02 18.30 17.16 16.25 
0.9 18.93 18.14 16.91 15.96 
1.0 18.83 17.99 16.68 15.68 


Table 10.2. Downlink C/I performance for overlaying macrocells, where ht /hi = 1/3. 


Uplink CCI analysis:. By modifying (10.22) slightly, we can formulate the 
uplink C/I as 


Chr _ ae 
Im t+Jim mom TT Se RM lie \? 
Seta he Tl yee 
i=l i j=l k=1 dix 
(10.24) 
where 
Cy =  macrocell BS received power from the desired MS 
Ix, = uplink macrocell-to-macrocell interference 
uM = uplink microcell-to-macrocell interference 
oF = macrocell MS transmitted power 
Qim = microcell MS transmitted power 


and where the remaining parameters have already been defined following 
(10.22). With directional antennas, the macrocell BSs experience fewer in- 
terfering micro-areas in the uplink direction as compared with the downlink 
direction. Consider the macrocell sector that is assigned with channel set 2y 
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and located near micro-area 37. This macrocell sector encounters two first-tier 
and four second-tier macrocell interfering MSs at distances 


[D1, D2, D3, D4, Ds, De] = (3.61, 3.61, 8.54, 8.19, 8.19, 7.81] Rm, 
and interfering micro-areas 23, 55, 61, 68, 74, 100, (i.e. Z,, = 6) at distances 
(d,, dz, d3, d4,d5, dg] = [7.0, 7.0, 14.7, 5.3, 11.5,9.53] Rm . 


We can ignore the effect of the three other interfering micro-areas 4, 17, 49 
because they are located in the back-lobe area of the sector using channel set 
2y. By substituting the above values into (10.24), the uplink C/I performance 
for this example becomes 


Ci _ ar 
Te, + Ju ~~ QF . (10.25) 
Moe HM 1.2677 x 10-2 + Cy fa x 2.11 x 1073 
tym 


Fig. 10.23 shows the results. Suppose that a worst case target C/I of 18 dB is 

chosen. Then it is observed that the C/I is greater than 18 dB for C, = 1 ~ 6 
if 

Om 

af, <0.2 , (10.26) 
Note that we obtained (10.26) under the assumption that the interfering macro- 
cell MSs are on the cell boundary and are transmitting with the maximum 
power. Thus (10.26) can be used to determine the maximum microcell MS’s 
transmitted power. For example, consider an IS-54/136 Class IV portable hand- 
set (that adjusts its transmitted power in six levels from -22 dBW to -2 dBW). 

Then (10.26) implies that the maximum microcell MS transmitted power is 

-9 dBW, which is still in the operational range of the Class IV terminal. The 
implication is that the requirement in (10.26) can be fulfilled by the current 

uplink power control scheme in the IS-54/136 system without changing the MS 

transmitted power specification. 


3.3.2 MICROCELL PERFORMANCE 


We now show how the microcell size should be chosen to achieve the required 
C/I performance. 


Downlink microcell size:._ A feasible microcell size should satisfy two con- 
ditions: (i) C-criterion: a MS will receive stronger power, C, at the microcell 
boundary than at the macrocell boundary; (ii) C/I-criterion: the C/I at the 
microcell boundary equals or exceeds that at the macrocell boundary. 
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Figure 10.23. Macrocell uplink C/I performance against 0, /QM, for different values of 


Cu, where 24, /QM, is the ratio of the transmitted power of the microcell MS to that of the 


“t,m t,m 


macrocell MS, and C,, is the number of microcell clusters in a micro-area, from [350]. 


C-criterion: From the path loss model in (10.21), the microcell radius R,, can 
be calculated as 


97 1/4 


a 4 
Ry < (rit) €3 Ry , (10.27) 
OQ, hy 


where Rag, hy, hi, O4,,and QM are defined in (10.22). 
S/l-criterion: The S/I received by the MS at the microcell boundary can be 
written as 


Qe (Ay ohm)? 
va _ t,b fas 
Ti+ I8t pall OF 5, (hy,bhm)? lad OM, (hmphm)? 1 = OM, (hu,bhm)? 
2X Di, 7 2, Dit, * 7 > Mei 
(10.28) 


where the parameters Oy» aN hM, hk, Cy, and hyp are already defined in 
(10.22) and 
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ca = MS received power from its desired microcell BS 
i = downlink microcell-to-microcell interference 
J » = downlink macrocell-to-microcell interference 
Nmuy = the number of main-lobe macrocell interferers 
Ny» = the number of back-lobe macrocell interferers 
Dyyi = MS distance to the i-th main-lobe interfering BS 
Dy»; = MS distance to the j-th back-lobe interfering BS 
D,,i = MS distance to the i-th microcell interfering BS 
Ru = macrocell radius 
Ry, = microcell radius 
7 = the front-to-back ratio of the directional antenna in macrocells 


Ru (C/Dreq 

Ru ~ | cy-1 4 [Ney 4 Nm 4 2 
(se) 1 E (ae) +8 (ate) | GR) RE) 
gar SP re Ga am Dm, ; Ob Aub 


(10.29) 


where D,, = Du, ;/Rm, Do, ; = Dm,,/Rm, and Du: = Dy, /Rm, ate 
the normalized distances of interferers with respect to macrocell radius Ry. 
Our studies assume that the microcells and macrocells have similar shapes, 
and that the microcell clusters are adjacent to each other in a given micro-area. 
Suppose the distances from a microcell MS to its interfering microcell BSs are 
equal and close to the microcell co-channel reuse distance Dy (i.¢., Dui = Dy, 


fori = 1,---,C,,). Then 
Dy / 
Ry = 3K, 5 (10.30) 


where K, Lu denotes the microcell cluster size. With Cy microcell clusters and 
K,, microcells inside each cluster, a micro-area has in total C, K,, microcells. 
Suppose that taken together they are smaller than the area of a macrocell. Then 


RM > /6,K, . (10.31) 


m 


548 


Substituting (10.30) (10.31) into (10.29), we get 


Ro gfe 
Ru ~ Nu 4° #N 4 
lex E(e)t¥ (2) O@ 
—— = ii = 
% i=l Duy, ; 2 j=l Dm, ; Qe hy 


(10.32) 


Notice that we consider Nyy, back-lobe macrocell interferers in (10.32). The 
back-lobe interference from the macrocell BSs can be ignored for the macrocell 
MS, but for the microcell MS, this kind of interference may be relatively strong 
compared to the received signal strength from the low-powered microcell BS. 
For the same reason, the macrocell interferers in the second ring are considered 
here. 

Example 9.2 Referring to Fig. 10.20 and 
Table 10.1, micro-area 56 can be assigned channel sets [4a, 4y]- Take channel 
set 4., as an example. Micro-area 56 will experience three first-tier back-lobe 
interferers (Nyy, = 3), each of which has the following distance 


[Dui 1» DM,21 Dan, 5] = (2-65, 2.65, 2.65] (10.33) 


to the center of micro-area 56. Three main-lobe interfering macrocells in the 
second tier are located near micro-areas 25, 79, 64 with the distances of 


[Daty. Diz, 45 Dui;| = (5.29,5.29,5.29] . (10.34) 


Furthermore, three main-lobe interfering macrocell BSs in the third tier are 
located near micro-areas 13, 70, and 85 with distances of 


[Dity¢>Dotz51D ayo) = [7.0,7-0,7.0] (10.35) 


It is also important to determine if there exist interfering microcell BSs from 
neighboring micro-areas. Fig. 10.20 and Table 10.1 shows one feature of the 
proposed system architecture; the adjacent micro-areas are assigned different 
macrocell channel sets. For instance, micro-area 56 in Fig. 10.20 is assigned 
channel sets [4g, 4], while the neighboring micro-areas 45, 46, 55, 57, 66, 
and 67 use channel sets [6g, 6g], [7a, 7], [2g, 27], [8a, 371], [5a, 54], [las 
1,]. Obviously, when considering the interfering microcell BSs, a microcell 
MS will only be affected by the interfering microcell BSs in the same micro- 
area. Assume that each micro-area consists of C’, microcell clusters. Then 
a MS will experience the interference from the remaining C, — 1 microcell 
BSs, excluding the desired one. Substituting (10.33), (10.34), and (10.35) into 
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(10.32), one can obtain 


Ry (C/V 


Rau ~ | (C,—-1)C? OM\ (pM\? 
ee (5.0803 x 107? + 0.0608 x -) He aie 
7) Qe, hy 


(10.36) 


(a) C, = 1: We first consider the special case where only one microcell is 
installed in each micro-area. This situation may occur with initial microcell 
deployment. Fig. 10.24 shows the effect of the front-to-back ratio 7 on the 
microcell radius, whereby (C/I),.q = 18 dB and Ab /hM = 1/3. If the C/l- 
and C-criterion result in different microcell radii, then the smallest one must 
be chosen. From Fig. 10.24, one can observe that if front-to-back ratio 7 > 10 
dB, the microcell radius is determined by the C-criterion, but when 7 < 5 dB, 
the C/I-criterion dominates the C-criterion. For instance, in the case of 7 = 10 
dB and 0, /9M = 0.4, one can obtain R, < 0.5Ry by the C/I-criterion 
and R,, < 0.46Ry by the C-criterion, respectively. We must satisfy the more 
stringent requirement and, therefore, the microcell radius is 0.46Ay,. In this 
example, one can see that a larger front-to-back ratio 7 does not imply a larger 
microcell size, since the C-criterion, which is independent of 7,will dominate 
the C/I-criterion when 77 is large. 


(b) C,, > 2: Next, we consider the case where many microcells are deployed in 
each microarea. Fig. 10.25 shows the downlink microcell size against a pf OM 
for different values of C’,, where oF »/ OM is the ratio of the transmitted power 
of the microcell BS to that of the macrocell BS, and C, is the number of 
microcell clusters in a micro-area. It is observed that if C,, > 3, oF ie oN, has 
little effect on the downlink microcell size. This is because the interference 
from the microcells, Z¢, will dominate the macrocell interference, ie when the 
number of co-channel microcells (C,, — 1) becomes large in a given micro-area. 
In other words, if a large number of microcells are installed, the C/I-criterion 
will become a dominating factor in determining the microcell size. In the case of 
C,, = 6, for example, one should follow the C/l-criterion to get Ry, < 0.165Ryy 
from Fig. 10.25. 


Uplink microcell size:. Similar to the previous analysis for the downlink 
microcell size, the uplink microcell size is derived from the C/I analysis. More 
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Figure 10.24. Effect of front-to-back ratio 7 on the microcell radius based on downlink mi- 
crocell C/I performance analysis, where R,,/Raz and 2, /2M, are the cell radius ratio and 
transmitted power ratio of microcells over macrocells, respectively. With (C/I),,, = 18 dB 


and hi /hi = 1/3, curves (a) ~ (e) are obtained by C/I-criterion for 7 = 0,5, 10, 15, 20 dB, 
respectively, while curve (f) is obtained by C-criterion, from [350]. 


specifically, 
R (hp Am)? 
Ci _ me Riup 
Uu U = N : 
Ti+ Situ 10M (hI)? “ML OM, (Ay hm)? 
2D * 2 
1= 4 1= a 


(10.37) 


where the parameters 0#,, 28, Cy hj’, Duis Ru, hg,and hy have been 
defined in (10.22) and (10.28) and 


Ci, = microcell BS received power from the desired microcell MS 
uM = uplink microcell-to-macrocell interference 
Ju. = uplink macrocell-to-microcell interference 
Nwu,f = the number of macrocell interfering MSs 
Dm, = BS distance to the i-th interfering macrocell MS 


Ryup = uplink microcell radius 


TDMA Cellular Architectures 551 


0.2 | 
e S 2 oa 8 o @ 
> ol * Sal -~ -~ med - —— * 
0.1 ' ' 
0.0 
0.1 02 03 04 O05 O06 O7 O08 O99 1.0 


Figure 10.25. Downlink microcell radius R,, against 2! ,/p!, for different values of C,, in 
the case » = 10 dB, (C/I),,, = 18 dB, and h}'/hj* = 1/3, whereby the microcell radius 
is normalized with respect to the macrocell radius Ruy; 2#,/QM, represents the ratio of the 
transmitted power of microcell BS to that of macrocell BS; and C,, is the number of clusters in 
a micro-area; 7) is the front-to-back ratio of the directional antenna; hi /h!, is the ratio of the 
microcell BS antenna to the macrocell BS antenna. Curves (a) ~ (e) are obtained by C/I-criterion 
for C,, = 1, 2, 4, 6, 8, while curve (f) is obtained by C-criterion, from [350]. 


Let Dui = DuiR mand (C/T)req denote the required C/I for a microcell BS. 
Using the same assumptions for getting (10.29), one can simplify (10.37) as 


Rap: 2 (C/T) seq 
R = N. 4 
M (Cu-WCE x ( 1 (Re) 


(10.38) 


We have shown that when the number of microcell clusters C', becomes 
large, the downlink microcell size is insensitive to the interference from the 
macrocells. This is also true for determining the uplink microcell size. This 
will be shown by a later example. When microcell interference dominates the 
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Figure 10.26. K, against C,, with R,/R as a parameter, whereby K, is the microcell 
cluster size, C,, is the number of clusters in a micro-area, and R,/Rwm is the ratio of the 
microcell radius to the macrocell radius. Curve (a) represents the lower bound of K,,, while 
curves (b) ~ (g) represent the upper bound of K,, for Ry. /Ra = 0.13, 0.15, 0.20, 0.25, 0.30, 
0.35, respectively, from [350]. 


performance, (10.38) can be approximated as 


Ris 1 
SHUP rn (10.39) 
R _ C,,—1)C? 

M (C/Dreq C2 Se 


9 


By combining (10.30) (10.31) (10.39), we obtain upper and lower bounds on 
K,, as 


1 tf Ry \ 

M 
3 V (C/D)req(Cu -— 1) $ Ky S a, (%) (10.40) 
The relation between K,, and C, with R,/Ra as a parameter is shown in 
Fig. 10.26. 
Example 9.3. Consider again micro-area 56 in Fig. 10.20. 


Referring to Table 10.1, micro-area 56 can be assigned channel sets [4q, 4y]. 
Take channel set 4, for example. The worst case occurs when interfering 
macrocell MSs transmit maximum power, i.e., at the macrocell boundary. For 
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the example considered, the three first-tier interfering macrocell MSs near 
micro-areas 45, 47, 77 are located at distances of [Du1,; D2, Dual = 
[2.0,2.0,2.0], respectively; the three second-tier interfering macrocell MSs 
near micro-areas 26, 53, 89 are located at distances [Dar4,Dus, Dal = 
[4.36, 4.36, 4.36], respectively; the three third-tier interfering macrocell MSs 
near micro-areas 32, 38, and 98 are located at distances [Dur Dus; Dus] = 
[6.0, 6.0, 6.0], respectively. Substituting these values into (10.38) and letting 
(S/I)req = 18 dB, we show in Fig. 10.27 the ratio of microcell radius to 
macrocell radius R,/Ry against NY, /QM, for different values of C,,, where 
nF m/ 244, is the ratio of the transmitted power of the microcell MS to that of 
the taacrocell MS, and C’, is the number of the microcell clusters in a micro- 
area. It is shown that as C, increases, microcell size becomes insensitive to 


Suppose our objective is to implement six microcell clusters in each macro- 
area (i.e. C,, = 6) and still maintain (C/I)req = 18 dB.We first need to know 
the feasible cluster size A’, and the microcell radius. From Fig. 10.26, we obtain 
K, = 7 and R, = 0.15 x Ry. Then from Fig. 10.27, we find the transmitted 
power for a microcell MS should be at least 0.017 times that for a macrocell 
MS. Consider an interfering macrocell MS which is an IS-54/136 Class IV 
portable handset transmitting at -2 dBW. The microcell MS transmitted power 
should be larger than - 20 dBW in this case. Recall the transmitted power 
of an IS-54/136 Class IV portable handset ranges from -22 dBW to -2 dBW. 
Consequently, the current IS-54/136 Class IV portable handset can be used in 
both the macrocells and microcells of the cluster planned architecture without 
changing the handset transmit power specification. 


3.3.3. ADJACENT CHANNEL INTERFERENCE ANALYSIS 


To avoid excessive adjacent channel interference, it is desirable not to use the 
same channel sets in adjacent sectors. We will first review a frequency plan de- 
signed to avoid adjacent channel interference in the conventional macrocellular 
system. Then we will show that the same plan works for the cluster-planned 
hierarchical architecture. As shown in Fig. 10.16, a traditional 7/21 macrocel- 
lular system has 21 sectors. If the forward and reverse links each have 10 MHz 
of available spectrum, and the channel bandwidth is 30 KHz, then a total of 
333 carriers can be assigned to the 21 sectors. A frequency plan that avoids 
adjacent channel interference is shown in Table 10.3 [190]. Each row in the 
table represents a frequency set that is designated to a sector. This scheme 
separates any two carriers assigned to adjacent sectors by seven carriers. 

If the frequency plan in Table 10.3 is applied to the cluster-planned architec- 
ture in Fig. 10.20, there is no adjacent channel interference between macrocell 
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Figure 10.27. Uplink microcell radius R, against Q/,,/QM, for different values of C,,, 
where the microcell radius is normalized by the macrocell radius Ry, QF, / OM, is the ratio 


of the transmitted power of the microcell MS to that of the macrocell MS, C,, is the number of 
microcell clusters in a micro-area, and (C/I);req = 18 dB, from [350]. 


sectors. Even with the addition of underlaid microcells, a 2-carrier separation 
is maintained between the carriers assigned to the microcells and the co-site 
macrocells withing a micro-area. For example, referring to Fig. 10.20 and 
Table 10.1, the channel set [4a, 44] is assigned to micro-area 56. The co-site 
macrocell sectors that use channel set 16, 2a, and 7y have at least a 2-carrier 
separation. This feature is valid for all the micro-areas with channel assignment 
of Table 10.1. 


4. MACRODIVERSITY ARCHITECTURES 


Microscopic diversity techniques are used to combat the effects of enve- 
lope fading. Macrodiversity, or a large-scaled space diversity, has long been 
recognized as an effective tool to combat shadowing [173, 190], although it 
is effective against envelope fading as well. A macrodiversity system serves 
a mobile station (MS) simultaneously by several base stations (BSs). At any 
time, the BS with the best quality measure is chosen to serve the MS. The crite- 
rion for branch (or BS) selection is a key issue when designing a macrodiversity 
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la | { 2243 6485 106 127 148 169 190 211 232 253 274 295 316 
2a: | 2 23 44 65 86 107 128 149 170 191 212 233 254 275 296 317 
3a | 3 2445 66 87 108 129 150 171 192 213 234 255 276 297 318 
4a | 4 25 46 67 88 109 130 151 172 193 214 235 256 277 298 319 
5a | 5 2647 68 89 110 131 152 173 194 215 236 257 278 299 320 
6a | 6 2748 6990 111 132 153 174 195 216 237 258 279 300 321 
7a | 7 28497091 112 133 154 175 196 217 238 259 280 301 322 
18 | 8 29507192 113 134 155 176 197 218 239 260 281 302 323 
28 | 9 30517293 114 135 156 177 198 219 249 261 282 303 324 
38 | 10 31 52 73 94 115 136 157 178 199 220 250 262 283 304 325 
4B | 11 32 53 74.95 116 137 158 179 200 221 251 263 284 305 326 
58 | 12 33 54 75 96 117 138 159 180 201 222 252 264 285 306 327 
68 | 13 34 55 76.97 118 139 160 181 202 223 253 265 286 307 328 
78 | 1435 567798 119 140 161 182 203 224 254 266 287 308 329 
ly | 15 36 57 78 99 120 141 162 183 204 225 255 267 288 309 330 
| 16 37 58 79 100 121 142 163 184 205 226 256 268 289 310 331 
| 17 38 59 80 101 122 143 164 185 206 227 257 269 290 311 332 
4y | 18 39 60 81 102 123 144 165 186 207 228 258 270 291 312 333 
| 19 40 61 82 103 124 145 166 187 208 221 251 271 292 313 
| 20 41 62 83 104 125 146 167 188 209 222 252 272 293 314 
Ty | 21 42 63 84 105 126 147 168 189 210 223 253 273 294 315 


Table 10.3. Frequency management plan for avoiding adjacent channel interference. 


system. Usually, the branch selection is based on the local mean power rather 
than the instantaneous power [173, 376, 322, 3, 4, 350], because the branch 
selection algorithm cannot react to the rapidly varying instantaneous signal 
power. Here we focus on local — mean — based branch selection schemes. 
Previous studies on macrodiversity systems have evaluated the co-channel 
interference performance with shadowing only [371], [34], [347] and shadowed 
Rayleigh fading channels [348]. The co-channel interference performance 
was also discussed in [202], but it was assumed that the branch selection 
was based on the instantaneous signal power. The error rate performance 
of macrodiversity systems has been analyzed in Gaussian noise with both 
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shadowing and Rayleigh (or Nakagami) fading [376], [322], [3], [4], [323]. 
However, these papers did not consider co-channel interference. The analysis 
in [351] carries this further by considering the effect of Ricean fading on a 
local-mean-based macrodiversity system and by considering the correlation 
effect of the wanted signal at different branches of a macrodiversity system. 


41. PROBABILITY OF CO-CHANNEL 
INTERFERENCE OUTAGE 


We now consider an analytical model for calculating the probability of 
co-channel interference outage, O;, for an L-branch local-mean-based macro- 
diversity system with log-normal shadowing. Our model assumes that the local 
mean envelope power of the desired signal, Qy4,is available for each branch 
k, where k = 1,...,L. In practice, the desired signal power is mixed with the 
total interference power for each branch Q7 ,, so that Qg x + Qy~ is actually 
measured. However, the difference is small for large Q4,4/Q7,4. If the branch 
having the largest Qy% is selected, then the local-mean envelope power of the 
selected branch is 


Q¢ = max (Qq1,42,°°°,Qat) . (10.41) 


Let F(x) and p,(a) denote the cumulative distribution function (cdf) and the 
pdf of Qa%, respectively. If the Qqg4, are independent random variables with 


the pdf in (2.200), then Q4 has the pdf po,(y) = L[Fe(y))"7! pe(y). The 
probability of co-channel interference outage is 


O; = P,[N¢/OQr < Ata] 
fore) a/y, 
1- [ fi . Arty) Qa(x)dx , (10.42) 


—co 


where {Qg and 22; are the total powers of the desired and interfering signals for 
the selected branch with pdfs po,(x) and po, (y), respectively, and Aty is the 
threshold C/I. 

The interfering signals add noncoherently so that the total interference power 
on the kth branch is Q7 4 = yo Q7,4,i,where Nyis the number of interferers 
and {27 ,; is the power of the ith interferer on the kth branch. It is widely 
accepted that (2; can be approximated by a log-normal random variable 
with area mean power po,, and standard deviation op,,. As discussed in 
Chapter 3.1, the parameters on,, and po, , can be calculated by using a 
variety of methods, including the Fenton-Wilkinson and Schwartz-and-Yeh 
methods. 

If the {Q7,,}%_, are independent and identically distributed (iid), and the 
{Man}, are also iid and independent of the {Q7,,}7_,, then [371, 347] 
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1 = (10log,oz — bog (aB)) 
x —=——— exp | 5 | dz (10.43) 
V2n0Q,€2 200, 
where on, and po, (apy are the shadowing standard deviation and area mean 
power of the desired signal on the kth diversity branch, respectively. 
For ease of evaluation, we let w = (10log, 9x — In Lo, ( 4B)) )/V 209, and 
transform (10.43) into a Hermite integration form. That is, 


n 


O;=1- [- g(w) exp(—w?)dw ~ 1— >> 9(wi)hi : (10.44) 
aka i=1 
where 
= wi V209,W + Eun, (4B) — #9, (4B) — Athap)! 
g(w) = Wr p= (Aree Eh a ts = Pa 
x [1 -~Q (v2w) |" (10.45) 


and w; and h,; are the roots and weight factors of the nth-order Hermite poly- 
nomial, respectively [1]. 


4.22 SHADOW CORRELATION 


Until now, we have assumed independent shadowing on the macrodiver- 
sity branches. However, in many cases the macrodiversity branches will be 
correlated. Define 


Qe = (M41, Qa2)°+°;Qa,z) - (10.46) 


For a correlated L-branch macrodiversity system, the joint pdf of Qgis [78] 


_exp[-3¥7M71Y] | tyTM-— us 


PQ, ( = 
é 4/ (20)2det(M)E”z -- 


(10.47) 
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where z = (z1,---,zz), Y? = [y1,---, yz] denotes the transpose of column 
vector 


10log19(21) — Hag, (4B) 
we (10.48) 
10logi9 (21) — Hog,, (4B) 


and pig, , (aB))***» Hoy, (4B) are the area means of each diversity branch. The 
covariance matrix M is expressed as 


M= |: ‘= (10.49) 


2 
Vp. wae oO, 


where og is the shadowing standard deviation and 14; is the covariance of 
Q4,i (4B) and Q4,5 (aB) 


Yj =E [ (a. (dB) — Hg: (aB)) (24, (dB) — Hg; (az) | : (10.50) 


It is convenient to define N = M7~! and express the matrix multiplication in 
(10.47) in the form 


L-1 L 
YTNY = 5 Nay? +25° SO Migyiy; (10.51) 


w=1 i=1 j=itl1 


where Nj; is the element in the ith row and jth column. 
According to (10.41), (10.47), and (10.51), the probability that Qg < yis 


y y 1 
as Ne Nea rm er ee 
exp -5 (s Nuyj +2 3 > Nsw) 


i=1j=14+1 
(10.52) 


where Nj; and y; are defined in (10.51) and (10.48), respectively. 

The key for obtaining the probability of co-channel interference outage of 
the local-mean-based macrodiversity system is to find the pdf of the combiner 
output power, pe, (y). Unlike the uncorrelated case where there exists a closed- 
form expression for py, (y),one can not easily get a simple closed formula for 
the joint distribution of more than two mutually correlated log-normal random 
variables. However, for L = 2 and pg, ; (4B) = HQ, (dB) 
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[1-0 (Via + Fe) *) 
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where z = (10logigy — Ho, (dB)), Consider the following covariance matrix 
M 


2 
M = | ae | (10.54) 
and ; 
_ -1_ 1 oO —V 
N=M = ee cap : (10.55) 


By substituting (10.55) into (10.53), we express the pdf of the output local-mean 
power of the dual macrodiversity system as 


mao) = 7g {t-0|( J) (eats) 


V1 —r2 o 
101 - p 
exp -' =u = (4B) ) | (10.56) 
Oo 


where the correlation coefficient r is defined as r = v/ o°. Combining (10.42) 
and (10.56), gives 


O; =1- [ g(w) exp(—w?)dw ~ 1 — S> 9(wi)hi : (10.57) 
—— i=l 
where 
— 2? |g ( ¥2 eat + [eng (am) ~ Ho (4B) — Ach (ay) 
aaa a mn 
l-r 
. f =2 ( ar vw) (10.58) 


43 NUMERCIAL EXAMPLES 


Consider a cellular system with nine cells per cluster. In this case, two co- 
channel interferers are at 5.2R, where R is the cell radius. Assume the mobile 
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@— 2 branch diversity |: 
| 4—« 3 branch diversity | 
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i,, (dB) 


Figure 10.28. Probability of co-channel interference outage, O; , against the required threshold, 
Atn, at the receiver for the local-mean-based macrodiversity system, where the solid lines (——) 
denote the case for shadowing standard deviation 0 = 10 dB and the dashed lines (— — —) for 
o = 6 dB; a = b = 2, g = 0.15R; two interferers are located at a distance of 5.2R. 


unit is on the boundary of the cell at a distance of R to the BS. Consider a dual 
slope path loss model with a = b = 2 and g = 0.15R in (2.248). 

Fig. 10.28 shows the probability of co-channel interference outage perfor- 
mance, while Tab. 10.4 lists the threshold Ay, and diversity gain (D.G.) in terms 
of 5 and 10 % co-channel interference outage probabilities. Diversity gain here 
is defined as the additional C/I (in dB) that is required by a system without 
diversity to produce the same probability of co-channel interference outage. 
Some general observations can be made: 1) a higher shadowing spread leads 
to a higher diversity gain and a lower required threshold A;p; 2) the diversity 
gain per branch is decreased as the number of diversity branches is increased; 
3) the diversity gain increases with the requirement of the system, e.g., the 
diversity gain for a 5 % outage probability is higher than that for a 10 % outage 
probability. 

We evaluate the effects of correlation coefficient r on a 2-branch macrodiver- 
sity system with various a; 0 = 6 dBin Fig. 10.29 and o = 10dB in Fig. 10.30. 
With respect to a 10 % outage, Tab. 10.5 lists At, with different r. Observe 
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Or =5% O; =10% 
L Ath D.G. Ath D.G. 
1 10.96 - 13.69 - 
2 15.78 4.82 18.12 4.43 
3 17.97 7.01 20.46 11.78 
4 19.41 8.45 21.80 13.13 


Table 10.4. Macrodiversity gain (D. G.) and the threshold Ayn of C/I set at the receiver in terms 
of 5 % and 10 % probability of co-channel interference outage, O;, over a pure shadowing 
channel; o = 6 dB. 

0 


10 


io = . 
2 4 6 8 10 12 14 16 18 20 22 24 


i, (dB) 


Figure 10.29. _ Effect of branch correlation coefficient r on the local-mean-based macrodiversity 
system with o = 6 dB; a = b = 2, g = 0.15R; two interferers are located at a distance of 5.2R. 


that as r approaches unity, the diversity gain becomes zero. Furthermore, for 
r = 0.7, the diversity gain will be reduced to about 50 % of the gain when 
r=0. 


APPENDIX 10.A: Derivation of Equation (10.7) 


The conditional pdf of the received squared envelope, a7, is 


Po2|,(£) = ae — eA 2/Mp) (10-10.A.1) 
Pp 
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2 4 6 8 10 12 14 16 18 20 22 24 
A, (dB) 


Figure 10.30. Effect of branch correlation coefficient r on the local-mean-based macrodiversity 


system with o = 10 dB; a = b = 2, g = 0.15R; two interferers are located at a distance of 
5.2R. 


ao =6dB o =10dB 

rT Ath D.G. Ath D. G. 
0 13.54 3.99 9.24 6.96 
0.1 13.39 3.84 8.93 6.65 
0.3 12.78 3.23 7.94 5.66 
0.5 12.23 2.68 7.00 4.72 
0.7 11.46 1.91 5.67 3.39 
0.9 10.51 1.02 4.12 1.84 
1.0 9.55 - 2.28 - 


Table 10.5. _ Effects of branch correlation on a 2-branch macrodiversity. 


Averaging over distribution of log-normal shadowing yields the composite pdf 
for squared envelope 


oo 2 
Po(t) = / =e ie) (10-10.A.2) 
a 0 


10log, yw — a 
eee exp [Sheen eae = = om) dw 
206 
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The mean of the approximate log-normal distribution is 


E[10log 902 ] 


[ [ (10log ior) 2 -#/w( ae ea) 
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(eae Sameer 1 (0061~ 10, ann! hie 
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oo 1 
| raise ad {- 202 
xf Qin(a)e*/” (1—e*/”) dedw . —(10-10.A.3) 
From [147, 4.352.1], the inner integral becomes 
I 2In(x)e~*/"(1 — e~*/”) da = w{ln(2) +In(w) — CC] (10-10.A.4) 
where C' ~ 0.5772 is Euler’s constant. Hence, 


(apm) = €~*[In(2) — C] + Ho, (eam (10-10.A.5) 
In a similar fashion, the mean square value is 


= = 2 —£2/w —2/Ww 
E[(10logi9(a2))") = f° f° (otogios)®e-*/™ (1 — e7/™) 


1 10log,)w — 2 
V 2ragEw 206 


[ 1 ” _ (log gw = 19, (aam))” 
0 V2ropg3w? 202, 


co 

; 2(Inx)?e~7/" (1 —e7*/")dzdw . (10-10.A.6) 
0 

From [147, 4.358.2], the inner integrals become 


x 


[fp 2Gnz)%e*¥ae = w(fInw — C] + ¢(2,1)) 


[onsite tla = w/((Inw — In(2) — C]? + ¢(2(1}10.A.7) 
0 
where _ ; 

¢(2,m) = e (eee (10-10.A.8) 


is Reimann’s zetafunction. Finally, the variance is 
a? = E[(10log,9a2)?] — E?[10log;)a?] 
€771¢(2,1) — 2(1n2)2] + 63, . (10-10.A.9) 
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Problems 


10.1. Consider a cellular system that uses a 7-cell reuse cluster without cell 
sectoring. 


a) Show graphically the worst case CCI situation for the reverse channel. 


b) Ignoring envelope fading and shadowing and assuming the simple path 
loss model in (1.7), calculate the worst case carrier-to-interference ratio 
in terms of the co-channel reuse factor D/R. 


c) Repeat parts a) and b) if 120° cell sectoring is used. 


10.2. One method for improving the capacity of a cellular system employs a 
two-channel bandwidth scheme as suggested by Lee [192], where a hexag- 
onal cell is divided into two concentric hexagons as shown in Fig. 10.A.I 
below. The inner hexagon is serviced by 15 kHz channels, while the outer 
hexagon is serviced by 30 kHz channels. Suppose that the 30 kHz channels 
require A = 18 dB to maintain an acceptable radio link quality, while the 
15 kHz channels require A= 24 dB. 


Assume a fourth-law path loss model and suppose that the effects of en- 
velope fading and shadowing can be ignored. Consider the mobile-to-base 
link and suppose that there are six co-channel interferers at distance D from 
the BS. For a 7-cell reuse cluster, it follows that the worst case carrier-to- 
interference ratio, A, when a mobile station (MS) is located at distance d 
from the BS is A = (D/d)*/6. Hence, A = 18dB requires D/R, = 4.6, 
and A = 24 dB requires D/R; = 6.3,where R,and R,are the radii of the 
inner and outer cells, respectively. 


a) Use the values of D/R; and D/R, to determine the ratio of the inner 
and outer cell areas, A;/Ao. 

b) Let N; and N, be the number of channels that are allocated to the 
inner and outer portions of each cell, and assume that the channels are 
assigned such that N;/N, = A;/(A, — A;), Determine the increase 
in capacity (as measured in channels per cell) over a conventional one- 
channel bandwidth system that uses only 30 kHz channels. 


10.3. It has been suggested by [192] that the two-channel bandwidth scheme 
in Problem 10.2 can be combined with Halpern’s reuse partitioning scheme. 
In this case, 15 kHz channels are used in the inner cells and 30 kHz channels 
are used in the outer cells. In order to have adequate performance in the 
inner or low bandwidth ring we must have D;/R; = 6.3, while the outer 
higher bandwidth ring can use D,/R,o = 4.6. 


Compute the increase in capacity (as measured in channels per cell) that 


will result from using this scheme, as compared to a conventional system 
using a 7-cell reuse cluster. 
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Figure 10.A.1. Cell division with two channel bandwidth scheme. 
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104. In Section 1.1 the worst case forward channel carrier-to-interference ratio 
was calculated by considering only the first tier of co-channel interferers. 
Calculate the amount of interference from the second tier of co-channel 


interferers. Is it reasonable to neglect this interference? 


105. Microcells are characterized by very erratic propagation environments. 
This problem is intended to illustrate the imbalance in the forward and 
reverse channel carrier-to-interference ratio that could occur in a street 
microcell deployment. Consider the scenario shown in Fig. 10.A.2, that 
consists of two co-channel BSs, BS; and BS2, communicating with two 
co-channel MSs, MS; and MS». Neglect the effects of shadowing and 
multipath, and assume that the NLOS corner path loss model in (2.214). 
Suppose that a = 2, b = 4, and g = 150 m. Plot A at BS;, BS, MS), 
and MS2 as MS2 moves from A to C. When plotting your results, assume 


a received power level of 1 dBm at a distance of one meter. 


Figure 10.A.2.__ Microcellular propagation environment for Problem 10.5. 
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Chapter 11 


CDMA CELLULAR ARCHITECTURES 


CDMA is an attractive proposition for increasing cellular system capacity in 
dense urban areas, due to its many inherent benefits like the ability to mitigate 
multipath fading and interference, universal frequency reuse, soft handoff ca- 
pability, and the ability to exploit voice activity detection. Numerous authors 
have investigated the capacity and performance of CDMA cellular systems for 
a propagation environment characterized by path loss and shadowing, includ- 
ing Gilhousen et al. [136], Kudoh and Matsumoto [183], and Newson and 
Heath [247]. Mokhtar and Gupta [228] considered reverse channel capacity on 
shadowed Nakagami fading channels, where the desired and interfering signals 
have the same fading statistical characteristics. 

CDMA systems must use reverse channel power control; otherwise, the 
link performance will suffer from the near-far effect, a condition where the 
transmissions received from distant MSs experience excessive interference 
from nearby MSs. The IS-95 reverse link employs a fast closed-loop power 
control algorithm to combat variations in the received signal power due to path 
loss, shadowing, and fast envelope fading (at low Doppler frequencies). A 
large number of power control algorithms have been suggested in the literature. 
Ariyavistitakul and Chang [15] proposed a fast signal-to-interference ratio 
(SIR) based feedback power control algorithm that can mitigate both multipath 
fading and shadowing. For our purpose, we consider a simple closed-loop 
reverse channel power control scheme that equalizes the received power C 
from all MSs that are served by the same BS cell sector. 

Power control is also useful on the forward channel of CDMA systems for 
combating the corner effect, a condition where a MS experiences a decrease 
in received signal strength and an increase in multiple-access interference as 
it exits a cell corner. Various “power balancing” schemes have been proposed 
to balance the BS transmit power for each MS [136] , [46]. Chang and Ren 
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[46] have compared power balancing and mobile assisted SIR-based forward 
channel power control algorithms. They have shown the former to be better than 
the latter. Zorzi [382] has analyzed some simplified power control algorithms 
in the absence of shadowing. For our purpose, we will assume a slow open-loop 
power balancing algorithm. 


1. CAPACITY OF CELLULAR CDMA 


CDMA cellular systems typically employ universal frequency reuse, where 
the bandwidth is shared by all the cells and transmissions are distinguished 
through the assignment of unique spreading sequences. For such systems, 
multiple-access interference from neighboring cells must be carefully ac- 
counted for. The propagation path loss associated with these interfering signals 
is relatively small compared to those found in narrow-band and mid-band 
TDMA systems that employ frequency reuse plans. 


With cellular CDMA systems, any technique that reduces multiple-access 
interference translates into a capacity gain. Since cellular CDMA systems 
use speech coding, the multiple-access interference can be reduced by using 
voice activity detection along with variable rate speech transmission. This 
technique reduces the rate of the speech coder when silent periods are detected 
in the speech waveform. Voice activity detection has often been cited as an 
advantage of CMDA systems over TDMA systems. However, TDMA systems 
can also benefit from voice activity detection and discontinuous transmission, 
through a reduction in the level of co-channel interference. 


Cell sectoring is another very effective method for reducing multiple-access 
interference, where each cell is sectored by using directional antennas. With 
120° cell sectors, multiple-access interference on the reverse channel will only 
arise from MSs that are located in the shaded area of Fig. 11.1, where only 
the adjacent cells are shown. Likewise, multiple-access interference on the 
forward channel is generated by BSs that are transmitting to MSs located in 
the shaded regions of Fig. 11.2, where again only the adjacent cells are shown. 
In either case, 120° cell sectoring reduces the multiple-access interference by 
roughly a factor of three (on average); we say on average because the MSs 
are randomly distributed throughout the plane. Further improvements can be 
gained by using simple switched beam smart antenna systems with 30° or 15° 
sectors. A straight forward application of these antenna systems reduces the 
multiple access interference by a factor of 12 and 24, respectively, over a system 
using omni-directional antennas. 

Our analysis of cellular CDMA starts with a cellular layout described by a 
uniform plane of hexagonal cells of radius R. Each cell contains a centrally 
located BS with 120° cell sectors. It is further assumed that the MSs are 
uniformly distributed throughout the system area with a density of K MSs per 
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Figure 11.1. Reverse channel transmissions from MSs located in the shaded area will cause 
multiple-access interference with the reverse channel transmission from the reference MS. 


cell sector. For hexagonal cells of radius R, this yields a subscriber density of 


es i 11.1 
p= 3/32 per unit area . (11.1) 
The effects of voice activity detection can be modeled by assuming that each 
transmitter is independently active with probability p, so that the number of 
active transmitters in each cell has a (K,p) binomial distribution. The average 
number of active transmitters in a cell sector is Kp. 

The standard Gaussian approximation in Chapter 9.6.1 has been extensively 
employed in the literature for the performance prediction of cellular COMA 
systems. For random spreading sequences, we have seen that the standard 
Gaussian approximation for a power controlled chip and phase asynchronous 
reverse channel of a CDMA system predicts a bit signal-to-noise ratio of 
Yo = 3G/(2(K — 1)), where G is the processing gain and K is the number of 
simultaneously received signals. This assumes the use of a coherent correlation 
receiver with bit-by-bit decisions. Ifthe signals are chip and phase synchronous 
as is the case in the forward channel of a CDMA cellular system, then the 
standard Gaussian approximation yields a bit signal-to-noise ratio of y, = 
G/(2(K —1)). However, it is important to realize that this expression assumes 
random spreading sequences. If orthogonal spreading codes such as Walsh- 
Hadamard codes are used on the forward channel as is the case with the 
IS-95 system [96], then the multiple-access interference from the serving BS is 
effectively zero unless the channel delay spread destroys the orthogonality of 
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ference MS 


Figure 11.2. Forward channel transmissions to MSs located in the shaded areas will cause 
multiple-access interference with the forward channel transmission to the reference MS. 


the received signals. Under this condition out-of-cell interference dominates 
the performance. 


11 REVERSE LINK CAPACITY 


Perfect reverse channel power control maintains a constant received power 
C at a BS for all MSs served by that BS. The jth MS located in cell i is denoted 
by MS;;. The power transmitted by MSj;;, located at distance dj; from its 
serving BS, BS;, is P,;. The received power at BS; is 


C = P,,10%0 (11.2) 


where «jj is arandom variable due to shadowing and fading. MS,; is also at dis- 
tance dig to the reference BS, BSg, and will produce an out-of-cell interference 


equal to 
I, (ij) _ sio /10 l 
Cc = 10 ; (sam) 
= p(sio-sig/10 <1 | (11.3) 


The first term is due to path loss and shadowing to BSo, while the second term is 
the effect of the power control to compensate for the corresponding attenuation 
to BS;. Note that I,(27)/C is always less than unity; otherwise the MS would 
execute a handoff to the BS which makes it less than unity. 

For our purpose, we assume a shadowed Nakagami fading channel, where 
the received signal power has the composite Gamma-log-normal pdf in (2.187). 
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The composite pdf is approximated by a purely log-normal pdf with mean and 
standard deviation given by (2.188). Hence, the random variables <j; and ¢jo are 
treated as Gaussian random variables with means and variances, respectively, 


Il 
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where € = (In 10)/10, mj; and mo are the Nakagami shape factors, and gq is 
the shadow standard deviation. The parameters pa, (45) (iJ) andun, (dBm) (10) 
are determined by the path loss. Using the simple path loss model in (1.7), 
their difference is 


HO, (dBm) (7j) — HQ, (aBm) (10) = 108 logio (di; /dio) . (11.5) 


The total out-of-cell interference-to-signal ratio is equal to 


I, oe 
Cc | [ xtolin)@ojeaa (11.6) 
where 
_ J) 1, if 19(sio~sj)/10 ~ 4 
Poy = 0, otherwise (11.7) 
p is user density over the area A, and x is the voice activity variable 
_ f 1, with probability p 
— 0, with probability 1—p (11.8) 


The total out-cell interference J, can be modeled as a Gaussian random vari- 
able by invoking the central limit theorem. The mean of the total out-of-cell 
interference-to-carrier ratio is 


E[I,/C] = J [Boao °eojjpd 


/ pE[109-S3)/10 Bo od A (11.9) 


Let x = cio — Gj and define 


Hy (dB) = Hid (dBm) — Hij (dBm) 
2 = optoy; . (11.10) 


0. 
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Then the inner expectation in (11.9) is 
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<-0(-.- #2) 


(11.11) 


Therefore, 


E{Jo/C] 


pf [ool + EUs my 
x E 26 (-¢0: - al pdA. (11.12) 


In a similar fashion, 


E[(Io/C)*] = i / E[x710(%9-%)/5 63 od A 


° 1 (= — Hz (aB))” 
= 2Ex Pee mes i) 2 
=ef ff. e one op | 902 dzpdA 
=p [ [exp {2¢202 + 21s (an)} 


(mPa) 


(11.13) 
Finally, the variance of I,/C is 
Var{Io/C] = pf [exp {260 + 22 (aB)} 
E -~Q (-2¢02 = Hee) dA 


x 


—E7{I,/C] . (11.14) 
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The integrals in (11.12) and (11.14) must be numerically evaluated over the 
random mobile locations in the area A, as defined by the set of shaded sectors 
in Fig. 11.1. 

With perfect power control, the in-cell interference Jin is 


In=C >> x (11.15) 


where yx; 1s a Bernoulli random variable equal to 1 with probability p and 0 
with probability 1 — p. Let J = Ig + Jin be the total interference. Then the 
probability that the received yp, at a BS is below a required value, Yb req; 18 


Pag = Pl = Foteq) 
= P((I/C)y; > (1/C) x sca) 


K-1 
= P > xi + Lo/C > (L/C) _ 


i=1 


K-1 
= Pp Gz > (I/C)y sea ~ >, x) 


i=1 


K-1 K-1 K-1 
= ¥ P (LofC> U/C) = Sak) P(E =F] 
k=0 i=l t=1 
1 


K- _ —k-E[I,/C 
. ¢ *)pta _ p)K-1-kg (len a [Zo/ 7 


(11.16) 


In all of our numerical results, we assume a chip rate of R = 1.25 Mchips/s 
and a source symbol rate of 8 kb/s, yielding a processing gain of G = 156.25. 
We further assume a voice activity factor of p = 3/8. Fig. 11.3 shows the 
reverse channel capacity for different Yj req and shadow standard deviations. 
The reverse channel capacity is greatly increased by a reduction in Yo req and 
slightly reduced when the shadow standard deviation is increased. Fig. 11.4 
shows the reverse channel capacity with different Nakagami shape factors for 
the desired and interfering signals. Observe that a change in the Nakagami 
shape factor m, of interfering signals has very little effect on the reverse 
channel capacity. Fig. 11.5 further illustrates the effect of fading and shadowing 
on the reverse channel capacity. As expected, shadowing and fading have 
relatively little impact on the reverse channel capacity, since these components 
of the received signal are power controlled. Therefore, fading and shadowing 
variations only affect the out-of-cell interference. 
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Figure 11.3. Reverse channel capacity with Pout = 107? for different 5 req; the Nakagami 
shape factors are mg = 1 and m; = 1 (Rayleigh fading), and oo is the shadow standard 
deviation. 


The ratio of the mean out-of-cell interference to the mean in-cell interference 
ratio is 


Elo] _ Elfo/C] _ Elto/C] (11.17) 


as Elfin) Ellin/C] pK 


With a 4th-order path loss exponent, Newson and Heath [247] showed that 
8 = 0.5 when no fading and shadowing are considered and @ = 0.66when 
shadowing is considered with og = 8 dB. This translates into a frequency 
reuse efficiency f, defined as the ratio of mean in-cell interference to the total 
mean interference, of 0.66 and 0.38, respectively. Table 11.1 tabulates the 
corresponding values of @and f = 1/(1 + 6) for the CDMA cellular system 
under consideration for different propagation conditions. The calculations 
only consider the first tier of interfering cells. Observe that the frequency 
reuse efficiency decreases with the shadow standard deviation, og,and slightly 
increases when mg increases or m, decreases. 

To show that the values of @ and f in Table 11.1 do not depend on the 
number of users per cell, K, we derive the cdf of the out-of-cell interference to 
the in-cell interference I,/ J, for the reverse channel as 
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Figure 11.4. Reverse channel capacity for different propagation environments with Yy req = 
8.76 dB. Solid lines denote 9 = 0 dB, dotted lines denote on = 4 dB, and dot-dashed lines 


denote og = 8 dB. 
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Fig. 11.6 plots the distribution of J,/Jjn (in dB) with different shadow standard 
deviations. Although the distribution varies with K, the mean value E[Jo/ Jin] 
remains almost the same, i.e., all the curves cross at the 50% point. This implies 
that the values of @ and f in Table 11.1 do not depend on K. 

Extensions of the above results to include the effects of soft handoff have 
been provided in [343]. Soft handoff was shown to improve coverage by a 
factor of 2 to 2.5 in cell area, i.e., the number of BSs can be reduced by this 
factor. It was also shown to increase the reverse channel capacity by a factor 


better than 2. 
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Figure 11.5. Reverse channel capacity for different Nakagami shape factors with yp req = 
8.76 dB, on = 8 GB. 


ma mr on (dB) 6 f=1/(1+8) 
8 8 8 60.14% 62.45% 
8 4 8 58.83% 62.96% 
8 2 8 56.20% 64.02% 
8 1 8 51.11% 66.118% 
4 1 8 52.36% 65.63% 
2 1 8 54.90% 64.56% 
1 1 8 59.73% 62.61% 
1 1 10 57.34% 63.56% 
1 1 6 60.16% 62.44% 
1 1 4 57.82% 63.36% 
1 1 no shadowing 51.76% 65.89% 
no fading no fading no shadowing 21.81% 82.10% 
no fading no fading 4 39.42% 71.73% 
no fading no fading 8 60.02% 62.49% 


no fading no fading 10 61.65% 61.86% 


Table 11.1. Ratio of the mean of out-of-cell interference to the mean in-cell interference ratio, 
6, and frequency reuse efficiency, f, under different propagation conditions. 
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Figure 11.6. Distribution of out-of-cell interference to in-cell interference, I,/Jin, for the 
reverse channel. Solid lines denote op = 0 dB, dotted lines denote on = 4 dB, and dot-dashed 
lines denote on = 8 dB; mg = 1, m; = 1 (Rayleigh fading). 


12 FORWARD LINK CAPACITY 


For the forward channel, a pilot signal is transmitted from each BS. The pilot 
signal is a spread spectrum signal that causes interference in every cell, thereby 
reducing the capacity. However, this is offset by a decrease in ‘p req due to 
coherent modulation. With forward channel balancing power control, the mo- 
bile measures the received signal and periodically transmits the measurement 
to its serving BS [136]. When the total power requested by mobiles is below 
the maximum allowable transmit power, the BS will reduce its transmit power, 
thereby reducing interference; otherwise, the BS will redistribute the power 
from the forward links with good quality to those with poor quality. 

In the worst case situation, each BS always transmits with the maximum 
allowable power Pmax. From (11.2), the Yp atthe ith mobile under this condition 
is 


3G 3G 
21/C); (iy Cr, — 6¢:Cr)/5biCTy 
Cr, = Prax 10% (11.20) 


(11.19) 
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where M is the number of surrounding BSs that are included in the calculation, 
Cr, is the received power from BS;, 1 — dis the fraction of the total power 
allocated to the pilot, and the weighting factor ¢;is the fraction of the remaining 
power allocated to the ith mobile. Note that (11.19) assumes the worst case 
condition of chip and phase asynchronous random spreading sequences. As in 
[136] our results assume that 20% of the total BS transmit power is allocated 
to the pilot signal. Once again, the s; are Gaussian random variables due to 
shadow and fading variations, with means and variances obtained from (2.188). 

The BS distributes its transmit power proportionally according to the needs 
of each mobile within its cell. This is accomplished by first obtaining the 
required ; for each mobile, (¢;)req, by setting yy = Yp req in (11.19). To 
account for the voice activity, we then calculate the modified weighting factor 


[183] 
a ($i) req 
a = (11.21) 
; ris Xj ($5) req + (¢i)req 
JFt 
The power balancing scheme in [46] does the same thing, except that the voice 
activity factors, xj, are not considered. The outage probability then becomes 


Pout P(% <% req) 


P (Bi < (di)req) + (11.22) 


Numerical results can be obtained from the last equation in (11.22) by using 
Monte Carlo simulation techniques to account for the random user locations, 
and shadow and fading variations. For each set of MS locations and propagation 
conditions, we first determine the required fraction of power, (#;)req, needed to 
meet the Y req requirement, Afterwards, we find if the actual power allocation 
for each MS, @,, is sufficient. 

Fig. 11.7 shows how the forward channel capacity depends on ‘¥p yeq and 
the shadow standard deviation. Shadowing has a slightly stronger effect on 
forward channel capacity compared to the reverse channel. Fig. 11.8 shows the 
forward channel capacity for various Nakagami shape factors. The Nakagami 
shape factor also plays a significant role in forward channel capacity, and overly 
optimistic capacity estimates will be obtained if fading is neglected. 


13 IMPERFECT POWER CONTROL 
Any power control algorithm will inevitably be subject to some degree of 
error. It has been experimentally verified that the power control error (in dB) 


can be modeled as a zero-mean Gaussian random variable with variance oa? 
[183], [247]. For the reverse channel, (11.2) has the modified form 


C1088; /19 = P,; 1084/10 (11.23) 
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Figure 11.7. Forward channel capacity with Pout = 10~° for different -Yp req; the Nakagami 
shape factors are mg = 1 and m; = 1 (Rayleigh fading), and om is the shadow standard 
deviation. 


where ¢g, is the power control error. The mean and variance of & = sio — Sij 
with imperfect power control are similar to (11.10), but have the form 
2 
Hz (dB) = Hio (dBm) — ij (dBm) oF =on to +oR. (11.24) 


With imperfect power control, the in-cell interference experienced by MSg; at 
the reference BS, BSo, is Jin = C'K, where 


K 
w= 10° y, (11.25) 
ii 
Then 
Pout = Yo < Yb req) 


P( 
P(Io/C + Iinf/C > (L/C)o soc) 
= P(Io/C > (I/C) +, req K) 


EO pane 


k=0 k 
x | P (Io/C > (lo/C)ve vq — KI) p(is|h)ds « (11.26) 
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Figure 11.8. Forward channel capacity for different Nakagami shape factors with Yo req = 
6.76 dB, on = 8 dB. 


Note that the conditional pdf of k given k, p(«|k), is approximately log-normal. 
The log-normal approximation can be calculated using the Fenton-Wilkonson 
and Schwartz-Yeh methods discussed in Chapter 3. Observe from Fig. 11.9 
that the reverse channel capacity is dramatically decreased as the power control 
error increases. For Psy, = 0.01 and power control errors of og = 1dB, 2dB, 
and 3 dB, the reverse channel capacity is decreased by 24%, 50%, and 68%, 
respectively. 
To consider the effect of power control error on the forward channel, (11.21) 
becomes 
-— gi 10°%/1 


= or (11.27) 
*  x56j10°/ + 105/10 

j#i 
Fig. 11.9 shows that the forward channel capacity is reduced by 31%, 64%, and 
83% for og = 1.0 dB, 2.0 dB, and 3.0 dB, respectively. Note that imperfect 
power control has a more severe effect on the forward channel than the reverse 
channel for the same propagation conditions. 


2. ERROR PROBABILITY WITH RAKE RECEPTION 


Consider a CDMA cellular system that uses 120° cell sectoring. The refer- 
ence MS, MS; is located in Cell Sector 0. Assume chip and phase asynchronous 
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Figure 11.9. Forward and reverse channel capacity with imperfect power control. The capacity 
is normalized with respect to the capacity with perfect power control; a is the standard deviation 
of the power control error, mg = 1, my = 1, and on = 8 GB. 


signaling and a large number of simultaneous users with random spreading 
codes. Under such conditions, the standard Gaussian approximation in Chap- 
ter 9.6 applies and the multiple access interference, J, in (9.174) is Gaussian 
distributed with variance a? = (K — 1)/3N, where K is the number of active 
transmissions and N is the processing gain (assuming a short spreading code). 
The total impairment in (9.160) due to multiple access interference and Gaus- 
sian noise is J = V2EI + fi and has variance 07 = (K — 1)2E/3N + No, 
where E is the bit energy. Hence, the error probability is 

= (11.28) 


(en 
: ( 2E(K —1)+3NN, 


Assuming an error proability expression of the form P, = Q(./27,), the 
equivalent bit energy-to-noise ratio is 


3NE 


IB(K —1)+3NN, ae?) 


Yo = 


However, in a multipath-fading environment the above expression must be mod- 
ified. The instantaneous equivalent bit energy-to-noise ratio that is associated 
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with MS; and the path @ path is 


is 
3N xi 


ao SRE OREO (11.30) 
2 Dei,neU An + 3NNo 


Rye 


where 9 = |gi 2B and gi is the nth channel tap gain that is associated 
with MS; in Cell Sector c. Very often the thermal noise N, can be neglected in 
deference to the typically dominant effect of the multiple-access interference. 
The set U in (11.30) is defined as 


uuu. (11.31) 


cEA 


where 


U, = {(c,1,n) : xa =1,1<i< K,1<n<L, and (c,i,n) ¥ (0,7,n)} 
(11.32) 
and 


1 if transmitter 7 in Cell Sector c is active 
Xei ={ eeu oan (11.33) 


QO otherwise 


In (11.32) the assumption is made that the self-interference due to multipath 
can be neglected. Note that the multipath increases the level of multiple access 
by increasing the size of the set U, in (11.32). 

The mean interference power that is received at the serving BS from all 
out-of-cell MSs is a constant. If there are a total of Ks MSs per cell, the 
with the use of cell sectoring and voice activity gating, AKgp/3MSs will be 
actively transmitting in each cell sector on average. Of course the number of 
active MSs is binomially distributed, but our simplified analysis will use the 
average number of active MSs. With power control, the ratio of the average 
received power received over path ¢ to the average received total noise power 
is approximately 


j(0) 
3NTy _ 
2(Ksp/3 -1) Dh, Pn” +2 Dic#0,i.neU i 


The second term in the denominator of (11.34) sums the average out-of-cell 
multiple-access interference. It must be determined by careful study of the 
particular CDMA deployment. For uniform hexagonal cells, we have seen 
earlier (see Table 11.1) that this term is approximately 50% of the first term in 
the denominator. However, for microcells this term can be as large as 100% 
[166], depending on the cell layout, user spatial distribution and propagation 


2 


(11.34) 
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path loss exponent. Assuming a frequency reuse efficiency f, (11.34) becomes 


(0 
_ 3f NTO 


¥.& ——— _—@@§@ —. (11.35) 
2(Ksp/3—1) Dx Tn” 

The values of oo) and rico) depend, among other things, on the delay spread 
of the channel. Ifthe delay spread exhibits an exponential decay, then it follows 
from (9.156) that 
(1 _ ee )e-n/e 


io) _ (te jet 
Py ~ ele — e-(L+1)/e Dy (11.36) 
where 
L * 
ae (11.37) 
n=1 


is the total power received from each MS. 

Since the received signals from the interfering users are Rayleigh faded, they 
can be treated as zero-mean complex Gaussian random processes. Furthermore, 
the multiple-access interference consists of a large number of uncorrelated 
interferers so that it can be treated as a stationary Gaussian random process. 
However, we must still account for the fading fluctuations in the envelope of 
the desired signal. 

The error probability depends on the type of diversity combining and de- 
tection being used. We assume that an M-tap RAKE receiver with maximal 
ratio combining. In general, M # L, where L is the number of taps in the 
tapped delay line channel model. The receivers are assumed to use D-branch 
spatial diversity so there are DM replicas of the desired signal that are avail- 
able for processing. The instantaneous received bit energy-to-noise ratio that 
is associated with path @ and antenna m, 7m,¢, is exponentially distributed with 
density : 

= —e-2/% 
p(x) =e (11.38) 
where we have assumed that identical antenna elements so that ¥me = Ye with 
Ye given by (11.35). 


21 MAXIMAL RATIO COMBINING 


This section presents a simplified performance analysis of cellular CDMA. 
Although there are many different performance aspects, we focus here on bit 
error probability of cellular CDMA with RAKE reception. While the multipath 
allows us to gain a diversity advantage by employing a RAKE receiver, it also 
has the undesirable effect of accentuating the effect of the multiple-access 
interference. Hence, we are interested in assessing the diversity gains that we 
can expect. 
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Following the treatment of maximal ratio combining in Chapter 6.3, the 
instantaneous processed bit energy-to-total noise ratio is defined as 


D M 
= 5s aks (11.39) 


m=1k=1 


With coherent BPSK or QPSK signaling, the bit error probability conditioned 
ON Yp is 


Py(Yp) = Q(y/2%) (11.40) 


Since the ¥m,x are statistically identical with respect to the index m, it follows 
that the characteristic function of 7p is 


Hd 1 
Yyp(s) = ll a5? 


k=1 
M D 
= >> a (11.41) 
k= j=l (1 — 8%) 
where 
D-j 
Big Sire — (1 — 54x) Pin(s)} . (11.42) 
(D=IN—An) PF  dsP= oe 
It follows that the density of yp is 
1,-2/7, 
Prp (x =>3A GDI Sia —— ee ke (11.43) 


k=19=1 


Therefore, the average bit error probability becomes 
[oe] 
P, = 7 P;(x)p+,p (x)dz 


1 tit 
YO Ay [7 Q(v22) yey aie“ da 


k=1j=1 
l/s. 
t= Tn fit 
= 5 5 Ay ( a) Dai )(K*) (11.44) 
k=1j=1 n=0 ve 
where 
ee (11.45) 
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Figure 11.10. Bit error probability against the number of MS per cell, Ks. A 4-tap RAKE 
receiver is used without antenna diversity on a 4-tap channel. The voice activity factor is p = 0.5 
and the frequency reuse efficiency is f = 2/3. Values of ¢ = 1.0, 0.5 and 0.1 are shown. 


It is useful to express the performance as a function of the total average 
received bit energy-to-noise ratio per antenna branch, ¥,,defined as 


L 
= A a 
Yo = S- Yk 
k=1 
3Nf 
2(Ksp/3 — 1) 


where the last step is obtained by using (11.35)-(11.37). Note that 7)/D < 7. 
Finally, 


(11.46) 


ae 3Nf (1 —e7 Me eke 
1 D(Ksp/3—1) | e-WVe eG 
Fig. 11.10 shows the CDMA reverse channel performance with D = 1, 
L=4,M=4,p=0.5, f= 2/3 and various ¢. For cellular CDMA systems an 
error probability on the order of 10~* to 1073 is deemed acceptable. Note that 
the error probability increases as the channel becomes less dispersive (smaller 
€) because the RAKE receiver cannot gain a diversity advantage. In order 
to prevent poor performance in a nondispersive channel environment, antenna 
diversity can be used. Fig. 11.11 shows the performance under conditions 


(11.47) 
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Figure 11.11. Bit error probability against the number of MS per cell Ks = 3K. A 4-tap 
RAKE receiver is used with 2-branch antenna diversity on a 4-tap channel. The voice activity 
factor is p = 0.5 and the frequency reuse efficiency is f = 2/3. Values of € = 1.0, 0.5 and 0.1 
are shown. 


identical to those in Fig. 11.10 except that 2-branch antenna diversity is used, 
with independently faded branches. Note the scale change on the abssisa in 
Figs. 11.10 and 11.11. 


Problems 


11.1. Consider a CDMA cellular system where there are 5 in-cell interferers. 
Each interferer is independently active with probability p, and is character- 
ized by a power control error sg,. The power control errors, ¢g, (in dB) 
are independent zero-mean Gaussian random variables with variance oe. 


Hence, the in-cell interference is 


5 
In = C D> 10°F", 
j=l 


where 


__ f 1 with probability p 
Xj = 0 with probability 1 — p 


CDMA Cellular Architectures 587 


a) The in-cell interference can be approximated as a log-normal random 
variable conditioned on the number of active interferers 


5 
k=>> x; 
j=l 


Determine the mean and variance of the log-normal approximation as 
a function of k for og = 1, 2, and 3 dB. Use the Fenton-Wilkinson 
approach. 


b) Assuming that the value of (Jin)ap is Gaussian when conditioned on 
the number of active interferers, write down and expression for the pdf 
of (I in) dB: 


11.2. (computer exercise) The purpose of this problem is to determine the 
relative contribution of the first-, second-, and third-tier cells to the out-of- 
cell interference in a CDMA cellular system. Also, we wish to determine 
the impact of the path loss exponent on the out-of-cell interference. 


Consider a CDMA cellular system characterized by log-normal shadowing 
with a shadow standard deviation op dB and inverse 6 power path loss. 
Neglect envelope fading. All other factors such as base-station antenna 
heights, cell sizes, etc. are uniform. The ratio of the mean out-of-cell 
interference to mean in-cell interference is 


E[Zo/C] 
pK 


bao -2) 


He = Bio — bij 
a2 = Peta 


G= 


where 


E[fo/C] = p[ [ow 


and 


For regular hexagonal cells, the subscriber density is 


_ 2K 
P= 3V3R2 


Hence, 


0= ap! fe exp | £8 + fue} [1 -@ (fox 2)] pt 
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where the double integral is over the two-dimensional out-of-cell area. 
a) Consider the first tier of interfering cells. For the case of og = 8 dB, 
calculate @ when @ = 3 and 6 = 4. 


b) Repeat part a), but this time consider only the second tier of interfering 
cells. 


c) Finally, repeat part a), for the third tier of interfering cells. 
d) What conclusions can you draw? 


11.3. CDMA systems use soft handoff, where the transmissions to/from multi- 
ple base stations are combined to give amacro-diversity advantage. Suppose 
that the receive bit energy-to-noise ratio for branch i, denoted by 7;, has the 
probability density 


1 —2/¥; 
P ‘i r)y=—e - 
4 (2) 5, 
where ¥; = E[y]. 
a) The reverse link uses selection macro-diversity such that 
Vb = max {V1, 72; tee YL} 


An outage occurs if 7; < yn. What is the probability of outage? 
b) The forward link uses maximal ratio combining such that 
A Sai a eerste 
Again, an outage occurs if y"* < yn. What is the probability of outage 
if 71 =y=''' = Yz?. 
c) For L = 2 and an outage probability of 10~4 what is the difference in 


the required 7 (in units of decibels) with selection and maximal ratio 
combining, again assuming that 7, = 72? 


Chapter 12 


LINK QUALITY MEASUREMENT 
AND HANDOFF INITIATION 


When anew call arrives, mobile station (MS) must be connected to a suitable 
base station(s) (BSs). Also, when a MS traverses a cell boundary an intercell 
handoff is required so that an acceptable link quality can be maintained without 
causing unnecessary co-channel and adjacent channel interference. Failure to 
handoff a MS at an established cell boundary also tends to increase blocking, 
because some cells will carry more traffic than planned. Sometimes an intracell 
handoff is desirable when the link with the serving BSis affected by excessive 
interference, while another link with the same BS can provide better quality. 
The handoff process consists of two stages: i) link quality evaluation and 
handoff initiation, ii) allocation of radio and network resources. 

In general, cellular systems with smaller cell sizes require faster and more 
reliable link quality evaluation and handoff algorithms. Labedz [185] has shown 
that the number of cell boundary crossings is inversely proportional to the cell 
size. Furthermore, Nanda [245] has shown that the handoff rate increases with 
only the square-root of the call density in macrocells, but linearly with the 
call density in microcells. Since the MS has a certain probability of handoff 
failure each time a handoff is attempted, it is clear that handoff algorithms must 
become more robust and reliable as the cell sizes decrease. 

One of the major tasks in a cellular system is to monitor the link qual- 
ity and determine when handoff is required. If a handoff algorithm does not 
detect poor signal quality fast enough, or makes too many handoffs, then ca- 
pacity is diminished due to excessive co-channel interference and/or an undue 
switching load. A variety of parameters such as bit error rate (BER) [66], 
carrier-to-interference ratio (C/I) [121], distance [222], [102], traffic load, sig- 
nal strength [222], [149], [150], [238], [52], [340], and various combinations of 
these fundamental schemes have been suggested for evaluating the link qual- 
ity and deciding when a handoff should be performed. Of these, temporal 
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averaging signal strength based handoff algorithms that measure the received 
carrier plus interference power (C+I) have received the most attention due to 
their simplicity and good performance in macrocellular systems. However, 
spectrally efficient cellular systems are interference limited and a large C+I 
does not necessary imply a large C/I. Since radio link quality is more closely 
related to C/I than to C+I, it is apparent that C/I based handoff algorithms are 
highly desirable for microcellular systems with their characteristically erratic 
propagation environments. A discussion of C/I measurement techniques is 
included in this chapter. 

Based on the roles that the BSs and MSs perform in the process of link 
quality evaluation and handoff initiation, there are three categories of handoff 
algorithms. The first is a network-controlled handoff (NCHO) algorithm 
which has been widely used in first generation analog cellular systems, such 
as AMPS. With a NCHO algorithm, the link quality is only monitored by the 
serving BS and the surrounding BSs. The handoff decision is made under the 
centralized control of a mobile telephone switching office (MTSO). Typically, 
NCHO algorithms only support only intercell handoffs, have handoff network 
delays of several seconds, and have relatively infrequent updates of the link 
quality estimates from the alternate BSs. 

The second type of handoff algorithm is the mobile-assisted handoff 
(MAHO) algorithm which is widely used in many second generation digi- 
tal cellular systems, such as IS-54 and GSM. MAHO algorithms use both the 
serving BS and the MS to measure link quality of the serving BS; however, link 
quality measurements of the alternate BSs are only obtained by the MS. The 
MS periodically relays the link quality measurements back to the serving BS, 
and the handoff decision is still made by the serving BS along with the MTSO. 
MAHO algorithms typically support both intracell and intercell handoffs, have 
network delays on the order of one to two seconds, an use relatively frequent 
updates of the link quality measurements. 

The third type of handoff algorithm is a mobile-controlled handoff (MCHO) 
algorithm, a decentralized strategy that is used in some of the more recent digital 
cordless telephone systems, such as DECT. With MCHO algorithms the link 
quality with the serving BS is measured by both the serving BS and the MS. 
Like a MAHO algorithm, the measurements of link quality for alternate BSs 
are done at the MS, and both intracell and intercell handoffs are supported. 
However, unlike the MAHO algorithms, the link measurements at the serving 
BS are relayed to the MS, and the handoff decision is made by the MS. MCHO 
algorithms typically have the lowest handoff network delays (usually about 
100 ms) and are the most reliable. 

Once the handoff process is initiated, handoffalgorithms can also differ in the 
way that a call transferred to a new link. Handoff algorithms can be categorized 
into forward and backward types. Backward handoff algorithms initiate the 
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handoff process through the serving BS, and no access to the “new” channel is 
made until the control entity of the new channel has confirmed the allocation 
of resources. The advantage of backward algorithms is that the signaling 
information is transmitted through an existing radio link and, therefore, the 
establishment of a new signaling channel is not required during the initial 
stages of the handoff process. The disadvantage is that the algorithm may fail 
in conditions where the link quality with the serving BS is rapidly deteriorating. 
This type of handoff is used in most of the TDMA cellular systems such as 
GSM. Forward handoff algorithms initiate the handoff process via a channel 
the target BS without relying on the “old” channel during the initial phase 
of the handoff process. The advantage is a faster handoff process, but the 
disadvantage is a reduction in handoff reliability. This type of handoff is 
used in digital cordless telephone systems such as DECT. Handoff can also be 
distinguished according to hard handoffs and soft handoffs. 


Hard handoffs:. With hard handoffs, a MS can connect to only one BS at a 
time. An absolute (binary) decision is made to initiate and execute a handoff 
without making a number of simultaneous connections among candidate BSs. 
The handoff is initiated based on a hysteresis imposed on the current link. 
The target BS is already selected prior to executing the handoff based on 
link measurements and the active connection is transferred to the target BS 
instantly. The connection experiences a brief interruption during the actual 
transfer because MS can only connect to one BS at a time. Hard handoff 
does not take advantage of diversity gain opportunity during handoff where the 
signals from two or more BSs arrive at comparable strengths. Yet, it is a simple 
and inexpensive way to implement handoff. This type of handoff is used in 
most TDMA cellular systems such as IS-54, PDC, and GSM. 


Signal strength based hard handoff algorithms have been optimized by min- 
imizing two conflicting design criteria; the handoff delay and the mean number 
of handoffs between BSs. It is important to keep the handoff delay small to 
prevent dropped calls and to prevent an increase in co-channel interference due 
to distortion of the cell boundaries. Likewise, it is important to keep the mean 
number of handoffs between BSs along a handoff route at a reasonably low 
value to prevent excessive loading and resource consumption on the network. 
Several authors [238], [340], [222], [150] have applied these (or similar) design 
criteria while adjusting two important design parameters; the required average 
signal strength difference, or hysteresis H, between the BSs before a hard 
handoff is initiated, and the temporal window length T over which the signal 
strength measurements are averaged. The handoff hysteresis prevents exces- 
sive handoffs due to “ping-ponging” between BSs. The best choice of T and H 
depends on the propagation environment. Usually, the averaging interval T is 
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Figure 12.1. Typical NLoS handoff scenario. The MS rounds the corner, losing the LoS from 
BSo and gaining the LoS from BS;. The frequency reuse plan is specified by using the different 
numbers at the BSs, from [18]. 


chosen to correspond to 20 to 40 wavelengths, and the hysteresis H is chosen 
on the order of the shadow standard deviation. 

Murase [238] studied the tradeoff between the hysteresis and window length 
for line-of-sight (LoS) and non line-of-sight (NLoS) hard handoffs. For LoS 
handoffs, the MS always maintains a LoS with both the serving and target BS. 
This would be the case, for example, when a MS traverses along a route from 
BSo to BS2 in Fig. 12.1. NLoS handoffs, on the other hand, arise when the MS 
suddenly loses the LoS component with the serving BS while gaining a LoS 
component with the target BS. This phenomenon is called the corner effect 
[238], [52] since it occurs while turning corners in urban microcellular settings 
like the one shown in Fig. 12.1 where the MS traverses along a route from BSo 
to BS;. In this case, the average received signal strength with the serving BS 
can drop by 25-30 dB over distance as small as 10 m [238]. 

Comer effects may also cause link quality imbalances on the forward and 
reverse channels due to the following mechanism. Quite often the co-channel 
interference will arrive via a NLoS propagation path. Hence, as a MS rounds 
a corner, the received signal strength at the serving BS suffers a large decrease 
while the NLoS co-channel interference remains the same, i.e., the corner effect 
severely degrades the C/I on the reverse channel. Meanwhile, the corner will 
cause the same attenuation to both the desired and interfering signals that are 
received at the MS. Therefore, unless there are other sources of co-channel 
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interference that become predominant as the MS rounds the corner, the C/I on 
the forward channel will remain about the same. 

If the handoff requests from rapidly moving MSs in microcellular networks 
are not processed quickly, then excessive dropped calls will occur. Fast tem- 
poral based hard handoff algorithms can partially solve this problem, where 
short temporal averaging windows are used to detect large, sudden, drops in 
signal strength [238]. However, the shortness of a temporal window is relative 
to the MS velocity and, furthermore, a fixed time averaging interval makes the 
hard handoff performance sensitive to velocity with the best performance being 
achieved at only a particular velocity. Velocity adaptive handoff algorithms can 
overcome these problem, and are known to be robust to the severe propagation 
environments that are typical of urban microcellular networks [18]. 


Soft handoffs:. With soft handoffs, a MS can connect to a number of can- 
didate BSs during a handoff process. Eventually, the handoff is completed 
when the MS selects the best candidate BS as the target. Soft handoff is more 
careful in selecting the target BS, because the target BS needs to be the best 
candidate (provide the strongest signal) from among the available BSs. Dur- 
ing the handoff process, soft handoff further enhances the system performance 
through diversity reception. Unlike hard handoff, the necessary link quality 
measurements for handoff are done by the MS, where it constantly monitors 
the pilot signals from surrounding BSs. Soft handoff is a type of Mobile As- 
sisted Handoff. However, all these advantages do not imply that soft handoff is 
without its weaknesses. Soft handoff is complex and expensive to implement. 
Also, forward interference actually increases with soft handoff since several 
BSs, instead of one, can connect to the same MS. This increase in forward 
interference can become a problem if the handoff region is large, such that 
there are many MSs in soft handoff mode. 

Soft handoff has a special importance in CDMA based systems, due to its 
close relationship to power control. CDMA systems are interference-limited 
meaning their capacities are closely related to the amount of interference the 
systems can tolerate. Due to its effective frequency reuse factor of one, a CDMA 
system cell is affected by, not only interference within its own cell, but also 
interference from its neighboring cells also. To alleviate level of interference, 
and thus increase the capacity and quality, CDMA systems employ power 
control. Power control attempts to solve the near/far problem by adjusting 
transmit power so that the target C/I is evenly satisfied. The fundamental 
idea behind power control is to restrain from transmitting more power than 
necessary in order to limit interference. With power control, each MS and BS 
is disciplined to transmit just enough power to meet the target C/I level. But in 
order for power control to work effectively, the system must ensure that each 
MS is connected to the BS with the strongest signal at all time, otherwise a 
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Figure 12.2. _ Soft handoff example, from [273]. 


positive power feedback problem can instablize the entire system. For example, 
consider a simple system consisting of two BSs and two MSs as shown in 
Fig. 12.2. Let us assume that each MS must satisfy a target C/I = 1. Let Ci, 
Cy2, Co, and C22 be equal to 5, 6, 7 and 4, respectively. With soft handoff, 
each MS connects to the best available BS; MS; connects to BSg and MS2 
connects to BS;. Then C/I, = Ci2/C22 = 6/4 and C/I, = Co /Ci1 = 7/5, 
and C/I, and C/I, both satisfy the target C/I. However without soft handoff, 
the system can no longer guarantee that the MSs are connected to the best BSs. 
Assume that MS; is connected to BS; and MSg is connected to BSg. Then, 
C/I, = Cy, /Cay = 5/7 and C/I, = C22/Ci2 = 4/6. Since both C/I, and 
C/I, fail to meet the target C/I, power control will attempt to increase the C/Is 
by increasing the MS transmit powers. But for the given setting, increasing 
the MS transmit powers also increases the respective interference levels and 
C/Is continue to stay below the target C/I, causing a positive power feedback 
effect. Soft handoff does indeed ensure that each MS is served by the best BS a 
majority of the time. For this reason it is a required feature in power controlled 
systems like CDMA. 

Although the best handoff algorithm is the one that maximizes the capacity 
of the network, there are many criterion to judge the performance of a handoff 
algorithm. These include the probability of handoff initiation, probability of 
dropped call, the mean number of handoff requests as a MS traverses over a 
handoff route, and the delay before a handoff is initiated after a MS crosses 
an established cell boundary. These quantities depend on the measure of link 
quality and the propagation environment. Finally, network parameters such as 
the probabilities of new call blocking, the probability of forced termination, and 
handoff queuing time are important. Note that we may also wish to distinguish 
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between dropped calls that are due to a failed handoff mechanism, and forced 
terminations that are due to the lack of an unavailable channel in the target cell 
after successful initiation of the handoff process. 

The remainder of this chapter is organized as follows. Section 1. presents 
several different types of signal strength based handoff algorithms. This is fol- 
lowed by a detailed treatment of spatial signal strength averaging in Section 3.. 
Guidelines are developed on the window averaging length that is needed so 
that Ricean fading can be neglected in analog and sampled averaging. These 
guidelines are necessary for local mean and velocity estimation. Section 4. 
motivates the need for velocity adaptive handoff algorithms and presents three 
velocity estimators. The velocity estimators are compared in terms of their 
sensitivity to Rice factor, directivity, and additive Gaussian noise. In Sec- 
tion 5., the velocity estimators are incorporated into a velocity adaptive handoff 
algorithm. Section 6. provides an analytical treatment of conventional signal 
strength based hard handoff algorithms while Section 7. does the same for soft 
handoffs. In Section 8., methods are discussed for C/I measurements in TDMA 
cellular systems. Finally 9. wraps up with some concluding remarks. 


1. SIGNAL STRENGTH BASED HARD HANDOFF 
ALGORITHMS 

Traditional mobile assisted handoff algorithms use signal strength estimates 
that are obtained by calculating time averages of the received squared envelope, 
< |7;(t)|? >, from N neighboring BSs, BS;, i = 0, ... , N- 1. A MS is 
reconnected to an alternate BS whenever the signal strength estimate of the 
target BS exceeds that of the serving BS by at least H dB. For example, a 
handoff is performed between two BSs, BSg and BS;, when 


Yi(n) > Yo(n)+H_ if the serving BS is BSo 

Yo(n) > Y\(n)+A if the serving BS is BS, (12.1) 
where H denotes the hysteresis (in dB), and Yo(n) and Y;(n) are the estimated 
mean signal strengths (in dBm) of BS and BS, given by 


n 


1 

Yo(n) = 5 > Iro(é)Ifasy (12.2) 
k=n—N+1 
1 n 

Yi(n) = 5 > Irilk)\fan) (12.3) 
k=n—N+1 


respectively, where lFi(KTs)\Zap) is the Ath sample of the squared envelope (in 
dBm), T; is the sampling period, and N is the window length. 

Many other variations of signal strength based handoff algorithms have been 
suggested in the literature. In one variation, handoffs are also triggered when 
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the measured signal strength of the serving BS drops below a threshold. For 
example, a handoff could be performed between BSg and BS, when 


Yi(n) > Yo(n)+H and Yo(n) > Q1, if the serving BS is BS 
Yi(n) > Yo(n) and Yo(n) < QO, if the serving BS is BSo 
Yo(n) > Y\(n)+H and ¥j\(n) > Q,, if the serving BS is BS; 

) > Y¥y(n) and Yi\(n) < Q,, ifthe serving BSis BS; = (12.4) 


This scheme encourages a handoff whenever the received signal strength from 
the serving BS drop below the threshold {1 thereby reducing the probability 
of dropped call. 

Another variation discourages handoffs when the received signal strength 
from the serving BS exceeds another threshold Qy. For example, a handoff is 
performed between BSo and BS; when 


Yi(n) > Yo(n)+ Hand Qy < Yo(n) < Qu, if the serving BS is BSo 
Y¥j(n) > Yo(n) and Yo(n) < Qy, if the serving BS is BSo 

Yo(n) > Y\(n) +H and Qy, < Yi(n) < Qu, if the serving BS is BS 
Yo(n) > Yj{(n) and Y\(n) < Oy, if the serving BS is BS; (12.5) 


This scheme avoids unnecessary handoffs, thereby reducing the network load 
and network delay. 

Direction biased handoff algorithms have also been suggested for improving 
the handoff performance in urban microcells [23]. These algorithm incorporate 
moving direction information into the handoff algorithm to encourage handoffs 
to BSs that the MS is approaching, and to discourage handoffs to BSs that the 
MS is moving away from. Let BS, denote the serving BS. A direction biased 
handoff algorithm can be defined by grouping all the BSs being considered 
as handoff candidates, including BSs, into two sets based on their direction 
information. Define 


A :=  theset of BSs the MS is approaching (12.6) 
R := theset of BSs the MS is moving away from. (12.7) 


By introducing an encouraging hysteresis H,, and a discouraging hysteresis 
Hq, a direction biased handoff algorithm requests a handoff to BS; if BS; € R 
and 

Yj(n) > X,(n)+H, if BS,ER 

Yj(n) > Xs(n)+Ha, if BS;e A (12.8) 


or if BS; € A and 
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Yj(n) > Xs(n)+He, if BS,ER 
Yj(n) > Xs(n)+H, ifBS,EA. (12.9) 


To encourage handoffs to BSs in..A and discourage handoffs to BSs in R, the 
hysteresis values should satisfy H, < H < Hy. When equality holds, the 
algorithm reduces to the conventional method described in (12.1). Good values 
for H., H, and Hg depend on the propagation environment and BS layout. 
In general, a direction biased handoff algorithm can maintain a lower mean 
number of handoffs and handoff delay, and provide better cell membership 
properties. 


2. PILOT-TO-INTERFERENCE RATIO BASED SOFT 
HANDOFF ALGORITHMS 


In CDMA based systems each BS transmits pilot signal to assist soft handoff 
[96]. In synchronous CDMA systems, all BSs use the same pilot code and 
the BS are distinguished by using different phase shifts of the same pilot. In 
asynchronous CDMA systems, each cell is allocated a distinct scrambling code. 
In any case, the MSs use the pilot signals to initiate and complete handoffs. 
Each pilot signal strength is measured by its pilot-to-interference ratio (PIR), 
which is the ratio of received pilot energy per chip to total interference spectral 
density: 

E 


PIR = 7 (12.10) 
t 


An active set refers to the set of BSs to which a MS is connected at any given 
time. The active set contains a single BS most of time, but additional BSs are 
added to the set during soft handoff. 

Soft handoffs are initiated based on a hysteresis imposed on the PIRs. An 
upper threshold, Taq, determines the pilot signal level for which qualifying 
BSs are added to the active set, whereas a lower threshold, Ty;op, determines 
when the weak pilot BSs are dropped from the active set. The handoff margin, 
the difference between Taaq and Tgrop, is an indicator of how long a soft handoff 
will take on average. A wider margin results in a longer average soft handoff 
duration. Fig. 12.3 shows how changes in the handoff parameters affects the 
handoff region. Reducing Tgrop and Taaq expands the cell boundaries and thus 
increases the soft handoff region. 

The soft handoff margin and thresholds are very important parameters in 
determining system performance, and need to be carefully optimized fora given 
situation. Allowing more MSs to be in soft handoff mode will decreases reverse 
link interference, by allowing more MSs to benefit from macrodiversity. That 
is, the MSs in handoff are connected to the best available link and, therefore, 
do not transmit excessive power. However, the increase in the number of 
MSs in soft handoff and the increase in the average handoff duration can 
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Figure 12.3. | Soft handoff boundaries and region. 


increase system complexity and tie up already scarce system resources. Also, 
as mentioned previously, soft handoff increases the forward link interference 
by allowing multiple BSs to transmit to one MS. The challenge is to optimized 
the handoff parameters so that the capacity and quality of service requirements 
are satisfied, while keeping the operational cost and system complexity down. 
Other important soft handoff parameters include the Tyrop timer and the ratio 
between the handoff region and total cell area. The Tyrop timer is the length of 
time that a signal level must remain below Tyrop to drop a BS from the active 
set. 


3. SIGNAL STRENGTH AVERAGING 


The received squared envelopes {7(t)|? are affected by Ricean fading, log- 
normal shadowing, and path loss attenuation. Here we assume a narrow-band 
system with flat fading, although the techniques that are described in the sequel 
can be extended to other systems with some modification. For middle-band 
TDMA systems, it is likely that the necessary signal strength information can 
be obtained from the adaptive equalizer or channel estimator. Likewise, for 
wide-band CDMA systems, the tap weightings in a RAKE receiver could be 
used to estimate the received signal strength. 

Two Ricean fading models are considered. The first model assumes that the 
received bandpass signal is 


r(t) = 97(t) cos 2mfct — gg(t) sin 2m fet (12.11) 


where f, is the carrier frequency, and g7(t)and gg(t)are independent Gaussian 
random processes with variance bg and means m;(t) = m; and mg(t) = ma, 
respectively. As discussed in Chapter 2.1.2 the envelope a(t) = |g;(t) + 
jgq(t)|, is Ricean distributed with Rice factor K = s?/(2b9), where s? = 
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mt + mo. The second Ricean fading due to Aulin [16], assumes that 


my(t) 
ma(t) 


where fmcos@o and ¢p are the Doppler shift and angle offset of the LoS 
signal, respectively. Once again, the envelope a(t) is Ricean distributed with 
Rice factor K = s*/(2bo). Both models are equivalent for Rayleigh fading 
(K = 0). 

As suggested in Chapter 2.4.1, the spatial correlation of the log-normal 
shadowing can be effectively described by the negative exponential model 


s+ cos(2r frm, cos Oot + go) 
s-sin(27 fm cos Oot + do) (12.12) 


$0 aam) Maney (AT) = o&CGT/P Ml (12.13) 


where op is the shadow standard deviation (typically between 4 and 12 dB), 
and Cp is the spatial shadow correlation between two points separated by D m. 

For LoS propagation we assume the two-slope path loss model given by 
(2.248). For NLoS propagation we use the model in (2.250) yielding, for 
example, the signal strength profile in Fig. 12.4. 

Time averaging < |7;(t)|? > and hysteresis H reduce the effect of fading 
and shadowing variations that would otherwise cause large numbers of unnec- 
essary handoffs. Short spatial windows average over the fades while longer 
spatial windows average over the shadows as well. The effect of the spatial 
window length on handoffs is well documented in the literature [222], [150], 
[238], [340]. However, for the development of fast microcellular handoff al- 
gorithms, new guidelines must be developed so that spatial averaging can be 
used effectively for reducing the effects of fading in microcells. 


3.1 CHOOSING THE PROPER WINDOW LENGTH 


One method for determining the proper window length is to use analog av- 
eraging. The following development extends the original work of Lee [194] by 
incorporating Aulin’s Ricean fading model. With Lee’s multiplicative model, 
the squared-envelope of the composite signal at position y is 


G2(y)? = ay) - Ay) (12.14) 


where a*(y) is a non-central chi-square random variable with 2 degrees of 
freedom (Ricean fading), and Q,(y) is a log-normal random variable (log- 
normal shadowing). If the local mean is constant with distance, then Q,(y) = 
Q,. Assuming ergodicity, an integral spatial average of &2(y) can be used to 
estimate the local mean Qp, i.e., 

_ Q +L 


= 1 t+L 22 2 
B= sr [addy = 5B [Pwd (12.15) 
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Figure 12.4. Typical average received signal strength (thick lines) and instantaneous received 
signal strength (thin lines) for a NLoS handoff scenario. For each particular BS, the received 
signal strength is shown when the MS is connected to that particular BS and the MS moves 
along the route in Fig. 12.1, from [18]. 


where the second equality holds since (2, (y) is constant over the spatial interval 
(x-L, x+L). The accuracy of the estimate can be determined from the variance 
of (12.15), calculated as [189] 


2 1 2L e 
on, = L : (1 = xx) Hoa2g2(l)dé (12.16) 
where fég2q2(€) = Efa?(y)a?(y + 2)] — Efa?(y)|B[a?(y + £)] is the spatial 
autocovariance of the squared envelope, and E[x] denotes the ensemble average 
of x. Aulin [16] derived j1.2,2(@) as (c.f. 2.83), 


2 

ies ( x -) Jo(2mb/ de) (Jo(2ne/ de) + 2K cos (2x8 cos(Bo)/e)] 

(12.17) 

where Jo( - ) is the zero-order Bessel function of the first kind, K is the 

Rice factor, A, is the carrier wavelength, and 9 is the angle that the specular 

component makes with the MS direction of motion. The spatial autocovariance 

of the squared envelope can be obtained directly from Fig. 2.14 by using the 
time-distance transformation fy,7 = €/Xc. 
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Substituting (12.17) into (12.16) yields 
hae ae We es £ 
2 Pp 
— a 1-=> 2.1 
wee ri 
x Jo(2ml/ A) [Jo(2rl/ Ac) + 2K cos (27£ cos(Op)/A-)] de . 


As desired, oe + Oas L > oo. If L is large, then OQ, can be considered 
Dp 


Gaussian since it is the summation of many independent random variables. 
However, if oz is relatively large compared to 2, (due to small L or small 
Pp 


Q,), then it is more appropriate to treat OQ, as anon-central chi-square random 
variable. In this case, it may be more appropriate to approximate {), as a 
log-normal random variable which has the same general shape as a non-central 
chi square distribution (i.e., zero at the origin with an infinitely long tail) [142], 
[143]. 

Proceeding under the assumption that ao, is approximately Gaussian, the lo 
spread can be calculated to measure the accuracy of the estimator, where 


Q + oO, 


2, — oa, (12.19) 


lo spread = 10 - logy 


with the interpretation that Prob(|Q, (dB) ~ %p (apy| < 1 o spread) = 0.68.! 
Observe from (12.18) and (12.19) that the accuracy of the local mean estimate 
depends on K, L, and 6. Fig. 12.5 shows the lo spread when 69 = 60° 
for various values of K. In general, OG approaches 2, with increasing K. 
However, the angle 69 also affects the accuracy as shown in Fig. 12.6. When 
9 = 90° the 1 o spread is minimized, resulting in the best estimate of the local 
mean. Conversely, the worst estimates occur for small 6 (in the neighborhood 
of 10° in Fig. 12.6). The actual angle that the maximum occurs is a function 
of L, and it can easily be shown that the 1 o spread has a local minimum at 
8) = 0° and global minimum at 4) = 90° for all L. In any case, the required 
spatial averaging distance for local mean estimation in microcells depends on 
K and Ao. 


3.2 CHOOSING THE PROPER NUMBER OF 
SAMPLES TO AVERAGE 
Most practical signal strength estimators use samples of the signal strength 
rather than analog averaging. We must determine the required number and 
spacing of samples that should be used, to sufficiently mitigate the effects of 
fading. Consider the sampled squared composite envelope 
o2(i] S a2 (iS) (12.20) 


c 


'The probability of lying within one standard deviation of the mean of a Gaussian random variable is 0.68. 
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Figure 12.5. Dependency of the lo spread for squared-envelope samples on the averaging 
distance (2) and Rice factor K when 6) = 60°, from [18]. 
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Figure 12.6. Dependency of the lo spread on the specular angle 4) mod 90°, from [18]. 


where S is the spatial sampling period, and i is an integer. Then the unbiased 
estimate 


_ i N-1 
Q% = SS abfil (12.21) 
1=0 
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can be used to determine an estimate of the local mean squared-envelope Q,. 
As with analog averaging, the variance of this estimate can be used to measure 
its accuracy, where 


b= a DL DE (tleeEl] - &M,1)? - (12.22) 


By using (12.17) along with the symmetric properties of the autocovariance, 
(12.22) becomes 


DS EN SG | 
o, = Hatar\®) 42 (Aa? ) Ha2a2(S3) 
K 


Oy \? {142 RS iN = . 
Caay | ys d ( N2 ) sol2n83/2e) 
x [Jo(27S7/Ac) + 2K cos (2757 cos(Ag)/Ac)]] (12.23) 


where S' is measured in wavelengths (A,). Note that %4, depends on N, K, 
S, and 9. Fortunately, the effect of each parameter is nearly independent of 
the others. Fig. 12.7 illustrates the relationship between S and K for 0) = 0°, 
where N = (20,/5] so that the averages are over 20A, (and [x] denotes 
the smallest integer greater than or equal to x). Increasing N for a fixed S$ 
will increase the spatial averaging distance, thereby lowering the 1 o spread 
in a manner similar to analog averaging in Fig. 12.5. The discontinuities in 
Fig. 12.7 are due to the [x] function. Observe that if S < 0.5A, then the 
discrete local mean estimate is approximately equivalent to the estimate from 
analog averaging (@9 = 0° in Fig. 12.6) over the same spatial distance. Similar 
to Fig. 12.6, we also observe that small Rice factors, e.g., K = 0.1 and K = 1, 
at 6) = 0° increase the 1 o spread. The spikes at 0.5, and 1A,, correspond 
to the location of the first lobe of the autocovariance function given by (12.17) 
and plotted in Fig 2.13. 

Although we often assume 9) = 0° in our treatment, Fig. 12.8 shows the 
relationship between the 1 o spread and S, for K = 1, N = {20A,/51, and 
several values of 89. Increasing 4 generally lowers the 1 o spread except for 
some small angles as shown in Fig. 12.6; it also shifts the spike at 0.5A, to the 
right, because the first sidelobe of (12.17) shifts as 9g increases. 

To summarize, the spatial averaging distance that is needed to sufficiently 
reduce the effects of fading depends on K and 6p. If sample averaging is used, 
then the sample spacing should be less than 0.5A,. As a rule of thumb, a spatial 
averaging distance of 20 to 40 A, should be sufficient for most applications. 
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Figure 12.7. a spread versus S for various K, with 69 = 0°, distance averaged = 20A., from 
[18]. 


4. VELOCITY ESTIMATION 
IN CELLULAR SYSTEMS 


Temporal based handoff algorithms can yield poor handoff performance 
in microcells due to the diverse propagation environment and the wide range 
of MS velocities. Consider the NLoS handoff scenario shown in Fig. 12.1, 
where a MS traveling from BSp has a Ricean faded log-normal shadowed LoS 
signal from BSg, and a Rayleigh faded log-normal shadowed NLoS signal from 
BS, until it rounds the corner where the situation is suddenly reversed. The 
loss (gain) of the LoS component causes a rapid decrease (increase) in the 
signal strength. Effective handoff algorithms for this scenario should use short 
temporal averaging window and a large hysteresis, so that rapid changes in 
the mean signal strength are detected and unnecessary handoffs are prevented 
[238]. Unfortunately, temporal averaging with a short fixed window length 
gives optimal handoff performance for only a single velocity. For example, 
consider again the handoff scenario in Fig. 12.1 along with the received signal 
strength profile in Fig. 12.4. Assume log-normal shadowing with og=6 dB 
and choose D so that $a,45)Qap) (d) = 0.108 at d = 30 m in (12.13). The 
simulation of a 2.27 s non-overlapping temporal power averaging handoff 
algorithm with a hysteresis H = 8 dB has a handoff performance shown by the 
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Figure 12.8. 1 o spread versus S (A-) for various 09, K = 1, distance averaged = 20A., from 
[18]. 


lines in Fig. 12.14.’ The handoff performance is evaluated by the mean number 
of handoffs, averaged over 1000 runs, versus the distance from BSg where 50% 
(and 90%) of the MSs have made a handoff to BSj, ie., Pr(BS;) = 0.5 and 
Pr(BS;) = 0.9 at the abscissa. This distance gives a measure of the handoff 
delay, assuming that handoffs will occur between BSg and BS; only. 

Fig 12.14 only shows the handoff request delay, while in a real system the 
network delay should also be included. However, the performance of a velocity 
adaptive handoff algorithm can still be evaluated without knowledge of the 
network delay. For example, suppose that the receiver threshold is —-90 dBm. 
Also, assume that a good handoff algorithm should have at least 90 % of the 
MSs handed offbefore a distance deutor, Where deutog 1S chosen as that distance 
where the mean signal strength is 20g above —90 dBm. If og = 6 dBand the 
data from Fig. 12.4 is used, then a signal strength of -90 + 12 = -78 dBm 
occurs at 283 m for BSp. Hence, if the velocity adaptive handoff algorithm can 
adapt to the point at 5 km/h in Fig. 12.14, corresponding to handoff requests 
at a distance 262 m, and the maximum speed of a MS turning the corner is 


2 2.27 window corresponds to a 20X¢ spatial window at a velocity of 5 km/h, assuming a carrier frequency 
of 1.9 GHz. Section 5. further details the simulation. 
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40 km/h (40/3.6 m/s), then a maximum network delay of 


Max Network Delay = oS 8 (og3 — 262) m = 1.89s 


can be tolerated. For some of the newer cellular standards, e.g., GSM, this 
network delay is tight but acceptable, implying the usefulness of velocity 
adaptive handoff algorithms discussed here. In the above example the 5 km/h 
point on the curve in Fig. 12.14 was chosen as the desired operating point, 
because the best handoff performance occurs near the knee of the curve where 
the mean number of handoffs and handoff delay are jointly minimized. Other 
hysteresis and window lengths could possibly result in better performance. 
However, the settings used here (H = 8 dB and a 20,, spatial window) are 
adequate to illustrate the usefulness of velocity adaptive handoff algorithms. 
Some cellular system proposals have suggested the deployment of micro- 
cells along with “umbrella” macrocells for accommodating high speed MSs. 
Velocity estimation will be necessary for these systems along with a macro- 
to-microcell and micro-to-macrocell handoff scheme. Alternatively, if a low 
network handoff delay can be achieved, then a velocity adaptive handoff algo- 
rithm can maintain good link quality without the need for umbrella macrocells. 


41 LEVEL CROSSING RATE ESTIMATORS 


It is well known that the zero crossing rates of the quadrature components 
grt) and gg(t) and the level crossing rates of the envelope |g(t)| = |gr(t) + 
gq(t)| of a received sinusoid in noise, are functions of the MS velocity as 
discussed in Chapter 2.1.4. The envelope level crossing rate (LCR) is defined 
as the average number of positive going crossings per second, a signal makes of 
a predetermined level R. Likewise, the zero crossing rate (ZCR) is defined as 
the average number of positive going zero crossings a signal makes per second. 

Assuming fading model in (12.11), the means myand mg can be subtracted 
from the inphase and quadrature components and the ZCR of the resulting 
signals be used to estimate the velocity. Rice gives the ZCR of g;(t) — myor 
gq(t) — mg as(c.f. 2.103) 


Lzcr, = =4/ (12.24) 
1 
and the envelope LCR with respect to the level R as, (2.90) and (2.91), 
00 —3/2 pa fore) 
i = i wR do [ ade (12.25) 
0 — 0 


V Bbo 
exp \-sBR [B ae — 2Rscos@+ s*) + (boa + bis sind)”| } 
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where p(R, a) is the joint probability density function of the envelope a@ (eval- 
uated at r = R) and the slope of the envelope a, and B = bgb2 — 64. From 
(2.93), the by, are equal to 


Qn By /2 

a (2n)"by | B(9) (fm cos a— fq)"dO+(27)” : ; Xo pap (12.26) 
where 269 is the scatter power, v is the velocity, A, is the carrier wavelength, 
fm = v/Ac is the maximum Doppler frequency, f,; = fc + fq is the frequency 
of the specular or LoS component, and (6) is the continuous AoA distribution 
of the scatter component of the arriving plane waves [173]. The second term in 
(12.26) is due to additive bandpass Gaussian noise, centered at f,, with a two- 
sided power spectral density of N,/2 watts/Hz and a noise bandwidth of B,, 
Hz, resulting in a total power of NB watts. For the special case when #) = 0° 
and there is 2-D isotropic scattering, then p(0) = 1/(27), -m < 6 < m and 
(12.26) can be written as 


- no fim i" n Ber NG n 
by = (2n) al. aap + On) me sirdf. 2.27) 


With Aulin’s Ricean fading model with the means of g(t) and gg(t) defined 
in (12.12), the ZCR of gr(t) or gg(t) is [282] 


= b? 
an ae . "19(8) + 5c (2.1)| , 12.28) 
Y Y 
where Jg(z) is the zero-order modified Bessel function of the first kind, and 


2 2 2 p2 
= oa" b=, a=vK 


Kbo 
be 


I.(k, x) (12.29) 


Of 
| e “Ig(ku)du, b = 27fm cos(6o) 
0 


Two-dimensional isotropic scattering is a reasonable assumption for macro- 
cells. However, in microcells the scattering is often non-isotropic. Neverthe- 
less, one approach is to derive the velocity estimators under the assumption of 
2-D isotropic scattering with no additive noise, and afterwards study the effects 
of the mismatch caused by non-isotropic scattering and noise. Using (12.24) 
along with the definition for the 6, in (12.27) with No = 0 gives 


Lzor, = V20/ de (12.30) 
and (c.f. 2.99) 


Lr = (v/Ac)\f 2n(K + 1)pe K(k +0" J, (20 Kx 4 ) (12.31) 
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where p = R/Rrms, where Ryms = Jp is the rms signal level. Likewise, for 
4) = 0° and Aulin’s Ricean fading model with the means in (12.12) we have 


K 
are p=-5, a=V2K, b=2VK (12.32) 


and Lzcr, reduces to 


Lzcr, = (v/d.) V2 jee* 24, (-3) + ay (-5. =)| . (12.33) 
2 3 3° 2 

Clearly, each of the above level crossing rate estimators is proportional to the 
velocity v and, hence, can be used as a velocity estimator. However, it remains 
to be seen if they are robust to K, non-isotropic scattering, additive noise, and 
other factors. We first consider the robustness with respect to K and treat the 
other factors afterwards. 

LZzcr, 1s not affected by K. Fig. 2.14 in compared the level crossing rate 
Lp for different K with the conclusion that the LCR around p = 0 GB is 
roughly independent of K. This attractive property suggests that the level 
crossing rate can be used to provide a velocity estimate that is robust to K. 
Consequently, the steps for using the LCR (or ZCR) of |g(t)| (or g;(t) or 
gq(t)), for velocity estimation are; determine Ryms (or my or mg), estimate 
the number of crossings per second L Ryms (OF Lzcr,)s and use (12.31) to solve 
for v, with p = land K = 0 (or 12.30 for ZCR,). Thus, the following velocity 
estimators are robust with respect to K assuming the Ricean fading model in 
(12.11): . 

Ozcr1 © peace OLCR © AcE Rims 
‘ v2’ V2re7! 

Fig. 12.9 shows the effect of K and 6) on Lzcr,. Notice that if the angle of 
the specular component is 69 = 0° or 180°, then Lzcr, can have up to 40% 
relative error. Consequently, a non-zero value of K should be chosen as default 
to minimize the effect of K. Choosing K = 0.61 yields a maximum error of 
at most 20% which is quite acceptable for urban LoS velocity adaptive handoff 
applications. In this case, the velocity estimate from (12.33) becomes 


(12.34) 


AcLzoR, 


OZCRy ~ 12/2 : (12.35) 


42 COVARIANCE APPROXIMATION METHODS 

A velocity estimator has been proposed by Holtzman and Sampath that relies 
upon an estimate of the autocovariance between faded samples r[7], where the 
r[i] can be envelope, squared-envelope, or log-envelope samples [169], [290]. 
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Figure 12.9. | Normalized zero crossing rate versus K and 6, from [18]. 


With this method, referred to here as the covariance method (COV), the 
statistic 


N 
V= x Yo (r[& + 7] — r[k])? (12.36) 
k=1 


is calculated. If N is large and ergodicity applies, then V can be replaced by 
the ensemble average 


EV] = 2prr (0) = 2urr(T) (12.37) 


where f4r,(T) denotes the autocovariance of 7[k]. The general form for p,,(7), 
assuming squared-envelope samples, can be derived from [16] and [290] as 


Urr(t) = 4a(r) [a(r) + s* - cos(2m fmT cos 60)| + 4c?(r) 
2N,a(7) sin(By7r) 
i el 
4K N,b} cos(27 fmT cos 09) sin(By1T) 
7 a 
4 N,2sin( Byatt)” 


ae (12.38) 
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where [16] 


an 
a(r) = bo | p(@) cos (27 fmt cos 0) dé (12.39) 


ie) 
—_— 

4 
~— 

II 


27 
bo | p(@) sin (27 fmt cos 6) dé . (12.40) 
0 


This estimator depends on (8) and, hence, is also a function of the scattering 
environment. Like the LCR estimator, we first assume isotropic scattering 
without additive noise to derive a velocity estimator and afterwards evaluate 
the effect of non-isotropic scattering and noise.’ If the channel is characterized 
by isotropic scattering and squared-envelope samples are used, then using 
(12.17) gives 


E[V]=V = 2 (<= :) [a + 2K) (12.41) 


—J (20 fmt) [Jo(27 fmt) + 2K cos(27 fmt cos A9))]] 


which is dependent on K and 6p. If z,,(0) is known exactly, then the bias with 
respect to K can be eliminated for small 7 by the normalization [290] 


V 1+2K + K cos(26p) 
ee & (9707/1), )° ———_—$_ (12.42 
fine (0) © (RUT Ae) ~~“) 
so that [290] 
®COV ~ Ac y (12.43) 


2n7 V Urr (0) 


where 7; is the sample spacing in seconds/sample. 

In large co-channel interference situations it may be preferable to modify the 
above scheme since the empirical average in (12.36), and in particular j1,,(0),is 
sensitive to co-channel interference as shown in [182]. Consequently, defining, 


(7) = LD oe + re (4 Son) 
U(r) =—) rlk+cr)r[k])-|— YS rk (12.44) 
N k=1 N k=1 
and V2 = 2U(7,) — 2U (72), yields 
El Vo] = 2urr (71) — 2urr (72) (12.45) 


so that E[V2]/prr(0) is equal to (12.42) with 7, = 73 — 7?, and a result similar 
to (12.43) follows. 


Only isotropic scattering was considered in [169], [290] 
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Whether V or V2 is used, férr(0) is never known exactly and must be 
estimated by the MS in the same way that my, mg, and Ryms must be estimated 
in the ZCR and LCR methods, respectively. Consequently, to actually use 
(12.43) it must be shown or verified that 


V 
=. 12.46 
Lrr (0) | : 


This is analytically difficult, but simulation results in Section 5. suggest that 
(12.43) is a useful approximation to (12.46). 
It is also shown in Appendix 10A that 


1+ 2K + K cos(249) 
740 - Vit rr (0 142K Oe) 


lim @ dcov = lim 
It follows from (12.43) and pa that K and 69 cause at most 20% error in v 
[290], thus providing a velocity estimator that is reasonably robust with respect 
to K. 


43 VELOCITY ESTIMATOR SENSITIVITY 

To illustrate the sensitivity of the velocity estimators, the ratio of the cor- 
rupted velocity estimate to the ideal velocity estimate is used. For the LCR and 
ZCR velocity estimators with the fading model in (12.11) we have 


va Ez 


3 Lima (bo, 1, 62) 
U _ ERrms\90; 91; 92) 12.48 
® ~ ERaglbo, by, 02) yaa) 
and 
6 Lzor, bo bo 
—_=— DHE - Jt 12.49 
v  Lzor, bo 52 ( ) 


where @ denotes the corrupted velocity estimate, and Lp,,,,(bo, 61, 62) and 
Rima (00, 01, 62) are given by (12.25) with the appropriate values of 6, and 
bn, respectively. Little simplification results for the LCR method in general. 
However, when K = 0 (12.49) simplifies to [173] 


3 | by/by — 2/82 
0 Nba /bo F/R — 


For Aulin’s fading model in (12.12) the ne of the ZCR is 


_ Lacks 7 Dzcr, [e ~¥I9(8) + F re (2.4)| 


~ Lzcr, ~ Dror, le“ nee i.(2,7)| (12.51) 


v 
v 
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where , 4, and b are given by (12.29) using (12.26) where appropriate. Like- 
wise, for the covariance method using squared envelope samples we have 


Ac. 2firr (0 —2firr (T ) 
Priag ftrr (0 


= —____ (12.52) 
Ac Qprr (0)—2prr (7) 


2nT br (0) 


e | ce: 


4.3.1 EFFECT OF THE SCATTERING DISTRIBUTION 


Here we study the sensitivity of the velocity estimators to the scattering 
distribution by using four different non-isotropic scattering models. With the 
first model S1, plane waves arrive from one direction only with a varying degree 
of directivity as might happen when signals are channeled along a city street. 
The probability density of the scatter component of the arriving plane waves 
as a function of angle of arrival has the form in (directive), where the vehicle 
motion is in the direction of @ = 0°, and 6, determines the directivity of the 
incoming plane waves. Fig. 2.7 shows a polar plot of H(@) for 9m = 30°, 60° 
and 90°. The second model S2, assumes that the plane waves can arrive from 
either the front (@ = 0°) or back (9 = 180°), which may be typical for city 
streets that dead end at another street. In this case a9) and Bon) are combined 
to form the distribution versus angle of arrival. The resulting ‘deisity is similar 
to Fig. 2.7 but with lobes extending in both the 0° and 180° directions. The 
third and fourth models S3 and S4, respectively, are similar to S1 and S2 
except that the distributions are rotated by 90°, so that the plane waves tend 
to arrive perpendicular to the direction of travel. This may occur when a MS 
passes through a street intersection. The effect of the scattering distribution is 
determined for the cases when the velocity estimator has been designed for i) 
isotropic scattering and, ii) scattering model S1 with 6,, = 90°. The scattering 
model that the velocity estimator has been designed for will determine the 
values of bg, 6; and bg in the denominators of (12.48)—(12.51), while the values 
of bo, b; and bg depend on the scattering environment that is actually present. 
The effect of non-isotropic scattering on the COV estimate (12.52) can be found 
from the results in Appendix 10A with N, = 0, or by using small values of 7 
in (12.52). Here we chose the latter with 7 = 1/50. 

Fig. 12.10 shows the effect of the scattering distribution on each of the 
velocity estimators. Due to the very large number of possible scenarios, only 
the most significant results are plotted in Fig. 12.10 and curves similar (but 
not equal) to the plotted curves are simply asterisked in the accompanying 
table. Velocity estimators with the subscript “d” in Fig. 12.10 correspond to 
those that are designed for scattering model S1 with 6,, = 90°. By using 
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Figure 12.10. Non-isotropic scattering effects. — corresponds to a curve that had insufficient 
precision to be reported. Superscript * denotes that the curve is approximately equal the letter 
curve, from [18]. 
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Fig. 12.10 the relative robustness of the various velocity estimators to the 
scattering distribution has been summarized by the ranking in Table 12.1. 


Curve Rank O/vatOm = 10° a/v atOm = 90° 
d Excellent 1.06 1.0 
e,c Very Good 66, 1.52 85 , 1.24 
b,f Good 134, .107 2.6, .82 


a,g,h Poor 4.5, .014, .004 3.6, 1.0, .32 


Table 12.1. | Robustness to the scattering distribution. 


In urban situations, robustness with respect to scattering models $1 and S2 
is important. The LCR and COV methods are very sensitive to the directivity in 
scattering model S1 when K = 0 as shown by curve “h”. This sensitivity can 
be partially mitigated by using the velocity estimators LCRg and COV, that 
have been designed for scattering model S1 with #,, = 90° as shown by curve 
“gs” However, the price for increased robustness to scattering model S1 is the 
increased sensitivity of LCRy to scattering models $2, $3, and S4when K = 0. 
Fortunately, the presence of even a small specular component (A = 1) reduces 
the sensitivity as seen in COV (K = 1) and LCRg. In contrast a specular 
component does not reduce the sensitivity of the LCR estimator in scattering 
models $2, S3, and $4, because b; = 0, and therefore the ratio of the crossing 
rates in (12.50) depends on be and bg and is independent of K. Results are not 
shown for LCR or LCRg with K = 1 scattering model S1, due to numerical 
difficulties in calculating (12.25) for small 6,,. For large 8» > 80° the results 
obtained were very close to curve “d.” 

The ZCR velocity estimator is generally more robust than the LCR and COV 
methods. The presence of a small specular component improves robustness 
to the scattering distribution as seen in ZCRo, ZCRo¢ (ZCR; and ZCR}, 
are independent of K). Also, velocity estimators that have been designed 
for scattering model S1 with @,, = 90° perform slightly better than those 
designed for isotropic scattering. However, the improvement obtained by 
using these velocity estimators must be weighed against the relative error that 
will be introduced if the scattering is actually isotropic. For LCRg and COVg, 
o/v = .316 and for ZCRg t/v = 1.15. Since all the velocity estimators seem 
to have some sensitivity to the scattering distribution, and sensitivity is greatly 
reduced when K > 0, we conclude that those designed for isotropic scattering 
should be adequate. 

In summary, for very directive situations where the plane waves arrive from 
either the front or back but not both, the ZCR, COV, or LCRg methods are the 
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most robust. Ifthe plane waves arrive from both the front and back, then all 
the velocity estimators with the exception of LCRg are reasonably robust. The 
sensitivity to directivity is reduced when a specular component is present. In 
the unlikely event that K = 0 and plane waves arrive from the perpendicular 
direction with high directivity, all methods will have a significant bias. Finally, 
another method for overcoming the sensitivity to the scattering distribution 
is to obtain velocity estimates from signals arriving from a distant cell or an 
umbrella cell, since they will experience isotropic scattering. 


4.3.2. EFFECTS OF ADDITIVE GAUSSIAN NOISE 


Since the effect of the scattering distribution has already been established, 
the sensitivity to additive white Gaussian noise (AWGN) is determined by using 
(12.48) to (12.52) with isotropic scattering. With AWGN the rms value of the 
received signal is R= Vs? + 269 + NoBy, and the values of 6, and 6, in 
(12.48) are 


bo = bo + An Bs 


vA aoe (12.53) 
bo = 2bo (thn)? + NoByr” bz = 2b (thm)? 


For the LCR velocity estimator (12.48) with (12.25) become, after considerable 


algebra, 
iq @) * Vistys +3) 
6s an Ys + K+1 
I 2/ 7s (¥st+1)K(K+4+1) 
0 ys+KF1 


x —--s 
Ip (2V/K(K +0) 

ys(2K +1)+K+1 
yst+tK+1 


II 


eile 


xexp {2K a } (12.54) 
where 
A 87 +269 | 207(K + 1) 
YS NOBu sNoBu 


(12.55) 


is defined as the signal-to-noise ratio. Likewise, for the ZCR velocity estimator 
ZCR, (12.49) becomes 


(12.56) 
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For Aulin’s fading model in (12.12), the effect of AWGN on ZCRg2 can be 
obtained from (12.51) with Lzcr, /Lzcr, in (12.56), 


yostK+1 


K 
f= => 1 — 2cos*(09) ae (12.57) 
s+ KE (Fe) 
4 = - 1 + 2cos*(0) Se (12.58) 
joer a) 
hb a. BV ey | (12.59) 


15+ 8H Gey 


and a, b, y, and @ given by (12.32). 

In [290], the effect of AWGN on the COV velocity estimator has been 
derived as a function of t > 0. Here we provide a closed form analytic result 
for the effect of AWGN on the COV velocity estimate for the limiting case 
when + — 0. The limiting case is important for comparisons to AWGN effects 
on level crossing rate estimators, and since (12.42) is only valid for small rT. 
Consequently, the lim;_,9 #/v in (12.52) is found, and afterwards, the effect of 
T > 0 in (12.52) is compared. It is shown in Appendix 10A that 


vo 


142 K+K cos(2 60 
ite (142K) i. 


where ¢ is given by (12-12.A.4), with a(0) = bo,a’(0) = c(0) = c/(0) = 
c”(0) = 0 and a" (0) = 2bo(7 fm)? for isotropic scattering. 

It is apparent from (12.54), and (12.56)-(12.60) that the effect of AWGN 
depends on K, By, ys, v and 09. For a practical system, the bandwidth By 
can be chosen as the maximum expected Doppler frequency over the range of 
velocities. However, a smaller B,,, in reference to the actual maximum Doppler 
frequency fm will result in velocity estimates that are less sensitive to noise. 
Therefore, a better approach is to use the velocity estimate 6 to continuously 
adjust B,, to be just greater than the current maximum Doppler frequency, Le., 
By coe /Ac. Fig. 12.11 shows the effect of AWGN on each of the velocity 
estimators with respect to K, yg, and v, assuming 0) = 0° (head-on LoS 
specular component). A value of B,, = 357 Hz is chosen which allows speeds 
up to 100 km/h at f, = 1.9GHz. For K = 0, AWGN has the same effect 
on all the velocity estimators. For larger velocities, e.g., 20 km/h, the bias 
becomes insignificant because B,,/ fm is small. However, for small velocities, 
e.g., | km/h, a very large Bi,/ fm results in a significant bias. As mentioned 
above, this slow speed bias can be reduced by adapting the filter bandwidth B,. 


lim o/v= (12.60) 
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Figure 12.11]. The effect of AWGN on the velocity estimates. COV(.5)=> 2mur/Ac = .5, 
from [18]. 


It must also be remembered that Fig. 12.11 shows the worst case performance 
of the COV method as t + 0. Any 7 > 0 will reduce the bias of the COV 
method due to AWGN. For example, if 2ru7/A_ = 0.5 in (12.52) then a large 
reduction in the effect of AWGN is realized, as shown by the curves labeled 
COV(.5) in Fig. 12.11. However, the accuracy of the COV velocity estimate 
itself improves with smaller 7, so that increasing 7 for reduced noise sensitivity 
must be weighed against the reduced accuracy of the velocity estimate itself. 
This will be discussed further in the next section. 


5. VELOCITYADAPTIVE HANDOFF ALGORITHMS 


To study other velocity adaptive handoff issues we now assume K = 0, 
isotropic scattering, and no AWGN. 

A velocity adaptive handoff algorithm must adapt the temporal window 
over which the mean signal strength estimates are taken by either keeping the 
sampling period constant and adjusting the number of samples per window, or 
vice versa. Here, we assume the latter. To reduce the variance in the velocity 
estimate, a sum of weighted past velocity estimates is performed using an 
exponential average of past estimates, Le., 


O(n) = ad(n ~ 1) + (1 — a)i(n) (12.61) 
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where a controls the weighting of past estimates used in the average, and i(n) 
is the current velocity estimate. The accuracy of the velocity estimates will be 
affected by the window length W, used to obtain the velocity estimates (not 
to be confused with the window length over which the signal strengths are 
averaged), and the number of samples per wavelength N). 

To show the effect of parameters a, Ny, and W), simulation of the NLoS 
handoff scenario shown in Figs. 12.1 and 12.4 was performed. The path loss 
was assumed to follow the two-slope model in Section 3. with a = 2, b = 2, 
and g = 150 m in (2.212). Drastic path loss at the corner was assumed to 
take effect 5 m into the corner, so that the MS moving from BS to BS, would 
experience the corner effect at 255 m from BSg. The corner effect was modeled 
by choosing the average received signal strength at 255 m as the initial signal 
strength in a new LoS path loss model with a = 2, b = 2 and g = 150 mas 
before. Correlated log-normal shadows were used having a standard deviation 
of oq = 6 dB and D in (12.13) set so that shadows decorrelated to 0.16% at 
30 m. The instantaneous signal strength samples were affected by Rayleigh 
fading using the Jakes’ simulator presented in Section 2.3.2. Samples were 
taken of the log-envelope and appropriately converted to envelope or squared 
envelope samples for the velocity estimator under study. Two-branch antenna 
diversity was assumed, so thatthe #(n) in (12.61) represent the average estimate 
out of the diversity branches at position n. 

As mentioned previously, Fig. 12.14 shows the performance of a temporal 
handoff algorithm with H = 8 dB, signal strength averaging over 2.27 s, and 
overlapping windows by 2.27/2 = 1.135 s. Slightly better temporal handoff 
performance can probably be obtained by fine tuning these values. However, 
for purposes of studying the velocity adaptive algorithms it is sufficient to 
maintain H = 8 dB and adapt to some point near the knee of the performance 
curve. Consequently, the velocity estimators were designed to adapt to the 
5 km/h operating point which corresponds to signal strength window averages 
over & 20A, with a window overlap of = 10A¢. 

A total of 1000 runs were made from BSg to BS;, and the 95% confidence 
intervals were calculated for i) the velocity at 100 m, ii) the corner at 255 m, 
and iii) the probability of being assigned to BSg at 255 m. This resulted in a 
95% confidence interval spread of 6 + .5 km/hand Pr(BSq) +.025. Likewise, 
the mean number of handoff values had a 95% confidence interval spread of 
approximately .05 (mean number of handoffs +.025). 


5.1 EFFECT OF Ny 


To examine the effect of Ny, assume that a=.1 and W,; = 104, for the LCR, 
ZCR and COV velocity estimators, and assume that the MS traverses the NLoS 
handoff route in Fig. 12.1 at 30 km/h. Furthermore, assume that the velocity 
estimators are initialized to 5 km/h, and that the MS is measuring signals from 


Link Quality Measurement and Handoff Initiation 619 


BSo and BS; only. Fig. 12.12 shows the effect of Ny on the velocity estimate, 
in the first 90 m of the call as the MS moves from BSg to BS}, in terms of 
the response time and final velocity estimate. The LCR velocity estimator 
requires a higher sampling density than the COV or ZCR methods and its 
final velocity and response time to an incorrect startup value (5 km/h) improve 
dramatically when Nj is increased from 10 to 30 samples/wavelength. For 
N) = 30 the COV method shows a slight overshoot in the initial convergence, 
a characteristic seen with all the velocity estimators as the sampling density 
is increased. It is interesting to note that for N, = 10 samples/wavelength 
2n(uT)/Ae = 270.1A./A- = .628 and the final COV velocity estimate is 
close to the actual 30 km/h with a reasonable response time. This fact, along 
with the results of the Section 4.3.2 where 2xu7T/A; = .5 confirm that the 
effects of AWGN can be mitigated by using a larger sample spacing without 
drastically affecting the velocity estimate. We also note that the simulations 
used an estimate of the rms value R,mgz in the LCR method and an estimate of 
the variance p,,(0) in the COV method. Thus the practicality of the velocity 
estimators that have been derived assuming perfect knowledge of these values 
is confirmed. Although not shown here, the Rice factor K was also found 
to have little effect thus confirming the claimed robustness of the estimators. 
Over the 1000 runs, the ZCR had the smallest velocity variance followed by 
the COV and LCR methods, respectively. 


5.2. CORNER EFFECTS AND SENSITIVITY 
TO A AND W, 


The sharp downward spike at the corner (255 m) for the LCR velocity 
estimate in Fig. 12.13 is typical of the corner effects on the velocity estimators. 
The effect is caused by a sudden change in path loss which lowers the local 
mean estimate in the LCR method thus yielding fewer level crossings per 
second. This corner effect is apparent, although less acute in the ZCR and 
COV methods due to their quick adaptability. The LCR and ZCR methods may 
exhibit a drop in estimated velocity when the average signal strength changes 
abruptly. Although not shown here, the COV method has an upward bias with 
an abrupt increase in the average signal strength, and a downward bias when 
the opposite occurs. These corner effect properties could possibly be exploited 
to provide a combined corner detecting velocity adaptive handoff algorithm 
[17]. 

Larger values of a reduce the variance of the velocity estimate while sacri- 
ficing response time. Smaller values of a provide faster startup convergence 
and more sensitivity to corner effects. 

Although a velocity window length W; less than 20, will increase the 
variance of the velocity estimates, it is beneficial for reducing the corner effect 
on the velocity estimator, as shown for the LCR method. Although not shown, 
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Figure 12.12. The effect of Ny on the mean response time to a change in velocity. a = .1, 
W, = 10Ac, from [18]. 


the same is true for the ZCR and COV methods. The ZCR curve with W; = 
20, and a = 0.5 shows an overshoot in the initial convergence. This arises 
because the W,; = 20 A, windows that are used to obtain the velocity estimates 
overlap by 10A,. Hence, part of the velocity estimate is derived from the 
previous window which may have a different sampling period due to adaptation. 
Note that we have used overlapped windows because they result in less handoff 
delay. Thus, it is probably better for initial startup to derive velocity estimates 
from the non-overlapped portions of the signal strength windows. 


5.33. VELOCITY ADAPTIVE HANDOFF 
PERFORMANCE 


Now that the effect of each parameter has been determined, the performance 
of the velocity adapted handoff algorithm is shown by the various symbols 
in Fig. 12.14 for a MS traveling at 30 km/h. The estimators, were selected 
to adapt to the 5 km/h operating point, the algorithm parameters were chosen 
as a = .1, W; = 10, with an initial startup velocity of 5 km/h. The mean 
number of handoffs were found to have a 95% confidence interval with a span 
of about 0.05 (mean number of handoffs £0.025) about the mean that is plotted. 
The velocity adaptive handoff algorithm performs very well by maintaining the 
desired operating point near the 5 km/h point. 
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Figure 12.13. The effect of a and W; on the mean response and corner effects, from [18]. 


6. HARD HANDOFF ANALYSIS 


The classical signal strength based hard handoff algorithm compares signal 
strength averages measured over a time interval T (seconds), and executes a 
hand-off if the average signal strength of the target BS is at least H (dB) larger 
than that of the serving BS [150], [18], [339], [338]. The analytical computation 
of the handoff characteristics for this classical signal strength based handoff 
algorithm is generally intractable. However, for the case when the average 
signal strength decays smoothly along a handoffroute and the handoff hysteresis 
H is not too small compared to the shadow standard deviation, Vijayan and 
Holtzman [339], [338] have developed an analytical method to characterize the 
performance of the classical signal strength based handoff algorithm. They 
have also extended their results to include handoff algorithms that use absolute 
measurements [379], similar to the one in (12.4). 

Consider the case of a MS moving at a constant velocity along a straight 
line between two BSs, BSo and BS, that are separated by a distance of D 
meters. We neglect envelope fading under the assumption that the received 
signal strength estimates are averaged by using a window with an appropriate 
length as explained in Section 3.. In any case, however, the signal strength 
estimates will respond to path loss and shadowing variations. Considering the 
effects of path loss and shadowing, the signal levels Qo (apy(d) and 2; (apy (@) 


622 


1.25 o——0 Pr(BS1)=.5 at absissa 
O-—— 0 Pr(BS$1)=.9 at absissa 

° LCR, N,=10 

¢ LCR, N,=30 

4 ZCR, N,=10 

a ZCR, N,=30 

< COV, N,=10 

« COV, N,=30 


1.20 


Mean Number of Handoffs 


1.05 


250 255 260 265 270 275 280 
Distance traveled as measured by mobile (m) 


Figure 12.14. Handoff performance of a 2.27 second averaging handoff algorithm in compar- 
ison with a velocity adaptive handoff algorithm using the LCR, ZCR or covariance method for 
velocity control. H = 8 dB, on = 6 GB, from [18]. 


that are received from BSo and BS}, respectively, are (1.7) 


Qo (dB) (d) = (ap) (do) = 10flog,9(d/do) + € (dB) (12.62) 
DQ, (dB) (d) = QaB) (do) - 10Blog,)((D = d)/do) + €) (dp) (12.63) 


where d is the distance between BSq and the MS. The parameters €9 (gg) and 
€1 (dB) are independent zero-mean Gaussian random processes with variance 
o@, reflecting a log-normal shadowing model. The signal strength measure- 
ments are assumed to be averaged by using an exponential averaging window 
with parameter day so that the averaged signal levels from the two BSs are, 
respectively, 


= 1 +@ 7 
Q (ap)(4) = xh M% (apy (d — z)e~*/ dar (12.64) 


ll 


= 1 sé 

Q) (ap) (4) ra | Q; (apy(d— z)e"*/4"da . (12.65) 
av 40 

To describe the signal strength based handoff algorithm, let 


a(d) = Q (apy (4) — Q) (apy (4) (12.66) 
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Figure 12.15. Handoff initiation points with their associated hysteresis level crossings. The 
MS is moving from BSo to BS: and assumed to be communicating with BS; at the beginning 
of the interval shown, from [339]. 


denote the difference between the averaged signal strength estimates for BSo 
and BS,. Consider the crossings of x(d) with respect to the hysteresis levels 
+H (dB) as illustrated in Fig. 12.15. A handoff is triggered if x(d) has a down- 
crossing at — H (dB) given that the last level crossing was an up-crossing at H 
(dB), or if x(d) has an up-crossing at H (dB) given that the last level crossing 
was a down-crossing at — H (dB). Vijayan and Holtzman verified that the two 
point processes, up-crossings of H (dB) and down-crossings of — H (dB), can 
be modeled as independent Poisson processes under the assumption that x(d) 
is a Stationary zero-mean Gaussian random process, i.e., changes in the mean 
are ignored and the MS is moving along the boundary between two cells [339], 
This result also applies when x(d) has non-zero mean, but in this case the 
up-crossing and down-crossing rates are not equal. The Poisson assumption is 
asymptotically true for large H, but has been shown to hold true for H values 
of practical interest, i.e., those on the order of the shadow standard deviation 
o¢, [339]. 

The handoff analysis proceeds by dividing up a handoff route into small 
spatial intervals of length d,, such that only one level crossing is likely to occur 
within each interval. The probability of handoff at distance d = nd, is [339] 


Pho(”) = pa(n)piu(n) + pu(r)(1 — pru(n)) (12.67) 


where p,(n) and pg(n) is the probability of an up-crossing or down-crossing 
in the nth interval, and py,(7) is the probability that the last event was an up- 
crossing. In other words, the MS was assigned to BSg at the beginning of the 
nth interval. This can happen in one of two mutually exclusive ways; i) there is 
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an up-crossing but no down-crossing in the (n — 1)th interval, and ii) there are 
no crossings in the the (n — 1)th interval, and the last event before the (n — 1)th 
interval was an up-crossing. By assuming p),(1) = 1, the following recursive 
equation for pj,(n) can be derived as a function of py(n — 1), pa(n — 1)and 
Pu(n— 1) [339] 


Ptu(”) = pu(n—1)(1-pa(n—1))+(1—pu(n—1))(1—pa(n—1))piu(n—1) . 
(12.68) 


As detailed in [339], the probabilities pg(n) and p,(n) are functions of the 
mean j1,(d), variance o2(d), and variance of the derivative of x(d), o2(d). 
These in turn are functions of the statistics of Qo (apy(@) and Qy (apy(d), 
which depend on the path loss and shadowing. Austin and Stiiber have shown 
how these statistics depend on the co-channel interference [22]. We will first 
evaluate the statistics of Qp (apy(d) and Q, (qpy(d) and afterwards derive the 
appropriate expressions for pg(n) and p,(n). 

As discussed in Chapter 3, co-channel interference is usually assumed to 
add on a power basis [295], [264]. Hence, in the presence of N co-channel 
interferers the signals received from BSgand BSy,are, respectively, 


N 
Q (aB)(4) = 10 logyo (x: a0) (12.69) 
k=0 
N 
Q; ap)(d) = 10 logig (52% xam (4) (12.70) 
k=0 


where Qo.oran)(d) and Q) oapy(d) are the power of the desired signals from 
BSp and B§,, respectively, and Q,4(aB)(d) and 21 x¢apy(d) k = 1, ..., Nr 
are the powers of the interfering co-channel signals received at the same BSs. 
Once again, the Q 4¢4py(d) and 1 4/ap)(@) are log-normally distributed. As 
discussed in Chapter 3.1, the sum of log-normal random variables can be ap- 
proximated by another log-normal random variable and, hence, Q (apy (d)and 
Q, ¢apy(d) remain Gaussian. Here we consider the approximations suggested 
by Fenton [295], [264], and Schwartz and Yeh [295]. 

Following the notation in Chapter 3.1, define Q = EQ apy, Where € = 
(In 10)/10 = 0.23026. Ifthe Ny; interferers for BSo have means Hay, (d) and 


variance oe, then the mean and variance of Qo(d\I using the Fenton-Wilkinson 


approach are 


a2 — o% (d) MT ee 
a,(@) = “8 sm Sefton (12.71) 


k=0 
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Ny Ha, , (4) 
o% (d) = In (e% — 1) Li=0€ 


. ex ef M0, °) 


where the conversion of He, (4) and o3 (d) to units of decibels is pe, (d) = 


stl] (12.72) 


E~* ye, (d), and of, (d) = € "96, (d)., respectively. Schwartz and Yeh’s ap- 
proach is an recursive technique that combines only two log-normal variates 
at a time. For example, combining %9(d) and 9,1(d) gives the intermediate 
result 


He, (4) = we, ,(d) + Gi (12.73) 
o4,(d) = 04 ~G}-2023G3+ Go (12.74) 


where Gy, Go, and G3 are defined by (3.20), (3.23), and (3.24), respectively. 
The final values of jg, (d) and a3 (d) are obtained by recursion. 

By using either approach the mean yzz(d@) can be determined. Since x(d) is 
modeled as a Gaussian random process, the probabilities pg(n) and p,(n) can 
be computed by using the same procedure used to determine the envelope level 
crossing rates in Section 2.1.4. In particular, 


lI 


Pu(n) ds [ * tp(H, z)dz 


0 
pa(n) = dy a _ lel (H, @)de (12.75) 


where p(H, 2) is the joint density function of x(kd,) and its derivative z(kds). 
Since 2(kd,) and z(kd,) are independent Gaussian random variables 


exp {- =e (12.76) 


b —p? 
« fs (A) « [ef -— 


where, from (2.79) 
bp = o2(a)=2[ Scolfaf (12.77) 
0 


by = oR(d) = 202m)? | f?Sza( fa (12.78) 
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and Sak f) is the power spectrum of x (d) that includes the effect of co-channel 
interference. Likewise, 


(H + pede (12.79) 


d 
palkd,) = —= exp | - 
Tv 


=442 


The autocovariance of Q9 (qpy(@) or 2; (apy(d) (equal to the shadow auto- 
correlation) without co-channel interference is modeled by 


Hap) %an) (4) = ogexp(—|di — d2|/do) (12.80) 


where d = d, — dp, and dp controls the decorrelation with distance. Let 
Pan) apy (4) denote the same function when co-channel interference is present. 
The value 9,45) ap)(U) can be accurately approximated by using either 
(12.72) or (12.74)). An approximation of $42) %an) (4) for d > 0 can be 
obtained by substituting oA, in (12.80) with the value obtained in (12.72) or 
(12.74). The accuracy of this approximation was tested through the simulation 
of mutually uncorrelated log-normal interferers, each having the shadow auto- 

covariance in (12.80) with gg = 6 dB and dp = 20 m. Fig. 12.16 shows the 
results and verifies that the proposed approximation of f445) 9p) (4) is fairly 

accurate. Also, very accurate modeling of fin,45)9ap) (4) is not essential in 
handoff analysis [338]. 

Using the above approximation gives 


. 2(0%,,(d) + 04, (d))do 


SD Te Benya +a Onpp) O80 
so that 
a,» _ (F%(4) +98, (d))do 9, a2 (d) 
o;,(d) = a or o%,(d) = day dy . (12.82) 


6.1 SIMULATION RESULTS 


Consider a MS traversing from BSg to BS; separated by 1000 m with two 
co-channel interferers as shown in Fig. 12.17. Assume a square-law path loss 
with distance (used here to accentuate the co-channel interference effects), 
day = 10 m, do = 20 m, and choose og = 4 dB so that both the Fenton 
and Schwartz and Yen log-normal approximations are accurate. Fig. 12.18 
compares analytical and simulation results for the handoff probabilities in the 
presence and absence of co-channel interference. Note that the presence of co- 
channel interference actually lowers the probability of handoff. Schwartz and 
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Figure 12.16. Shadow autocorrelation with and without co-channel interference, from [22]. 


an 1000m > 


Figure 12.17. Base station layout, MS route (dotted line), and location of co-channel interfer- 
ers. 


Yeh’s method leads to an accurate prediction of the handoff probabilities while 
Fenton’s method does not lead to as much accuracy. Finally, the accuracy of the 
prediction of handoff probabilities leads us to conclude that the assumptions 


made for Pr aB)%an) (d) were reasonable. 


7. SOFT HANDOFF ANALYSIS 


Zhang and Holtzman have extended their method in [339], [338] to analyze 
soft handoff in CDMA systems [380]. This section present the soft handoff 
analysis in [380] with a small modification. Some simplifying assumptions are 
made in [380], and we change one of the assumptions to present a soft handoff 
analysis in a different perspective. 

Once again, the system model consists of two BSs, BSo and BS, separated 
by a distance of D meters. Considering the effects of path loss and shadowing, 
the signal levels Q (ag) (@) and 2; (4) (d) that are received from BSo and BS}, 
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Figure 12.18. Simulation vs. analytical model performance. a) Simulation of LoS handoff with 
co-channel interference, b) handoff analysis model in the absence of co-channel interference, 
c) handoff analysis model including co-channel interference and using the Fenton-Wilkinson 
log-normal approximation, d) handoff analysis model including co-channel interference and 
using the Schwartz and Yeh log-normal approximation, from [22]. 


are given by (12.62) and (12.63), respectively. Shadow correlations are again 
described by (12.80), where og is the shadow standard deviation, d = d; — da, 
and dg controls the shadow decorrelation with distance. 

Zhang and Holtzman make some simplifying assumptions i) the use of pilot 
strength in handoff decisions rather than &,/Z, and ii) the use of relative 
thresholds instead of absolute thresholds. Here we modify the analysis to 
incorporate the absolute thresholds which give us another set of results. A 
more realistic analysis can include both absolute and relative thresholds. 

The MS moves at a constant speed v, and the pilot signal strengths are 
sampled at every T seconds. The MS location changes by ds = vT during 
every sampling interval. Let Qo (ap)(n) = %o (apy (nds) and 2 (aB)(n) = 
; (ap)(nds), where n = 1,2,---, D/d,. If BSp is not in the active set at 
epoch n — 1, then the probability BS will be in the active set at epoch n is 


Py—Bso[n] = P[Qp (aB)() > Taaa|Qo (aBy(n — 1) < Tada] . (12.83) 


Similarly, the probability BS9 does notjoin the active set at epoch n given BS 
is not in the active set atepochn — | is 
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P{Q (aB)(™) < Tada|o (aBy(n — 1) < Taaal 
= 1—Pysas,(n. (12.84) 


Py—v[n] 


A BS will be dropped from the active set if its pilot strength drops below Tyrop 
for consecutive M samples. Therefore, the probability that BSo is dropped 
from the active set at epoch n given that it is in the active set at epochn — | is 


Pgsoon[n] = P[Qo (apy(n — M) < Tarop|Qo (apy (rn — M — 1) > Tarop] 
nr 
TE Pl (any (*) < Tarop|%o (ap) (k — 1) < Tarop] 
k=n-M+1 
PpsyBSo(n] = 1-—Pgs+n[n]. (12.85) 


Similar probabilities associated with BS; can be computed by simply replacing 
Q (dB) (n) with 2, (dB) (n). Then, 


Pgsoln] = Paso[n — 1]Pasospso[n] + (1 — Pasy[n — 1])Pn—psoln] 


Pgs, [n] Pgs, [n — 1]Pps,Bs,[n] + (1 — Pps, [n — 1])Pnas,[n] 
(12.86) 


where Pgs,(n] and Pgs, [n] are the probabilities that the active set contains 
BSo and BS, at epoch n, respectively. Since the MS starts from BSg to BS;, 
we give the following initial condition: 


Pps, [0] = 1, |Pps,[D/ds] =1 . (12.87) 


The MS’s active connection will be dropped if the active set does not contain 
any BS. Therefore, the outage probability is simply 


Pout(n] = (1 — Pgso[n])(1 — Pas, [n]) . (12.88) 


Another performance indicator is the expected number of BSs in the active set, 
N BS: 
D/ds 


1 
Nas = Did » (Ppso[k] + Pas, [K]) - (12.89) 


As Neg increases, the network overhead that is required to manage the soft 
handoffs will also increase. 


7.1. SIMULATION RESULTS 


The derived conditional probabilities can easily be computed using the jointly 
Gaussian pdf with the shadow correlation in (12.80). Then, Pgg,[n] and 
Pgs, [n] are computed iteratively. The parameters used in our simulation are 
as follows: 
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= path loss exponent 6 = 4 

a shadow standard deviation og = 8 dB 

= shadow decorrelation distance dg = 20 m 
= sampling distance dj = 2m 

® drop threshold timer M = 5. 


Fig. 12.19 shows the effect of different handoff parameter settings on the 
probability of each BS belonging to the active set as a function of the MS 
location. Relaxing the handoff parameters (lower thresholds) increases the 
assignment probabilities. Lowering Taaq, has the effect of admitting BSs to 
the active set more easily while lowering Tyropcauses BSs to stay in the active 
set longer. Therefore, relaxing the soft handoff parameters allows more MSs 
be in soft handoff mode. 

Fig. 12.20 shows the outage probability as a function of distance. It is 
assumed that an outage occurs when the active set does not contain any BS. 
Observe that the outage probability decreases as the handoff parameters are 
relaxed. It is important to understand that this result does not account for 
other outage possibilities such as the failure to meet the C/I requirement. It 
does, however, suggest that relaxing the handoff parameters benefits the sys- 
tem performance by preventing unnecessary dropped calls due to unoptimized 
parameter settings. But, as previously discussed, soft handoff is an expensive 
proposition to the system. As shown in Table 12.2, relaxing handoff parame- 
ters increases the average number of BSs in the active set. In turn the system 
requires more overhead resource to manage soft handoff. Therefore, the chal- 
lenge is to optimize the soft handoff parameters setting to maximize the system 
performance while minimizing the system resource usage. 


Tadd Tarop Negs 
-116 dB -123 dB 1.23 
-120 dB -123 dB 1.35 
-120 dB -126 dB 1.45 


Table 12.2. | The expected number of BSs in the active set 


Finally, CDMA systems such as IS-95 use both absolute and relative thresh- 
olds to manage softhandoff. Tyaq is in absolute scale while Tgrop is in relative 
scale. An absolute T,4q ensures that every BS that is able to contribute to the 
diversity gain is included in the active set with high probability. The effect 
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Figure 12.19. Pgs, (n) and Pg, (7) against the MS location. 


of a relative Tgrop is to drop a BS from the active set only when its link has 
deteriorated far below the best link. The analysis presented here assumes that 
both thresholds are absolute, while the analysis in [380] uses relative thresholds 
only. Although a more accurate analysis can be obtained by incorporating the 
two analysis together, the basic findings and observations are not expected to 
change significantly. 


8. CIR-BASED LINK QUALITY MEASUREMENTS 


Cellular radio resource allocation algorithms have been developed for hand- 
offs [121], dynamic channel assignment [246], [145], and power control [14], 
[15], under the assumption that the MSs and/or BSs have access to real time 
measurements of the received carrier-to-interference plus noise ratio C/(I+N). 
However, very little literature has appeared on methods for measuring C/(I+N). 
Kozono [182] suggested a method for measuring co-channel interference (CCI) 
in AMPS, by separating two terms at different frequencies which are known 
functions of the signal and interference. Yoshida [315] suggested a method 
for in-service monitoring of multipath delay spread and CCI for a QPSK sig- 
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Figure 12.20. | Outage probability vs. the location of MT 


nal. He reported that the CCI can be monitored provided that the delay spread 
is negligible compared to the symbol duration. Sollenberger [307] used the 
eye-opening as a measure of signal quality. 

In this section we present a technique for estimating (S+I+N) and S/(I+N) 
that could be used in signal quality based resource allocation algorithms in 
TDMA cellular systems [19], [21]. Section 8.1 presents the discrete channel 
model. Estimation methods for the received (I+N) and C/(I+N) are then derived 
in Section 8.1 whose accuracy is only a function of the symbol error statistics. 
These estimators are evaluated by software simulation for an IS-54 frame 
structure in Section 8.2. 


8.1 DISCRETE-TIME MODEL FOR SIGNAL 
QUALITY ESTIMATION 
As shown in Section 6.3.1, the overall channel consisting of the transmit filter, 
channel, matched filter, sampler (and noise whitening filter) can be modeled by a 
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T-spaced, L + 1-tap, transversal filter’. The overall discrete-time is described 
by the channel vector g = [go,91,.--,gz]", Where 7 denotes transposition. 
Let v = [vg,...,va¢]" denote the received signal vector consisting of M 
samples, where vz = ae gi<p—-;. Assuming that the channel does not 
change significantly over a block of L + M + 1 symbols, the received vector 
v can be written as 


v=Xgiw (12.90) 


where X is an (M +1) x (Z+1)Toeplitz matrix consisting of the transmitted 
symbols of the form 


Zo Gy + fy 
X=[ej=| 0 (12.91) 

ay bis tes EM-L 
and w = [wo,..., was]! is a vector consisting of the samples of the received 


interference plus noise. 


8.1.1. ESTIMATION OF (I+N) 

An (I+N) or C/(I+N) estimator requires a method for separating f and w 
from the observation of y. Consider the situation where L > M,so that A 
has more rows than columns. Then, there exists a vector ¢ = [cg,..., ea]? in 
the null space of X such that eX = 0. If Xis known, then ¢ can be easily 
determined. Then 


cly =0+c!w (12.92) 
and, therefore, g and w are completely separated from the observation y. 
However, with the exception of the training and perhaps the color code se- 
quences, X is not known exactly because the data symbols comprising X must 
be obtained from decisions. Therefore the matrix of decisions X must be used 
instead, where A = A+ A and A = [6;,;] is the matrix of symbol errors. 
Nevertheless, a vector é can still be found in the null space of X so that 


é’y =@ ’Xgtelw. (12.93) 


Hence, an (I+N) estimate can be obtained from 


“If rate 2/T sampling is used, then the overall channel is a t/2-spaced, 2L + 1-tap, transversal filter. 
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where H is the Hermitian transpose, and where the second equality is obtained 
by using A = A + A along with the reasonable assumption that w has zero 
mean and is uncorrelated with A and f. It is also reasonable to assume that the 
symbol errors are independent with a constant variance, i.e., 


E[|6;,17] = oA - (12.95) 
We then have 
fiw = oho +B | a Elwiw w5] (12.96) 
7=0 j7=0 


where of = Lika o(t) and o(i) is the variance of the ith channel tap. 
To determine E[w;wy], define the vector w as 


w= )_ B(k)g(k) +n (12.97) 


where B(k) is an (M+ 1) x (LZ + 1) matrix consisting of the symbols from 
the kth interferer with associated channel tap vector g(k), N is the number of 
interferers, and n is the vector of additive white Gaussian noise samples. The 
elements of w are 


I 
= SMe gketn , 1=0,...,M (12.98) 
k=1 €=0 


where B(k) = [b(k);,¢] and g(k) = [g(k)e]. We now assume that the data 
symbols have zero mean, the data sequences comprising the B(k) matrices for 
the interferers are both uncorrelated and mutually uncorrelated, and the n, are 
independent zero mean Gaussian random variables with variance 02. Then 
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E[wiw;] = 0 fori # j and 
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o%, = E[lwil?] 


OT+N (12.99) 


where oF denotes the symbol variance of the interferers, o? ry denotes the 


variance of the éth channel tap gain associated with the kth interferer, and o7 
denotes the total interference power. Using this result, (12.96) becomes 


Bin = OpoA + Oy = OPOA + OTN - (12.100) 


In practice, the ensemble averaging in (12.94) must be replaced by an empirical 
average over P independent output vectors y; so as to provide the unbiased 


estimate 
HaxaT 
¥; C7 Yi 
STN = »s Tele (12.101) 


8.1.2. ESTIMATION OF C/(I+N) 

A C/(I+N) estimator can be formed by using a? 4n» and one possibility is 
as follows. The total received signal power from the desired signal, interfering 
signals, and noise is 


1 
2 ee ee H 
SCHI4N = mie y| 
= 4 [ev A" Ag + witw]| 
1 
= S. 0? : 102 
rad of(3 DS las +(L+1)o 2) a2 ) 


where the second equality follows from the assumption that w has zero mean, 
and the third equality requires that either the elements of the data sequence 
comprising the A matrix or the channel taps are uncorrelated. Once again, 
when |a;,;|? = a? (a constant) then 


Cb 4 tN = 040 + %y = 9G + 0% - (12.103) 
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Using (12.100) and assuming that a is small yields the C/(I+N) estimate 


— o2 o2 
CIR = (“egos - : eee, (12.104) 
ST+N ST+N 


The above approximation becomes exact when A is known exactly. Finally, 

by replacing ensemble averages with empirical averages we obtain the C/(I+N) 

estimate oe 

Ga ini Yi Yi 
P yietely; 
w= 1 [ell 


CIR = =, (12.105) 


8.2. TRAINING SEQUENCE BASED C/(I+N) 
ESTIMATION 


The bursts in TDMA cellular systems contain known training and color code 
sequences. These sequences are used for BS and sector identification, sample 
timing, symbol synchronization, and channel estimation. As mentioned in the 
previous section, the (+N) and C/(I+N) estimators will only work well when 
on is small. Fortunately, if the (I+N) and C/(I+N) estimators are used during 
the training and color code sequences”, o% = 0. 

The (I+N) and C/(I+N) estimators of the previous section were evaluated 
through the software simulation of an IS-54 [95] system. The baud rate is 24,300 
symbols/s and each frame is composed of 6 bursts of 162 symbols so that the 
frame rate is 25 frames/s. The MS is assumed to have correctly determined 
the serving BS, 1.e., the color code is known, and is monitoring its half rate 
channel (one burst per frame). Therefore, the known symbols within a burst 
consist of the 14 symbol training sequence at the beginning of the burst, and a 
6 symbol color code sequence in the middle of the burst as shown in Fig. 1.5. 
For simulation purposes, a two-equal-ray 7-spaced Rayleigh fading channel 
was chosen. The channel taps were assumed to be uncorrelated, although tap 
correlation will not affect the proposed algorithms because the various estimates 
depend only on the sum of the tap variances 0%, = Dil oF (i). Shadowing 
is assumed to remain constant over the estimates and is therefore neglected. 
Finally, it is assumed that the receiver can correctly synchronize onto each of 
the received bursts, i.e., perfect sample timing is assumed. 

Four consecutive symbols were used to form a 3 x 2 Toeplitz non-symmetric 
matrix A. Let {yi (z),..., yi4(4)} denote the 14 received symbols correspond- 
ing to the training sequence of the i** frame, and {y15(i),... , ya1(i)} the 6 
received symbols in the color code. From the training sequence 4 estimates of 


*The color code is known provided the MS has correctly determined its serving BS. 
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(I+N) and C/(I+N) were formed by using the following 4 sets 


{{y1 (2), ...,ya(t)}, {ys(z),---, ys (i)}, 
{yo(t),---,yr2(t)}, {yri(z),---, yra(t) }} 
(12.106) 


where the fourth set shares two symbols with the third set. Likewise, 2 estimates 
of (+N) and C/(I+N) were formed from the 6 symbol color code sequence by 
using the 2 sets 


{{yis(t),---,yia(t)}, {yi7(2), +++, yor (t) }} (12.107) 


which share two common symbols. Although the (I+N) and C/(I+N) estima- 
tors in (12.101) and (12.105) assume independent y;(i),j = 1,..., 21, the 
additional estimates of (I+N) and C/(I+N) which use overlapped symbols at the 
ends of the training and color code sequences was found to improve the I+N 
and C/(I+N) estimates. The channel tap gains associated with the interferers 
were assumed to be constant during known symbols. Additive white Gaussian 
noise at 20 dB below the interference power was also included. 

To evaluate the performance of the (I+N) estimator, we define the average 
absolute percentage error between the (I+N) estimate and the true interference 
plus noise power as 

62 = o2 

ee te (12.108) 

OI+N 

Fig. 12.21 depicts the average absolute percentage error over 500 independent 
averages for a specified averaging time (s), MS velocity (v), and number of 
interferers (N7). Since the interference plus noise estimator is compared against 
o} 4. under the assumption that the fading has been averaged out, it is natural 
to expect the estimator to perform worse for lower MS velocities when the 
averaging length is short, as Fig. 12.21 illustrates. Nevertheless, the presence 
of multiple interferers can improve the estimate, since with multiple interferers 
it is less likely that the total interference power will be small due to fading. 

Likewise, Fig. 12.22 depicts the average absolute percentage error between 
the (C+I+N) estimate, 624), y, and the true total received power, 03,74 y- 
As before, the MS velocity has a large effect on the estimator performance. 
Also, the C/I has a minor effect. However, in contrast to the (I+N) estimator, 
the number of interferers has little effect for C/I between 5 and 20 dB and, 
hence, variations in the number of interferers are not shown in Fig 12.22. 

Fig. 12.23 depicts performance of the C/(I+N) estimator for an actual C/I 
of 5 dB. Only the performance with C/I = 5 dB is shown, since the estimator 
was found insensitive to C/I variations when the actual C/I was between 5 and 
20 dB. For high speed MS, C/(I+N) can be estimated to within 2 dB in less 
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Figure 12.21. Average absolute percent error of the (I+N) estimator against the averaging time, 
from [21], [19]. The frame duration is 40 ms. Legend: a) Ny = 1, v = 5 km/h, b) N; = 1, 
v = 100 km/h, c) Ny = 2, v = 5 km/h, d) N; = 2, v = 100 km/h, e) N; = 6, v = 5 km/h, f) 
Ni = 6,v = 100 km/h. 


than a second. A slight improvement is also obtained when the MS uses two 
slots per frame (a full rate channel) as shown in Fig. 12.24. 


9. SUMMARY 


This chapter has provided a detailed discussion of local mean estimation in 
microcells and presented three velocity estimators that can be used for adaptive 
signal strength window averaging. The accuracy of local mean estimation in 
microcells was shown to depend on the Rice factor, the angle of the specular 
component, and the averaging length. For sample averaging, sample spacings 
less than .5A, should be used. All three velocity estimators are relatively 
insensitive to the Rice factor under isotropic scattering. The LCR and COV 
velocity estimators are highly sensitive to non-isotropic scattering, whereas the 
ZCR estimator is reasonably robust. However, as is likely in urban microcells, 
the presence of a specular component can significantly reduce non-isotropic 
scattering biases. When K = 0, AWGN has the same effect on each of the 
three methods. However, when K # 0 and infinitely small sample spacing is 
used, the best performance is achieved with the ZCR, COV, and LCR methods, 
in that order. With larger sample spacings, the COV method is able to show 
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Figure 12.22. Average absolute percent error of the (C+I+N) estimator against the averaging 
time, from (19], [21]. The frame duration is 40 ms. Legend: a) N; = 1, v = 5 km/h, C/I=5 
dB, b) Nz = 1, v = 5 km/h, C/I = 20 GB, c) Ny = 1, v = 100 km/h, C/l = 5 dB, d) N; = 1, 
v = 100 km/h, C/I = 20 dB. 


a greatly reduced sensitivity. To reduce AWGN effects, an adaptive filter 
bandwidth with respect to the maximum Doppler frequency and/or increasing 
the sampling period should be used. Increasing the sampling density reduces 
the bias in the final velocity estimate and improves the rate of convergence to 
changes in velocity or propagations effects such as the corner effect. The ZCR 
method has the fastest mean response time followed by the COV and LCR 
methods. All the velocity estimators are biased by the corner effect. Averaging 
the velocity estimates over several windows gives a slower initial convergence 
but reduces prolonged biases in the velocity estimates when a MS turns a 
corner. Shorter window lengths can also be used for faster adaptation. Each 
of the velocity estimators can successfully maintain good handoff performance 
over a wide range of MS velocities in a typical NLoS handoff scenario. 

An analytical technique has been discussed for evaluating handoff perfor- 
mance, where the handoff rates can be studied in terms of the level crossings 
of the averaged signal level process. 

Signal quality estimation techniques were examined for multipath fading 
channels having co-channel interference and additive Gaussian noise in TDMA 
cellular systems. Estimators for (C+I+N), (I+N) and C/(I+N) have been devel- 
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Figure 12.23. Average error of the C/(I+N) estimator against the averaging time, from [19], 
(21]. The frame duration is 40 ms. Legend: a) N; = 1, v = 5 km/h, C/I = 5 dB, b) N7 = 1, 
v = 100 km/h, C/I =5 dB, c) Nr = 6, v = 5 km/h, C/l = 5 dB, d) Nr = 6, v = 100 km/h, C/I 
=5 dB. 


oped whose accuracy is only a function of the symbol error statistics. These 
estimators have been applied to a cellular TDMA system, where knowledge of 
the training and color code sequences is used to form the estimates. Simulation 
results show that C/(I+N) can be estimated to within 2 dB in less than a second 
for high speed MSs. 


APPENDIX 12.A: Derivation of Equations (12.47) and (12.60) 


The limit in (12.60) can be written as 


A Qhtrr (0)—2fire (7 . a Qfrr (0)—2fre (7 
Ont vine (0) limo gaz {f ~~ ier(0) 
lim —— = 
To? ar Quer (0)—2prr (7 . r 2urr(0)—2urr (T 
a ee 
Note that the limit of the denominator gives (12.47) and is a special case of 
the numerator limit with N, = 0. To find the numerator limit the following 
property can be used [314] 
Ifa function f(r) has a limit as t approaches a, then 


lim 7/f(t) = y/lim F(@) (12-12.A.2) 


. (12-12.A.1) 
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Figure 12.24. Average error of the C/(I+N) estimator for half rate and full rate channels against 
the averaging time, from [19], [21]. The frame duration is 40 ms. Legend: a) N; = 1, v = 100 
km/h, C/I = 5 dB, half rate channel, b) Nz = 6, v = 100 km/h, C/I = 5 dB, half rate channel, c) 
Nr; = 1, v = 100 km/h, C/I = 5 GB, full rate channel, d) Ny = 6, v = 100 km/h, C/T = 5 GB, 
full rate channel. 


provided either 7 is an odd positive integer or n is an even positive integer and 
lim; f(T) > 0. 
Therefore, if the limit 


< . A? Qfirr (0) are 2hrr(T) 
= 277) — pee I a Ye Pea dl LAE * 
¢ = Tie Pr) = aay a0} Ce) 


exists and is positive, the solution to (12 — 12.4.1) will be readily determined. 
It is apparent that L’H6pital’s Rule should be applied to determine the limit in 
(12 — 12.4.3). After substituting f,,(7)from (12.38) and applying L’ H6pital’s 
Rule four times, the limit is found as 


6 = » (BEN? 1? +3 Bw K No (20 fm)? 0” 
+2.B3, K No xo? + 2.B3, Nx a(0)) 
x [én (By No + 2.a(0)) (Bu N.+4Ko7+2 a(0))| " 
+)? (6K (21 fm)° 0? a(0) + 3 By K No (2 fm)? 0? cos(2 60) 
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+6 K (2 fm)” 0? a(0) cos(2.69) ) 
x [6x? (By No +20(0)) (By No +4K 0? +2a(0))] 
A? (—124! (0)? — 12c!(0)? — 6 By No a"(0) — 12K 0? a"(0)) 
672 (By No +2a(0)) (By Np +4K o° + 2a(0)) 


d? (—12.a(0) a(0) — 12 c(0) ce” (0)) 
672 (By No +2a(0)) (By No + 4K o% + 2.a(0)) 


+ 


4. (12-12.A.4) 


where a(7) and e(r) are given by (12.40) and x'(0) denotes the derivative of 


x(t) evaluated at 0. Consequently, a(0) = bo = a”, a’(0) = c(0) = O,and 


a" (0) 


II 


27 
bo (2 fim)” | (0) cos? 6d0 
0 
Qn 
(0) = bo 2 fn : £(0) cos 0d0 (12-12.A.5) 
0 


Using these, and the fact that (1 + cos(2@))/2 = cos?(6), (12-12.A.4) is 
positive for all @ under all scattering scenarios mentioned here. Consequently, 
applying theorem 12-12.A.2, the limit of the numerator of (12 — 12. A.1) is the 
square root of (12 — 12.A.4), which if desired can easily be put in terms of the 
signal-to-noise ratio yg using 


= ys NoBu 
o= vhre 5 (12-12.A.6) 


from (12.55). The denominator of (12 — 12.4.1), which is also (12.47) is 
obtained by assuming isotropic scattering and no noise, so that a(0) = o%, 
a'(0) = c(0) = c(0) = c"(0) = 0, a”(0) = 2bo(afm)?, and No = 0 in 
(12 - 12.4.4). After taking the square root, the result is 


lim a Qurr(0) — Qurr(T) _ ; (1+2K + K cos(26o)) 
70 In bry (0) ~ (1+2K) 
(12-12.A.7) 
Problems 


12.1. Suppose that a MS is traveling along a straight line from BS, to BS2, as 
shown in Fig. 12.A.1. The BSs are separated by distance D, and the MS is 
at distance r from BS, and distance D ~ rfrom BSo. Ignore the effects of 
fading and assume that the signals from the two BSs experience independent 
log-normal shadowing. The received signal power (in decibels) at the MS 
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from each BS has the Gaussian density in (1.5), where the propagation path 
loss is described by 


HO, = QaB) (do) — 108 log\o(d/do) 


a A handoff from BS; to BS, or vice versa, can never occur if |Q, (dB) — 
Q2 (ap)| < H but may or may not occur otherwise. 
s A handoff from BS, to BS» will occur if the MS is currently assigned 
to BS; and Q2 (dB) 2 Q, (4B) + H. 
a) Find an expression for the probability that a handoff can never occur from 
BS, to BSg, or vice versa. 


b) Given that the MS is currently assigned to BS, what is the probability 
that a handoff will occur from BS; to BSe. 


BS, MS BS, 


a r a _| 


Figure 12.A.1. MS traversing from BSo to BS, along a handoff route. 


12.2. A freeway with a speed limit of 120 km/h passes through a metropolitan 
area. If the average call duration is 120 s 


a) What will be the average number of handoffs in a cellular system that 
uses omnidirectional cells having a 10 km radius. 


b) Repeat part a) for a cellular system that uses 120° sectored cells having 
a 1 kmradius. 


123. Derive equation (12.23). 
124. Derive equation (12.25). 
125. Derive equation (12.38). 
12.6. Derive equation (12.54). 
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Chapter 13 


CHANNEL ASSIGNMENT TECHNIQUES 


There are many methods of allocating a channel upon a new call arrival or 
handoff attempt. A good channel allocation algorithm is the one that yields 
high spectral efficiency for a specified grade of service (including link quality, 
probability of new call blocking, and the probability of forced termination) 
and given degree of computational complexity. It also keeps the planned cell 
boundaries intact, allocates a channel toa MS quickly, maintains the best speech 
quality for the MS at any instant, and relieves undesired network congestion. 
As shown in Fig. 13.1, there are three basic types of channel assignment 
algorithms, fixed, flexible, and dynamic [318]. 


Fixed channel assignment (FCA). is typically used by girst generation 
macrocellular systems where disjoint subsets of the available channels are 
permanently allocated to the cells in advance according to their estimated traf- 
fic loads. The cells are arranged in tessellating reuse clusters whose size is 
determined by the co-channel reuse constraint. For example, the North Amer- 
ican AMPS system typically uses a 7-cell reuse cluster with 120° sectoring. 
The 12.5 MHz bandwidth allocation for AMPS can support a total of 416 
two-way channels, 21 of which are control channels (one for each sector in a 
cluster), leaving a total of 395 traffic channels. This yields an allocation of 56 
channels/cell with uniform FCA. 

FCA provides adequate capacity performance in macrocellular systems that 
are characterized by stationary and homogeneous traffic, and a predictable 
propagation environment. In this case the channel resources can be allocated 
statically, since the call blocking probabilities can be predicted with reasonable 
certainty. Under conditions of nonstationary and nonhomogeneous traffic, 
however, FCA is spectrally inefficient because the channels are literally fixed 
to the cells. A new call or handoff arrival that finds all channels busy in a cell 
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Figure 13.1. _ Basic classifications of channel assignment schemes, from [318]. 


will be blocked even though there may be several idle channels in the adjacent 
cells that could service the call. These blocking probabilities can be reduced 
by using various schemes that borrow channels from neighboring cells. The 
most basic scheme is simple borrowing, where a MS can be allocated a channel 
from a neighboring cell, provided that it does not degrade the link quality of 
other calls by introducing excessive co-channel interference. Once a channel 
is borrowed, all other cells that are within the co-channel reuse distance are 
prohibited from using the channel. The efficiency of this borrowing strategy 
tends to degrade in heavy traffic and the channel utilization is worse than FCA. 
This problem can be partially solved by using a hybrid channel assignment 
scheme, where the channels assigned to a cell are divided into two groups; the 
channels in one group are owned by the cell, while the channels in the other 
group may be borrowed. There are several variations of this theme. The ratio 
of the number of owned-to-borrowable channels can be dynamically varied to 
compensate for traffic changes. 

In microcellular systems the propagation environment is highly erratic, and 
the traffic is characterized by spatial and temporal variations. Furthermore, 
the decreased cell sizes imply an increase in handoff traffic, since a call may 
be handed off several times before its natural completion. Because of these 
properties, the channel assignment problem in microcellular and macrocellular 
networks is fundamentally different. The uneven nature of the traffic and the 
larger volume of handoff attempts in microcellular networks demand careful 
attention. Furthermore, a microcellular channel assignment strategy has to be 
fast, because the handoffs must be serviced quickly due to the small cell sizes 
and propagation anomalies such as the street corner effect. 
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Dynamic channel assignment (DCA). is one well known solution to the 
microcellular channel assignment problem, where the dynamic nature of the 
strategy permits adaptation to spatial and temporal traffic variations while the 
distribution of control reduces the required computation and communication 
among base stations (BSs), thereby reducing system latencies. DCA schemes 
have no exclusive relationship between cells and channels, and in their most 
general form they allow any cell to use any channel that does not violate the 
co-channel reuse constraint. DCA schemes are known to outperform FCA 
under conditions of light nonstationary traffic. However, under conditions 
of heavy traffic FCA usually provides better performance, because the DCA 
schemes often yield an inefficient arrangement of channels. Although DCA has 
clear benefits, the cost can be quite high because it not only requires increased 
computation and communication among BSs but also an increased number of 
radio ports at the BSs; in the extreme case each BS must have the ability to use 
all channels simultaneously. 

Practical DCA schemes differ in degree of network planning and the required 
communication among BSs. Centralized DCA schemes require centralized 
control with system-wide channel information. The extreme example is maxi- 
mum packing (MP) [105], where a new call or handoff arrival is blocked only if 
there is no global rearrangement of calls to channels that will accommodate the 
service need. Unfortunately, the enormous computation and communication 
among cells render centralized DCA schemes impractical. In fact, the number 
of channel rearrangements required between two subsequent arrivals in a two 
dimensional network with MP can increase without bound with the number of 
cells in the network [279]. 

Fully decentralized DCA schemes are the other extreme andrequire no net- 
work planning or communication among BSs [111], [255], [8]. These schemes 
are ideal for cordless telephone systems that use MCHO, such as DECT. They 
often rely upon the passive monitoring of idle channels at each BS, allowing 
the cells to acquire any idle channel that is deemed to provide a sufficient 
carrier-to-interference ratio (C/I). 

Decentralized DCA schemes require limited communication among local 
clusters of BSs. One DCA scheme is dynamic resource acquisition (DRA) 
[244]. With DRA, the channel (or carrier) that is acquired due to a new call 
arrival or handoff is chosen to minimize a cost function, and the channel (or 
carrier) that is released due a call completion or handoff is chosen to maximize 
a reward function. The cost and reward functions can be selected to maximize 
the spectral efficiency of the cellular network for a specified grade of service. 
The computation of the cost and reward functions for a given cell depends on 
the usages of the channels (or carriers) in the set of surrounding cells called 
the DRA neighborhood [244]. Another distributed DCA scheme is simple 
dynamic channel assignment (SDCA) [356]. SDCA performs slightly worse 
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than DRA, but requires communication among a smaller set of cells called the 
interference neighborhood [356], 

Decentralized and fully decentralized schemes are not without their prob- 
lems. These include service interruption, deadlock, and instability. A service 
interruption occurs when a channel allocation causes an existing link to fall be- 
low the threshold C/I. The interrupted mobile station (MS) then tries to find an 
alternate link and if unsuccessful a service termination occurs. This is known 
as deadlock. A sequence of successive interrupts, or rippling effect, caused by 
channel allocations is called an instability. 

DCA schemes also have the advantage of assigning the same channel to 
a MS moving from one cell to another provided that the level of co-channel 
interference is tolerable, while FCA must conduct a handoff with a channel 
change because the same channel is not available in adjacent cells. Handoffs 
without channel changes are attractive because they can eliminate the need 
for channel searching and ultimately relieve the BSs from extra computation. 
More important, this mechanism is essential for supporting macrodiversity 
TDMA cellular architectures where the signal from a MS can be simultaneously 
received by two or more BS yielding a diversity improvement against shadow 
(and fading) variations. Such architectures provide the same benefit as soft 
handoff in CDMA systems. 


Flexible channel assignment, algorithms combine aspects of fixed and dy- 
namic channel assignment schemes. Each cell is assigned a fixed set of chan- 
nels, but a pool of channels is reserved for flexible assignment. The assignment 
of flexible channels can be either scheduled or predictive [316]. Scheduled 
assignment schemes rely on known changes in traffic patterns. The flexible 
channels are assigned to the cells on a scheduled basis to account for these 
foreseeable changes in traffic patterns. With predictive assignment, the traffic 
load is continuously or periodically measured at every BS, and the flexible 
channels are assigned to the cells according to these measurements. 

Forced terminations are generally perceived to severely degrade the quality 
of service. For this reason, handoff priority schemes are usually employed 
to allocate channels to handoff requests more readily than to new call arrivals. 
Handoff priority reduces the probability of forced termination at the expense 
of a (slight) increase in the probability of new call blocking. Practical cellular 
systems are designed to have a probability of new call blocking less that 5%, 
with a probability of forced termination perhaps an order of magnitude smaller. 

The use of guard channels is one method of achieving handoff priority, 
where the channels are divided into two groups; one group is for new calls 
and handoff requests, and the other group is reserved for handoff requests only 
[170]. Another method is to queue the handoff requests (but not the new call 
arrivals) [170], [129]. This method can be combined with guard channels. 
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This chapter is intended to introduce the various approaches to cellular chan- 
nel assignment. Unfortunately, most channel assignment schemes are quite 
detailed and founded largely on ad hoc principles. Furthermore, the channel 
assignment schemes are almost always evaluated by using detailed simulations 
with a variety of assumptions concerning the mobile radio environment, e.g., 
cellular topology and reuse factors, traffic patterns, propagation factors, mo- 
bility, etc.. The combination of these factors makes a systematic comparison 
of the various DCA schemes largely infeasible and a true consensus of the 
best scheme cannot be attained. Therefore, we will briefly outline some of 
the many different DCA schemes, followed by a detailed evaluation of a few 
specific schemes that serve to illustrate the basic concepts. 

Throughout the chapter various performance measures will be used to eval- 
uate the channel assignment schemes, including the following 


= Probability of new call blocking, P,, defined as 


_ number of new calls blocked 
> “number of new call arrivals 


= Probability of forced termination, Py, defined as 


_ number of handoff calls blocked 
f ~ “number of handoff attempts 


a Grade of service, GOS, defined as 


P,Ry PyRy 


GOs = ——__. + 
(Rn + Ru) (Rn + Ry) 


where Ay and Ay are the new call and handoff arrival rates, respectively. 
= Channel changing rate, Ro, defined as 


__ number of channel changes 


Re number of handoffs 


The remainder of this chapter begins with an overview of some important 
DCA schemes. These include the fully centralized Maximum Packing (MP) 
and MAXMIN DCA strategies in Section 1.. Decentralized DCA strategies, 
such as First Available (FA), Nearest Neighbor (NN), and Dynamic Resource 
Acquisition (DRA) are discussed in Section 2... Fully decentralized DCA 
schemes are the topic of Section 3., including Channel Segregation (CS) and 
Minimum Interference (MI), along with aggressive and timid strategies. Hybrid 
FCA/DCA schemes are the subject of Section 4.. The important class of bor- 
rowing schemes are the topic of Section 5., including Borrowing with Channel 
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Ordering (BCO), Borrowing with Directional Locking (BDCL), and Compact 
Pattern based DCA (CPDCA). Finally, our overview of DCA schemes wraps up 
with a treatment of Directed Retry (DR) and Directed Handoff (DH), Moving 
Direction (MD) strategies, reduced transceiver coverage, reuse partitioning, 
and handoff priority. 

Following our results in [356], Section 10. provides some detailed and 
instructive examples of distributed DCA schemes for TDMA microcellular 
systems. In particular, two DCA strategies are presented that accommodate 
handoff queueing. An aggressive DCA policy with handoff queueing is also 
considered where a cell may be forced to terminate calls in progress in order to 
accommodate handoff requests in neighboring cells. The conditions for forced 
termination are carefully determined to ensure a performance improvement 
over a timid policy. 


1. CENTRALIZED DCA 


Centralized DCA schemes require system-wide information and control for 
making channel assignments. As expected, centralized DCA schemes can 
theoretically provide the best performance. However, the enormous amount 
of computation and communication among BSs leads to excessive system 
latencies and renders centralized DCA schemes impractical. Nevertheless, 
centralized DCA schemes often provide a useful benchmark to compare the 
more practical decentralized DCA schemes. 


1.1 MAXIMUM PACKING (MP) 


The Maximum Packing (MP) algorithm was originally presented by Everitt 
and Macfadyen in 1983 [106]. With the MP policy a call is blocked only if 
there is no global rearrangement of calls to channels that will accommodate 
the call. Accomplishing this task requires a controller with system-wide infor- 
mation along with the ability to perform call rearrangements. The MP policy 
has the ability to serve all calls in a network with the minimum number of 
channels. Equipped with the capability, MP can yield the lowest new call 
blocking and forced termination probabilities of any DCA scheme under any 
traffic conditions. 

Kelly [180] presented an interesting and enlightening analytical approach 
to MP DCA, by modeling the MP policy as a circuit-switched network. This 
allows some very powerful and well known network analysis tools to be applied 
to the analysis of MP DCA. The analysis ignores situations where the MS is 
moving from one cell to another or out of the service area, i.e., the handoff 
and roaming problem. Upon a call arrival in a particular cell, the MP policy 
checks to see if all reuse clusters that contain that cell have at least one channel 
available. If so, then the call can be accommodated through channel rear- 
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Figure 13.2. Five cell deployment with MP 


rangements; otherwise, the call is blocked. For example, consider the simple 
system consisting of five cells shown in Fig. 13.2. In this example, co-channel 
cells must be separated by at least two cells so there are three reuse clusters; 
CL; = (1,2,3), Clg = (2,3,4), and CL3 = (3,4,5). When a call arrives 
in cell 2, it can be accommodated if there is at least one channel available in 
clusters CL, and CL. 

The stochastic model for MP uses the following definitions: 


Rk = set of cells in the system. 

K = {R| = number of cells in the system. 
Nr = total number of channels available. 

nm; = number of calls in progress in cell i. 

n = (nj,t € R)= state vector. 

S = set of admissible states. 

p; = traffic load in cell i. 


The set of admissible states depends on the particular cell layout. Let J be 
the number of complete or partial reuse clusters CL;,i = 1,..., Jthat can 
be defined such that i) each reuse cluster differs by at least one cell, ie., they 
are not totally overlapping, and ii) all cells are contained in at least one such 
cluster. For the example in Fig. 13.2, J = 3. Now let A = [aj;j] 7 « be the 
demand matrix, where a;; = 1, ifi = j and if cell j is in the same cluster as 
cell i; otherwise, a,; = 0. For the example in Fig. 13.2 


11 i-0 9 
0O11i10;] . (13.1) 
00111 


Matrix A tabulates the channel requirements for servicing calls that arrive in 
each of the cells. For example, a call arrival in cell 2 requires that a channel 
be available in CL; and CLg but not in CL and, therefore, a1. = a22 = 1 
and a39 = 0. Finally, let N;,2 = 1,...,J be the number of channels that 
are available in CL;, Nj; < Np, and N = (Nj,...,N,). Then the set of 
admissible states is then given by 


S={n:An’<N}. (13.2) 
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It is well known (e.g., [179]) that n has the steady-state distribution 


n(n) = G(N) T] a , nes (13.3) 


where G(N) is the normalizing constant 


n,\ 71 
G(N) = (= II ar) (13.4) 


néesicR 
Then the steady-state probability that a call arrival in cell i is blocked is 


G(N) 


nel G(N — Ae?) 


(13.5) 
where e, is a length K vector with a ‘1’ at position i and ‘0’ elsewhere. Even 
though B, appears to have a compact closed form expression, the computation 
of G(N) is prohibitive except for very simple cases. Therefore, approximate 
methods are usually employed. One approximation assumes that the availability 
of channels in the clusters CL, are independent events. This independence 
assumption leads to 


B,x1- J] -&,) (13.6) 
jgECL, 
where the E,,7 =1,..., J solve the nonlinear equations 


6-8 (Sone I (1-£,), x) jg=l,...,d (13.7) 


rEeR 1€r—{7} 
with 


: _ pr N p” 
(0,N) = 55 1 (13.8) 
“ A\n=0 ~ 


being the Erlang-B formula. Kelly [180] showed that there is an unique solution 
to the above nonlinear equations. The intuitive notion behind this approxima- 
tion is that when aj, = 1 the call arrivals of rate p, in cell r are thinned by a 
factor of 1 — E, by each cluster CL,,2 € r — {j} before being offered to CL,. 


12 MAXMIN SCHEME 


The MAXMIN scheme was introduced by Goodman eral. [145]. With the 
MAXMIN scheme, a MS is assigned a channel that maximizes the minimum C/I 
that any MS will experience in the system at the time of assignment. Assuming 
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that the link quality depends on the average received C/I, the C/I of MS; at its 
serving BS is 


A(d) (ap) = 2(dj)(apy — 10 }ogy9 S104) e8)/20 (13.9) 
kel 


where the Q(d;) gp) are independent Gaussian random variables with the den- 
sity in (1.5) and (1.6), and d; is the distance between MS, and the BS for MS;. 
The set J consists of all MSs other than MS; that are using the same channel. 
A MS that requires service is assigned the channel j that gives 


max min{ Aj} (13.10) 


where i and j index the set of MSs and channels, respectively, C is the set 
of channels that are available at the BS corresponding to the MS that requires 
service, A; is the C/I of MS; at its BS, and S is the set of all MS in service 
including the MS that requires service. We have already seen methods for C/I 
monitoring in Section 10.6. 


2. DECENTRALIZED DCA 


2.1. FIRST AVAILABLE (FA) AND NEAREST 
NEIGHBOR (NN) 


In 1972, Cox and Reudnik [72] proposed four basic decentralized DCA al- 
gorithms and compared them to FCA for the case of linear highway macrocells: 
First Available (FA), Nearest Neighbor (NN), Nearest Neighbor+1 (NN+1), 
and Mean Square (MSQ). All four schemes allow a BS to acquire any idle 
channel that is not being used in its interference neighborhood, defined as the 
set of surrounding cells that can interfere with the BS. The schemes differ in 
the way that the channel selected should more than one channel be available 
for acquisition. The FA scheme acquires the first available channel found in 
the search. Assuming that a channel can be reused Dy cells away without 
causing excessive co-channel interference, the NN policy acquires the channel 
that is being used by the nearest BS at distance Dy or greater. The NN+1 
policy acquires the channel that is in use at the nearest BS at distance Dy + 1 
or greater with the goal of allowing more MSs to retain the same channel as 
they cross cell boundaries. The MSQ policy seeks to assign the available chan- 
nel that minimizes the mean square of the distances among all BSs using the 
same channel. The DCA schemes were shown to outperform the FCA schemes 
in terms of probabilities of new call blocking and forced termination, except 
under conditions of heavy traffic. Of these four DCA schemes, the NN policy 
performs the best. 
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Reward/Cost Function: 
Channel 1; 2 
Channel 2: 1 
Channel 3: Absolute 


Given Cell 
@ interference Neighborhood 
C) DRA Neighborhood 


Figure 13.3. The DRA (light shaded) and interference (dark shaded) neighborhoods of a cell 
under consideration (shaded black). The numbers within each cell indicate active channels. 


2.2 DYNAMIC RESOURCE ACQUISITION (DRA) 


Nanda and Goodman [244], have proposed a distributed DCA strategy called 
Dynamic Resource Acquisition (DRA). When a channel must be selected for 
acquisition or release by a BS, DRA calculates a reward/cost function for each 
channel. The reward associated with a channel release is the number of cells 
in the interference neighborhood of the BS that could acquire the channel 
after it is released. When a channel is released, the busy channel giving the 
largest reward is selected. Channel rearrangements may be required to do this. 
The cost associated with a channel acquisition is the number of cells in the 
interference neighborhood of the BS that would be deprived from using the 
acquired channel. When a channel is acquired, the available channel having 
the smallest cost is selected. In the event of a tie in the reward/cost function, 
the released/acquired channel is chosen randomly. 

As described in [244], the calculation of the reward/cost function requires 
channel usage information from all the cells within the DRA neighborhood 
of a BS. The DRA neighborhood of a BS is the set of cells whose interference 
neighborhoods overlap with the interference neighborhood of that BS. Any 
cell outside the DRA neighborhood of a BS will not affect the calculation 
of the reward/cost function associated with that BS. Fig. 13.3 illustrates the 
reward/cost functions associated with three carriers for a 2-D grid of square 
cells. The cell under consideration is shaded black. In case of a carrier 
acquisition, Channel 2 would be selected by the given BS since it has the 
smallest cost. Channel 3 could not be selected, because it would violate the 
co-channel reuse constraint. If Channels | and 2 are active in the given cell 
and a carrier is to be released, then Channel 1 would be selected since it gives 
the largest reward. 
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3. FULLY DECENTRALIZED DCA 
3.1 CHANNEL SEGREGATION (CS) 


Akaiwa and Andoh [9] proposed a distributed adaptive self-organizing DCA 
strategy whereby the BSs use Channel Segregation (CS) to develop favorite 
channels through an evolutionary process that is based on the criteria of elimi- 
nating unnecessary interference. Their scheme has been developed for TDMA 
systems with the assumption that each BS can access any channel by tuning a 
carrier frequency and selecting a time slot. CS also accounts for the effect of 
unaccessible channels where a call can be blocked in a cell even when there 
are idle channels because of the restriction placed on the number of different 
carrier frequencies that may be simulatneously used, i.e., the BS has a finite 
number of radio ports each of which can be tuned to only one frequency. 

A flowchart of the CS algorithm is shown in Fig. 13.4. Each BS ranks the 
channels according to a priority function P(i), where a large P(i) corresponds 
to a high priority, e.g., in [9] P(z) = Ns/Nt, where Ng is the number of 
successful uses of the channel plus the number of accesses to the channel when 
it is idle but unaccessible, and .N; is the total number of trials for the channel. 
When a call arrives, the BS senses the highest priority channel from the list 
of channels it is not currently using. If the channel is sensed idle, then the 
channel is checked for accessibility. If accessible, it is acquired and its priority 
is increased; otherwise, its prioity is increased and the BS recursively senses 
the next highest priority channel that it is not currently using. If all channels 
are sensed busy, then the call is blocked. Akaiwa and Andoh [9] demonstrated 
by simulation that the CS policy outperforms FCA and the FA DCA algorithm. 


The steps within the dashed box in Fig. 13.4 are a modification so that 
the original CS algorithm developed by Akaiwa [8] for FDMA systems can 
be applied to TDMA systems. Simulation results show that this modification 
achieves the goal of gathering channels with the highest priorities onto the 
same carrier frequency, thus reducing the probability of call blocking due to 
the unavailability of a BS transceiver. 


3.2 CHANNEL SEGREGATION WITH VARIABLE 
THRESHOLD 


Another channel segregation scheme has been proposed by Hanabe et al. 
[160] that uses prioritized orderings with a variable interference threshold. The 
channels are ranked from highest to lowest according to their priority values. 
Each BS measures the interference levels of its currently unused channels. For 
each channel, the priority value is decreased if the interference level is higher 
than a predefined threshold and the threshold for that channel is decreased. 
Likewise, the priority value is increased if the interference level is lower than 
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Figure 13.4. | Channel segregation (CS) algorithm. 


a predefined threshold and the threshold for that channel is increased. Hanabe 
etal. do not clearly define their priority function. However, it is likely that the 
priority function is defined as the ratio of number of times that the interference 
level of a channel is less than the threshold to the total number of times the 
channel is sensed. The interference threshold is varied depending on the ranking 

of the channel in the priority list. For example, the particular threshold that 
Hanabe et al. propose is as follows 


To+15+S, k=1,2,...M 
T(k)=* To+10+S, k=9,10,...No . (13.11) 
To+5+S, k=17,18,....N3 


For the example in [160], Ny = 8, No = 16,and N3 = 72,where Nis the total 
number of channels in the system, 7(k) is the threshold, J, is the minimum 
required C/I, and S$ is a constant margin. Upon call arrival, the highest priority 
idle channel that meets the C/I threshold is chosen. Ifno suitable channels are 
available, the call is blocked. Ifthe C/I drops below the required level during 
a call, a handoff procedure is initiated. In Hanabe er al.’s scheme, handoffs are 
not prioritized and are treated the same as new call arrivals. 

The rationale for using a variable threshold T(k) for each channel in (13.11) 
can be answered by examining the case where the thresholds are fixed. Allo- 
cation of a high priority channel with a fixed threshold is more likely to cause 
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interference since the C/I thresholds for all channels are the same. The reason 
is that a higher priority channel will be acquired over a lower priority channel 
if both channels exceed the C/I threshold, regardless of whether or not a lower 
priority channel would cause less interference to neighboring cells. Thus the 
allocation of the higher priority channel may cause service interruptions, dead- 
locks, and instability. For the case of a variable threshold, a higher threshold 
is assigned to higher priority channels to reduce the probability of co-channel 
interference, and a lower threshold is assigned to lower priority channels to 
decrease the probability of blocking. 


3.3 MINIMUM INTERFERENCE (MI) SCHEMES 


Schemes based on Minimum Interference (MI) have been presented by 
Goodman et al. [145]. The basic MI scheme has been incorporated into the 
CT-2 and DECT systems. With these schemes, the MS signals the BS with 
the strongest paging signal for a channel. The BS measures the interference 
level on all channels that it is not already using. The MS is then assigned 
the channel with the minimum interference. This policy coupled with mobile 
controlled handoff (MCHO) guarantees good performance. Variations of the 
MI scheme have been proposed that differ in the order in which MSs are 
assigned channels. These include Random Minimum Interference (RMI), 
RMI with Reassignment (RMIR), and Sequential Minimum Interference 
(SMI). The RMI scheme serves calls in the order that they arrive. The RMIR 
scheme serves the call requests according to the RMI scheme, but afterwards 
each MS is reassigned according to the MI policy. The order of reassignments 
is random. Those MSs initially denied service try again to acquire a channel. 
The procedure is repeated a fixed number of times. The SMI algorithm assigns 
channels according to the MI scheme but in a sequential order. In [145] linear 
microcells are considered and the sequence that is followed is to serve a MS 
only after all MS to its left have had a chance to be served. This, however, 
requires some co-ordination between BSs and the extension to 2-D schemes is 
not obvious. Goodman et al. [145] showed that the probability of blocking 
decreases with FCA, RMI, RMIR, SMI, in that order. 


3.4 AGGRESSIVE AND TIMID DCA STRATEGIES 


Distributed self organizing DCA algorithms that use aggressive and timid 
strategies were first introduced by Cimini and Foshini [55]. These simple 
autonomous DCA algorithms can self-organize with little loss in capacity com- 
pared to the best globally coordinated channel selection algorithm. In their 
paper, two classes of algorithms were studied; timid where a MS acquires a 
channel only if the channel is free of interference, and aggressive where a 
MS can acquire a channel even if it is not free of interference. The studies in 
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[55] showed that a linear array of cells could self organize its placement of a 
single channel to saturate the array from random starting arrangements. An 
array is saturated when no additional cells can use a channel without violating 
the co-channel reuse constraint. Channel usage in the array organizes itself 
according to the DCA policy. The performance of the algorithm is measured 
in terms of the saturation density, defined as the ratio of the number of cells 
using a particular channel to the number of cells in the arrary. Timid algorithms 
which require no call rearrangements have been shown to have saturation den- 
sities that compare favorably with FCA, while the aggressive algorithms have 
higher saturation densities at the expense of some instability. This is due to a 
simulated annealing mechanism where an instability perturbs a system so as 
to escape a local optimum in an attempt to reach the global optimum. 

The saturation densities can be derived for the case of linear and hexagonal 
planar cells with R-cell buffering’. For linear cells, the maximum and minimum 
saturation densities are Cmax = 1/(R +1) and Cyi, = 1/(2R + 1). The 
saturation density can also be obtained for the random placement of a channel 
in a linear array. In this case, cells sequentially acquire the channel; the next 
cell to acquire the channel is chosen uniformly from those cells not already 
using the channel that could use the channel without violating the co-channel 
reuse constraint. The derivation of the saturation density in this case is quite 
lengthy but leads to the result [57] 


a 1 R-1 (vitt = 1) 
= ——— dv. 13.12 
ran [ exp 4 2 2 ay U (13.12) 


The saturation density can also be obtained as a function of the traffic load p 
as [57] 


C(p) (1 — C(p)R)* = p(1 — (R+ 1)C(p))*** (13.13) 


which has a unique solution in the interval 0 < C(p) < 1/(R +1). For 
hexagonal planar cells the minimum and maximum saturation densities are 


1 
in = —— 14 
Crnin 1+3R(R +1) con 
SR? , Reven 
Cmax = 4 Rodd * (13.15) 
1+3(R+1)2 ? 


However, expressions for Cran and C'(p) for the hexagonal planar array are 
unknown. 


'The reuse factor N is related to the number of buffer rings R as follows. For linear cells N = R + 1. For 
hexagonal planar cells, N = i? + ij + j?, where for Rodd i = j = (R + 1)/2, and for R even i = R/2 
and 7 = R/2+ 1. 
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R Linear Planar hexagonal 
1 0.864 0.693 
2 0.825 0.658 
3 0.804 0.627 


Table 13.1, Normalized channel utilizations 6 = Cran/Cmax for the timid DCA algorithm, 
from [56]. 


For the case of a single channel the blocking probability has the exact form 
[57] 
Py =1-—C(p)/p . (13.16) 


For the case of multiple channels, Cimini et al. have derived a very accurate 
approximation for the call blocking performance of timid algorithms. They 
also derived lower bounds on the call blocking performance of aggressive 
algorithms [56]. Ifa total of Nychannels are available, the effective number of 
channels available for use in a reuse cluster of size N is )N, where 6 is called 
the normalized channel utilization defined as the saturation density that is 
achieved with a particular algorithm C to the maximum possible saturation 
density Cymax. Values for 6 are tabulated in Table 13.1. For FCA, each 
cell has m = Ny/N available channels and the blocking probability can be 
obtained from the Erlang-B formula P,; = E(p,m) in (13.8), where pis the 
traffic load per cell. For the case of the timed algorithm a call is blocked 
if all channels are use in the interference neighborhood. To approximate the 
blocking probability for the timid algorithm, we replace pby Npand m by 
ON 7, ie., Ps = E(Np,6Nr). To lower bound the blocking probability with 
an aggressive algorithm, we replace p by Npas before, and m by Nr (6 = 1), 
so that P, > E(Np, Nr). The performance of a practical aggressive algorithm 
will lie somewhere between the timid algorithm and the aggressive bound. 
Finally, we note that the blocking probability with an aggressive algorithm 
includes the calls that are blocked and the calls that are dropped because the 
aggressive algorithm has taken the channel and another suitable channel cannot 
be found. 


4. HYBRID FCA/DCA SCHEMES 


DCA schemes perform very well under light non-stationary non-homogeneous 
traffic. However, under conditions of uniformly heavy traffic FCA outperforms 
most of the DCA schemes, except perhaps MP. As a result of this behavior 
efforts have been directed toward hybrid FCA/DCA schemes that are intended 
to provide a compromise between FCA and DCA. Cox and Reudink [73] in- 
troduced a hybrid scheme, called Dynamic Channel Reassignment (DCR) 
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where each cell is assigned number of fixed channels, while the remaining 
channels are available for DCA. Fixed channels are used first to accommodate 
call requests. Calls that cannot be serviced by the fixed channels are offered to 
the dynamically assigned channels. The dynamic channel that is selected can 
be obtained by using any of the elementary schemes such as FA, NN, NN+1, 
etc. Upon a call completion on a fixed channel, DCR executes a search to 
determine if a call nominally assigned to a dynamic channel can be reassigned 
to the newly released fixed channel. 


5. BORROWING SCHEMES 


Engel and Peritsky [101] introduced an FCA scheme with borrowing. The 
channels that are assigned to each BS are divided into two sets, fixed and 
borrowable. The fixed channels can only be used by the BS they are assigned 
to, while the remaining channels can be borrowed by a neighboring BS if 
necessary. Calls are serviced by using the fixed channels whenever possible. 
If necessary a channel is borrowed from a neighboring cell to service the call 
provided that the use of the borrowed channel does not violate the co-channel 
reuse constraint. The channel is borrowed from the neighboring BS having 
the largest number of available channels for borrowing. Improvements on this 
scheme were also proposed by Engel and Peritsky, where a call being serviced 
by a borrowed channel is transferred to a fixed channel whenever a fixed channel 
becomes available. The same idea was proposed by Anderson [13]. Scheduled 
and predictive channel assignment schemes have also been proposed, where 
the ratio owned to borrowable channels is dynamically varied according to the 
traffic conditions. 


5.1 BORROWING WITH CHANNEL ORDERING 
(BCO) 


Elnoubi et. al. [100] proposed a channel borrowing strategy that makes 
use channel orderings, called Borrowing with Channel Ordering (BCO). A 
group of channels is initially assigned to each cell according to a fixed channel 
assignment; these channels are called nominal channels and are arranged in an 
ordered list. The call arrival policy for BCO is illustrated by the flow chart 
in Fig. 13.5. Upon a call arrival in a cell, the BS searches for an available 
nominal channel nearest to the beginning of the channel ordering. If a nominal 
channel is available it is assigned to the call; otherwise, the BS attempts to 
borrow a channel from the adjacent cell having the largest number of channels 
available for borrowing. A channel is available for borrowing if it is unused 
in the adjacent cell and the other two co-channel cells. To illustrate this point, 
refer to Fig. 13.7. If cell Bl borrows a channel c from cell Al, then cells Al, 
A2, and A3 are locked from using channel c since their use of channel c will 
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Figure 13.5. Call arrival policy for the BCO algorithm. 


FAILURE 


violate the co-channel reuse constraint. Being blocked, channel c can neither 
be used to service a call in these three cells nor borrowed from these three 
cells. Finally, when a channel is borrowed from an adjacent cell, the available 
channel appearing nearest to the end of the channel ordering of the adjacent 
cell is selected. Ifno channels are available for borrowing, the call is blocked. 

The call departure policy for BCO is illustrated in Fig. 13.6. When a call 
terminates on a borrowed channel, the borrowed channel is released in the 
three cells where it is locked. When a call terminates on a nominal channel and 
there are calls in progress with the same BS on borrowed channels, then the 
channel that is borrowed from the adjacent cell with the largest number of lent 
channels is released in the three cells where it is locked and its associated call 
is reassigned to the newly idle nominal channel. Finally, if a call completes 
on a nominal channel and there are no calls in progress with the same BS on 
borrowed channels, the call occupying the nominal channel nearest to the end 
of the channel ordering is reassigned to the newly idle nominal channel. 

Kuek and Wong [184] introduced a DCA scheme called Ordered Dynamic 
Channel Assignment/Reassignment (ODCAR) that also combines channel 
ordering with channel rearrangements. The differences between the BCO and 
ODCAR schemes are very minor and quite subtle. BCO borrows a channel 
from the adjacent cell having the largest number of available channels for 
borrowing, while ODCAR borrows a channel from the adjacent cell having the 
largest number of available nominal channels that it could use to service its 
own calls. When a call completes on a nominal channel and there are calls 
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Figure 13.6. Call departure policy for the BCO algorithm. 


in progress with the same BS on borrowed channels, then BCO releases the 
channel that is borrowed from the adjacent cell with the largest number of 
lent channels while ODCAR releases the channel that is borrowed from the 
adjacent cell with line fewest number of nominal channels. Finally, when a call 
completes on a borrowed channel BCO simply releases the channel in the three 
cells where it is locked, while ODCAR again releases the borrowed channel 
from the adjacent cell with the fewest number of nominal channels. 


5.2. BORROWING WITH DIRECTIONAL LOCKING 


Zhang and Yum [378] introduced a new scheme called Borrowing with 
DireCtional Locking (BDCL) and compared it with borrowing with channel 
ordering (BCO). Referring to the N = 7 cell reuse pattern in Fig. 13.7, the 
BCO scheme operates as follows. If cell Bl borrows a channel c from cell Al, 
then cells Al, A2, and A3 are locked from using channel c since their use of 
channel c would violate the co-channel reuse constraint. In the BDCL scheme, 
instead of locking channel c in cell A3 in all directions, channel c only needs 
to be locked in directions 1, 2, and 3. Cells that lie in the other three directions 
from A3, say B2, can freely borrow channel c from cell A3 without violating the 
co-channel reuse constraint. Whether or not channel c may be borrowed from 
A3 depends, however, on its locking conditions in A4, A5, and A6. Should the 
channel happen to be locked in A4, A5, or A6 but the cell locking is beyond B2’s 


interference neighborhood, then B2 could still borrow channel c. This scheme 


Channel Assignment Techniques 663 


Figure 13.7. _ Principle of borrowing with directional channel locking (BDCL). 


increases the number of channels available for borrowing over the straight BCO 
scheme. Furthermore, the BDCL scheme uses channel rearrangements similar 
to the channel ordering scheme proposed by Elnoubi ef al. [100], except that 
the directional locking mechanism is accounted for. Zhang and Yum [378] 
concluded that the BDCL scheme outperforms the BCO and FCA schemes in 
terms of blocking probabilities when the cells have nonuniform but stationary 
traffic loads. 


5.3. BORROWING WITHOUT LOCKING 


A borrowing scheme, Channel Borrowing Without Locking (CBWL), has 
been proposed by Jiang and Rappaport [174] that does not require channel 
locking by using borrowed channels with a reduced power level to limit inter- 
ference with co-channel cells. This allows the channel to be reused in all cells 
except the cell from which it has been borrowed. However, it also implies that 
channels can only be accessed in part of the borrowing cell. To determine if 
a channel can be borrowed with enough signal strength, the BS broadcast a 
borrowed channel sensing signal with the same reduced power of a borrowed 
channel. 

The CBWL scheme divides the channels into six groups that can be lent 
to the neighboring cells, such that channels in the ith group can only be lent 
to the ith adjacent cell. This principle of directional lending is illustrated in 
Fig. 13.8, where channels in the group Al can be borrowed by MSs in all of the 
B cells. Because of the reduced power level of borrowed channels, the MSs in 
the B cells that borrow the group Al channels will be concentrated along the 
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Figure 13.8. _ Principle of channel borrowing without locking (CBWL). 


A-B cell boundaries. The CBWL scheme reduces the BS complexity because 
each BS does not need to have the capability of transmitting and receiving on 
all the channels assigned to its neighboring cells, but only a fraction of them 
in each cell. Furthermore, the division of borrowable channels into six groups 
limits co-channel interference so that locking is not required. 

Various forms of channel rearrangements can be used enhance the scheme. 
For example, if cell B wishes to borrow a channel from cell A, the call is 
blocked if all the channels in group Al of cell A are busy. However, it may 
be possible for cell A to transfer one of the calls to another group, say A2, to 
accommodate the borrow request. If this is not possible, cell A could itself 
borrow a channel from an adjacent cell to free up a channel to lend to cell B. 
Many other types of rearrangement policies are also possible. 


5.4 COMPACT PATTERN BASED DCA 


Yeung and Yum [373] introduced Compact Pattern based DCA (CPDCA), 
that attempts to dynamically keep the co-channel cells of any channel to a com- 
pact pattern, where a compact pattern of a network is the channel allocation 
pattern with the minimum average distance between co-channel cells. In other 
words, CPDCA attempts to increase spectral efficiency by keeping all channels 
at their minimum co-channel reuse distance. CPDCA accomplishes this task in 
two stages; i) channel acquisitions where an optimal idle channel is assigned to 
the MS, and ii) channel packing for the restoration of the compact patterns upon 
the release of a compact channel. Channel packing is achieved by reassigning 
at most one call per channel release. 
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Channels are assigned by using system-wide call arrival rate information to 
assign a channel that has a compact pattern that will yield the largest reduction 
in the overall system blocking probability. Ifa compact pattern is not available, 
the most optimal non-compact pattern is selected. Ifa call completes on a 
compact channel, CPDCA attempts to reassign a call on a noncompact channel 
to the newly idle compact channel. If no such call exists, CPDCA reassigns a 
call on the compact pattern that is least utilized to the newly idle channel. The 
first step minimizes the number of noncompact channels being used, while the 
second step packs the ongoing calls onto complete compact patterns. Yeung 
and Yun have shown their CPDCA scheme to outperform BDCL. 


6. DIRECTED RETRY AND DIRECTED HANDOFF 


Everitt [104] introduced the directed retry (DR) and directed handoff 
(DH) channel assignment algorithms. If a BS does not have an idle channel 
available to service a call with the DR policy, the MS tries to acquire an idle 
channel in any other cell that can provide a satisfactory signal quality. DR 
exploits the overlapping nature of cells in a practical cellular system, where 
some percentage of MSs can establish a suitable link with more than one BS. 
DH also exploits the overlapping nature of cells to direct some of the ongoing 
calls in a heavily loaded cell to an adjacent cell that is carrying a relatively 
light load. Both the DR and DH schemes can be used in conjunction with 
either FCA or DCA, and Everitt concluded that FCA and maximum packing 
DCA in conjunction with the combination of DR and DH offer about the same 
performance. Therefore, FCA in conjunction with DR and DH is the preferred 
scheme, since an improvement over FCA can be gained without the added 
complexity of DCA. 


7. MOVING DIRECTION STRATEGIES 


The moving direction (MD) strategy, proposed by Okada and Kubota, ex- 
ploits information about the MS movement to reduce forced terminations and 
channel changes [250], [251]. The strategy attempts to assign an available 
channel from among those channels already assigned to MSs elsewhere in the 
service area that are moving in the same direction as the MS under considera- 
tion. Sets of MSs moving in the same direction are formed. When a MS enters 
acell, a MS from the same set is probably leaving a cell. This allows both MSs 
to retain the same channel, thus reducing both the number of changes changes 
and probability of forced termination. This method is particularly useful for 
highway microcell deployment, where the traffic direction is highly predictable. 
Okada and Kubota compared the MD strategy with Cox and Reudnick’s FA, 
NN, and NN+1 strategies [251]. The MD strategy was shown to offer the 
lowest channel changing rate and the lowest probability of forced termination. 
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However, the NN strategy provided a slightly lower probability of new call 
blocking. 

A variation of the MD scheme considers both Speed and Moving Direction 
(SMD) [249]. MS are divided into two classes; high speed MS (HSMS) who 
are traveling at 50 to 60 km/h and low speed MS (LSMS) who are traveling 
at 0 to 4 km/h. To reduce the probability of forced termination and channel 
changing rate, SMD uses the MD policy for its HSMS call requests. For the 
LSMS, the NN strategy is employed since LSMSs do not experience forced 
terminations or channel changes as frequently as HSMSs. Again, the SMD 
scheme was shown to outperform the FA, NN, and NN+1 policies in terms 
of channel changing rates and the probability of forced termination. Finally, 
we mention that a variety of velocity estimation techniques are available as 
discussed in Section 10.3. Moving direction information can be obtained by 
using the past signal strength history in LOS environments [23] or the sign of 
the Doppler. 


8. REDUCED TRANSCEIVER COVERAGE 


Takeo et al. [317] proposed a scheme where nonuniform traffic is handled 
by adjusting the BS transmit power level of the control channel according to the 
traffic variance for every control period. Since the MS uses the control channel 
to determine which BS to connect to, the effective cell size is dynamically 
varied. Highly loaded cells decrease the transmit power to shrink the cell sizes, 
while lightly loaded cells increase the transmit power to enlarge the cell sizes. 
This scheme may cause some unwanted side effects, for example, handoffs can 
occur even for stationary MSs. The experimental results in [317] suggest that 
the call blocking probability increases in proportion to a decrease in the control 
period and, therefore, frequent updating of the control channel power should 
be avoided. Takeo et al. [317] did not address the problem that arises when 
many adjacent cells are heavily loaded, a potentially deleterious situation since 
it may result in coverage gaps within a particular reuse cluster. 


8.1 REUSE PARTITIONING 


Reuse partitioning employs a two-level cell plan where clusters of size M are 
overlaid on clusters of size N, N > M. Fig. 9.20 shows a FCA scheme using 
reuse partitioning with M = Band N = 9.As discussed in Section 9.5.1, reuse 
partitioning divides the available channels into two sets; one set can be used by 
the inner cells only, while the other set can be used by both the inner and outer 
cells. Reuse partitioning uses rearrangements so that whenever possible MSs 
in the inner cells are assigned channels allocated for use in the inner cells only. 

An autonomous reuse partitioning (ARP) scheme has been suggested by 
Kanai [176]. With this scheme an identical ordering of channels is given to 
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all BSs. Upon call arrival, the channels are checked in order and the first one 
exceeding a C/I threshold for both the forward and reverse links is acquired. If 
no channels are available the call is blocked. The advantage of using a fixed 
ordering is that the channels higher in the ordering are used more frequently 
and, hence, have higher interference levels. This enables each BS to acquire 
channels with minimum C/I margins without the need for sorting channels 
according to their interference levels. The algorithm is self organizing in the 
sense that channels high in the ordering (with high interference levels) are 
allocated to MS that are close to a BS (with strong received signal levels). 
Channels low in the ordering tend to be allocated to MSs that are far from a BS 
with weak received signal levels. 

Another scheme, self-organized reuse partitioning (SORP) has been pro- 
posed by Furukawa and Yoshihiko [125]. The BSs allocate channels by mea- 
suring the power levels transmitted from the MSs. This method relies upon a 
table at each BS that contains, for each channel, the average transmit power 
for MSs using the channel in its cell and all the surrounding cells. The table is 
updated with each call arrival and the update information is shared among the 
BSs. When a call arrives, the BS obtains the output power of the calling MS 
and assigns that channel with the corresponding average transmit power that is 
closest to that of the calling MS. The channel is acquired if available; other- 
wise the second closest candidate is examined, and so on. As a result of this 
procedure in each BS, channels that correspond to the same power are grouped 
autonomously for self-organizing reuse partitioning. The SORP scheme was 
shown to offer about the same blocking probability as the ARP scheme, but 
SORP requires less time to search for a channel and generally provides a higher 
CIL. 


9. HANDOFF PRIORITY 


Since the forced termination of a call in progress is worse than the blocking 
of a new call, it is important to consider handoff priority in the design of 
a channel assignment strategy. This is especially important in microcellular 
systems with their increased number of handoffs. Two possible methods of 
achieving handoff priority are to use guard channels where a fraction of the 
channels are reserved for handoff requests only [170], and handoff queueing 
where a handoff request from a MS is placed in a queue with the target BS while 
the MS maintains a radio link with its serving BS [170], [129]. Both methods 
are known to decrease the probability of dropped calls. However, queueing 
does this with a smaller increase in the probability of new call blocking. 

Handoff queueing exploits the time interval that the MS spends in the handoff 
region, 1.e., between the time when the handoff request is generated and the 
time when the call will be dropped due to a degradation in link quality. The 
simplest queueing scheme uses a first in first out (FIFO) policy. More elaborate 
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queueing schemes use measurement based priority, where the queue is ranked 
according to the measured link quality of the MSs in the queue [318]. MSs 
with the lowest link quality are placed in the highest priority class, and the 
handoff queue is sorted continuously according to the priority classes. 


10. EXAMPLE DCA SCHEMES FOR TDMA SYSTEMS 


We assume a TDMA system with carrier groupings, where the calls are 
packed into TDMA carriers such that each cell acquires the minimum number 
of carriers required to carry the calls. This packing may require channel 
rearrangements when the channels are released. A benefit of carrier groups is a 
reduction in the computation required to make decisions regarding acquisitions 
and releases. This reduction in complexity reduces the time required to select 
a channel, thus lowering the probability of dropped call. 

Whenever a channel is needed a TDMA DCA scheme follows a strategy 
which, if necessary, selects a carrier for acquisition according to a carrier 
acquisition criterion. Likewise, when a channel is released another strategy 
is followed which, if necessary, selects a carrier to be released according to a 
carrier release criterion. The flow charts in Figs. 13.9 and 13.10 illustrate 
the general procedure for acquiring and releasing channels and carriers. The 
shaded blocks are steps that support handoff queueing and will be discussed 
later in the chapter. 


ACQUIRE CARRIER Policy (non-queueing case). As Fig. 13.9 shows, 
the following policy is executed upon a new call or handoff arrival: 


1. Ifat least one idle channel is available among the already acquired carriers, 
then assign an idle channel to the call; otherwise attempt to acquire a new 
carrier according to the carrier acquisition criterion. 


(a) Ifthe carrier acquisition is successful, then assign one channel of the 
newly acquired carrier to the call; otherwise block the call. 


RELEASE CARRIER Policy (non-queueing case). As Fig. 13.10 shows, 
the following policy is executed upon a call completion or a handoff departure: 


1. Ifthe channel release will not yield an idle carrier, then no carrier is released; 
otherwise a carrier is selected for release according to the carrier release 
criterion. 


(a) The call that occupies the carrier selected for release is reassigned to 
the newly idle channel, and the selected carrier is released. 
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Figure 13.10. RELEASE CARRIER policy that is executed upon a call completion or handoff 
departure. 
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10.1 THE SIMPLE DCA (SDCA) STRATEGY 


Elnoubi et al. [100] proposed the BCO strategy that makes use of different 
channel orderings in each cell. Here, we consider a channel assignment strategy 
that uses carrier orderings rather than channel orderings [356]. However, 
unlike the BCO strategy, the carriers are not explicitly divided into nominal 
and borrowed sets with a specified rule for borrowing carriers. In our scheme, 
each cell has its own carrier ordering, and no two cells separated less than 
the frequency reuse distance have the same carrier ordering. The orderings 
are designed so that carriers occurring near the beginning of a cell’s carrier 
ordering occur near the end of the carrier orderings of the cells in its interference 
neighborhood. For example, suppose there are 9 available carriers with a 3-cell 
reuse cluster. Three different carrier orderings are necessary to ensure that 
cells within the frequency reuse distance have distinct carrier orderings. For 
example, the following carrier orderings will do. 


A:  {1,4,7,8,9,5,6, 2,3} 
B:  {2,5,8,9,7,6,4,3, 1} (13.17) 
C:  {3,6,9,7,8,4,5,1,2} 


These carrier orderings are obtained by first listing the 9 available carriers 
column-wise until they are all assigned. Then columns 4 and 5 are permutations 
of the 3rd column, columns 6 and 7 are permutations of the 2nd column, and 
columns 8 and 9 are permutations of the Ist column. Notice that Carriers 1, 2, 
and 3 each appear first in one of the orderings and appear near the end of the 
other two orderings. 

The carrier selection criterion is as follows. When a carrier is needed in 
a cell, the available carrier occurring nearest to the beginning of the cell’s 
carrier ordering is selected. If there are no available carriers, then the carrier 
acquisition fails. When a carrier is released in a cell, the busy carrier occurring 
nearest to the end of the cell’s carrier ordering is selected. This may require a 
rearrangement of calls within a cell to carriers that are closer to the beginning 
of the cell’s carrier ordering. The above strategy is hereafter referred to as 
the simple dynamic channel assignment (SDCA) strategy, because of the 
simplicity of the carrier selection criterion. 

Note that the SDCA scheme does not need an exchange of information 
within the interference neighborhoods. The busy/idle status of carriers can be 
determined by passive non-intrusive monitoring at each BS. 


10.2 A QUEUEING DCA STRATEGY 


Forced terminations of calls in progress are worse than blocking ofnew calls. 
Forced terminations or handoff blocking occurs when an active call crosses a 
cell boundary, and the target cell cannot accommodate the additional call. As 
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described in [170], [129], one way to establish handoff priority is to queue 
the handoff attempts. If the target cell is momentarily unable to accommodate 
the additional call, the MS maintains its link with the source cell and enters a 
queue in the target cell. A queue failure occurs when either the signal level 
drops below some threshold before the call can be serviced by the target cell, 
the time spent in the queue exceeds a time-out interval, or the queue overflows. 
A queue success occurs when a channel becomes available and the queue is 
non-empty. The newly available channel is then assigned to the call at the head 
of the queue, and a channel within the source cell is released. Here we combine 
handoff queueing with DCA. 

In a DCA strategy, there are two ways for a channel to become available in 
a cell. Either a call terminates (due to a handoff or completion) or a carrier is 
released somewhere in the interference neighborhood thus allowing the carrier 
to be acquired by the cell. When a cell releases a carrier, there may be multiple 
cells in its interference neighborhood that could acquire the released carrier 
to service their queued calls. However, the frequency reuse constraint will 
be violated if all these cells acquire the carrier. To determine which cells 
may acquire the carrier, we may assume that each cell has a subset of carriers 
designated as owned carriers. The owned carriers are a subset at the beginning 
of the carrier orderings. Owned carriers are distributed so that no two cells 
separated less than the frequency reuse distance share any owned carriers. 
The remaining carriers are designated as borrowed carriers. Considering the 
previous example in (13.17) where 9 carriers were distributed among three 
carrier orderings, the owned and borrowed carrier orderings are 


Owned Borrowed 
A: {1,4,7} {8,9,5,6, 2, 3} 
B: {2,5,8} {9,7,6,4,3, 1} (13.18) 
C: {3,6,9} {7,8,4,5,1,2} 


Cells tend to use their owned carriers before borrowing carriers from other 
cells. When a cell releases a borrowed carrier, the cells in the interference 
neighborhood that own the released carrier are given the first opportunity to 
service their handoff queues. If any of these cells have queued calls, then they 
can acquire the carrier without violating the frequency reuse constraint. If none 
of the owner cells in the interference neighborhood acquire the released carrier, 
then some of the remaining cells in the interference neighborhood may acquire 
the carrier to service their handoff queues. 

A strategy combines DCA and handoff queueing is described below along 
with the flow charts in Figs. 13.9, 13.10 , 13.11, and 13.12. 


ACQUIRE CARRIER Policy (queueing case). Referring to Fig. 13.9, the 
following policy is executed upon a new call arrival or handoff attempt: 
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1. Ifthe handoff queue is not empty, then either queue the handoff call or drop 
the new call; otherwise 


(a) Ifthere is at least one idle channel, then assign an idle channel to the call; 
otherwise try to acquire a according to the carrier acquisition criterion. 


i. If the carrier acquisition is successful, then assign one channel of 
the newly acquired carrier to the call; otherwise either queue the 
handoff call or drop the new call. 


RELEASE CARRIER Policy (queueing case). Referring to Fig. 13.10, the 
following policy is executed upon a call completion, a handoff, or a failure 
from the handoff queue of an adjacent cell: 


1. If the handoff queue is not empty then assign the newly available channel 
to the call at the head of the handoff queue. The channel currently serving 
the call is released according to the RELEASE CARRIER policy. 


2. If the channel release will yield an idle carrier, then a carrier is selected 
for release according to the carrier release criterion. The call that occupies 
the carrier selected for release is reassigned to the newly idle channel, the 
selected carrier is released, and the SERVICE INTERFERENCE CELLS 
policy is executed. 


SERVICE INTERFERENCE CELLS Policy. Referring to Fig. 13.11, the 
following policy is executed whenever a carrier is released: 


1. If a borrowed carrier is released then any owner cell in the interference 
neighborhood that has a non-empty handoff queue and can acquire the 
released carrier without violating the reuse constraint, will acquire the car- 
rier and service its handoff queue according to the SERVICE HANDOFF 
QUEUE policy. 


2. After the owner cells are given the opportunity to service their queues, the 
remaining cells in the interference neighborhood are given the opportunity 
to service their handoff queues by using the SERVICE HANDOFF QUEUE 
policy. 


SERVICE HANDOFF QUEUE Policy. Referring to Fig. 13.12, whenever 
a carrier is acquired in a cell having a non-empty handoff queue, the following 
policy is executed: 


1. An empty slot is assigned to the call at the head of the handoff queue, and 
the channel currently serving the call is released by using the RELEASE 
CARRIER policy. 
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Figure 13.11. |. SERVICE INTERFERENCE CELLS Policy. 


(a) Step 1. is executed until either all of the available slots are filled or the 
handoff queue is empty. 


103 AN AGGRESSIVE DCA STRATEGY 


DCA strategies increase trunking efficiency by assigning channels to cells 
as they are needed. Care must be taken to avoid a poor allocation of channels; 
otherwise capacity will suffer. With SDCA, the carriers are acquired and 
released according to a carrier acquisition and release criteria that attempts to 
maximize capacity by favoring tightly packed arrangements of co-carrier cells. 
This strategy is similar to the 2-D RING strategy in [173] and suffers from the 
same problem; when a carrier is selected for acquisition, multiple carriers must 
be available for the carrier acquisition criteria to yield any advantage. The more 
carriers available for each selection process the better. At high traffic loads, 
very few carriers may be available for acquisition. In fact there may be only 
one or none, in which case there is no choice. Under such conditions, carriers 
tend to be assigned where they can be, rather than where they should be, and 
capacity suffers [105]. Under such conditions DCA strategies usually perform 
worse than FCA. 

As discussed in Section 3.4 the performance at high traffic loads can be 
improved by using an aggressive policy where, under certain conditions, a cell 
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Figure 13.12. | SERVICE HANDOFF QUEUE Policy. 


that cannot acquire a carrier may force a surrounding cell to give up a carrier 
so that it may service one or more calls. Thus, a cell can actually take a carrier 
from its neighbors if none are otherwise available, according to the following 
TAKE CARRIER policy. 


TAKE CARRIER Policy. Referring to Fig. 13.13, the following policy is 
executed when a call is in jeopardy due to a handoff failure (in the no queueing 
case), a queue failure, or the execution of the TAKE CARRIER policy in 
another cell: 


1. The entire set of carriers is examined. If all carriers are being used, then the 
TAKE CARRIER policy fails; otherwise, all unused carriers are examined, 
and the number of calls within the interference neighborhood that will be 
placed in jeopardy by taking each carrier is calculated. Note that the number 
of jeopardized calls must be determined at each cell in the interference 
neighborhood. The carrier that will place the fewest number of calls in 
jeopardy is selected. In event of a tie, the carrier appearing earliest in the 
carrier ordering is selected. Let C’; be the number of calls that will be placed 
in jeopardy by taking the selected carrier. 


2. The number of calls that will be serviced by taking the selected carrier, C, 
is calculated. For a handoff attempt and no queueing, C’, = 1; for a queue 
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failure, C’, is the minimum of the number of queued calls Cj and the number 
of slots per carrier N,; for a carrier that is lost to another cell executing the 
TAKE CARRIER policy, C, ranges from 1 to .Ns. 


3. Ifthe selected carrier is owned and C; > C; or if the selected carrier is not 
owned and C; > C, then the TAKE CARRIER policy fails; otherwise all 
cells in the interference neighborhood that are currently using the selected 
carrier are told to release it.” 


4. Each cell in the interference neighborhood releases the selected channel. 


5. The selected channel is taken. For a handoff attempt (no queueing), the 
handoff is completed. For a queue failure, the SERVICE HANDOFF 
QUEUE policy is executed. For a carrier that is lost to another cell executing 
the TAKE CARRIER policy, the slots of the taken carrier are assigned to 
the calls in jeopardy. 


6. Each cell that was forced to release the selected carrier executes the SER- 
VICE INTERFERENCE CELLS policy. 


7. Each cell that was forced to release the selected channel and still has calls 
in jeopardy after the cell taking the carrier services its queue, executes the 
ACQUIRE CHANNEL policy. 


(a) If the carrier acquisition is successful, then the cell executes the SER- 
VICE HANDOFF QUEUE policy; otherwise it executes the TAKE 
CARRIER policy. 


(b) If acell from which a carrier was taken cannot obtain a new carrier, it 
must drop some of its calls. Queued calls are dropped first because they 
are in greater danger of being dropped than active calls. If more calls 
must be dropped after dropping the queued calls, then active calls are 
dropped until there are no excess calls. 


Note that the TAKE CARRIER policy is only executed if the SCDA carrier 
acquisition criteria fails to acquire a carrier. Unlike SCDA, the TAKE CAR- 
RIER policy acquires carriers that place the fewest number of calls in jeopardy. 
From a practical standpoint it is important to note that the aggressive SCDA 
strategy requires communication among BSs in the interference neighborhood 
to execute the TAKE CARRIER policy. 


"When there is no queueing C’, = 1 and, therefore, only an owned carrier can be taken that will not place 
more than one call in jeopardy. 
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Figure 13.13. TAKE CARRIER Policy. 


10.4 SIMULATION MODEL, RESULTS, AND 
DISCUSSION 


Consider a microcellular environment consisting of a rectangular grid of 
intersecting streets, as shown in Fig. 13.14. It is assumed that MS traffic 
flowing off an edge of the grid wraps around to the opposite edge. However, 
the interference neighborhoods of each cell do not wrap around. If two cells 
are on opposite edges of the grid, such that MSs leaving one cell enter the 
other, they may simultaneously use the same carrier since they are not spatially 
adjacent. 

Line-of-sight co-channel cells must be separated by at least 3 cells. There 
are no reuse constraints on non line-of-sight co-channel cells, due to the corner 
effect. The frequency reuse factor is 4, meaning that the set of carriers must be 
divided into 4 subsets for FCA, and for SDCA there must be 4 different carrier 
orderings. The interference neighborhood and cell reuse pattern is shown in 
Fig. 13.15. 

To account for the uneven distribution of teletraffic in the microcellular 
environment the identical active-dormant Markov model from [244] is used, 
but modified to account for handoff queueing. The model is Markovian so that 
all events occur with exponentially distributed interarrival times. However, the 


Base Station 


Cell Boundary oe 


Figure 13.14. 
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Cells and BSs in an urban microcellular environment. 


Figure 13.15. 
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Interference neighborhood and cell reuse pattern. 


parameters of the distributions change with time to reflect the time-varying 
nature of the model. The state of cell i at any time can be described by the 


following parameters 


New Call Arrivals:. 


New call arrival rate: ri 
Number of active calls: Nactive,i 
Number of queued calls:  Ngueued,i 


Call arrivals in cell i are Poisson with rate »;. This 


parameter is binary valued, where \ € {A4cr, Apor}. These two new call 
arrival rates correspond to two different cell modes, active and dormant. The 
arrivals of new calls in different cells are assumed to be independent, so the 
global call arrival rate is 


ee (13.19) 
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Call Completions:. The duration of each call is exponentially distributed 
with mean yp. In cell i there are Nactive,; active calls and Ngueued iqueued calls, 
any of which could be completed at any time. These calls are assumed to be 
independent, so the call completion rate in cell i is 


Nactive,i a Naueued,i 
Bb 


The completion of calls in different cells are assumed to be independent. There- 
fore, the global call completion rate is: 


tTeo= > Tei - (13.21) 


Toi = (13.20) 


’ 


Handoff Attempts. A handoff is attempted whenever an active call crosses 
a cell boundary and needs to be serviced by the target cell. To determine the 
handoff rate, it is assumed that each call is handed off an average of h times 
over its duration. Since the traffic flows wrap around the grid edges, the handoff 
calls are uniformly distributed to one of the four neighboring cells. Queued 
calls can be safely assumed to never cross a cell boundary, because the time 
required to traverse a cell will be much longer than the maximum time allowed 
in the handoff queue. Therefore, queued calls do not contribute to the handoff 
rate. The handoff rate in cell i is 

nig PNactived (13.22) 

” 

Call handoffs in different cells are assumed to be independent, so the global 
handoff attempt rate is 


rT, = > hs ' (13.23) 


Mode Transitions. Each cell remains in its current mode for duration D, 
where D is exponentially distributed with mean 1 /D. If the cell is in active 
mode, then D = Dac, and if the cell is in dormant mode, then D = Dpor. 
If there are Nacr active cells and Npordormant cells, then the global active- 
to-dormant and dormant-to-active transition rates are, respectively, 


N 
TACT+DOR = Dw (13.24) 
T 
N 
TDOR+ACT = Doon (13.25) 


The probability of a cell being in the active mode is 


D 
Pacr = =—“4—_... (13.26) 


Dacr + Dpor 
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As the simulation progresses, five types of events are generated: new call 
arrivals, call completions, handoff attempts, active-to-dormant mode transi- 
tions, and dormant-to-active mode transitions. All events occur independently. 
Therefore, five random times are generated and the next event corresponds to 
the one with the minimum time. Once an event is selected, the event must be 
randomly assigned to a cell. The probability of cell i being selected for each 
type of event is 


New call arrival: Ai/A 
Call completion: Peslhs 
Handoff Attempt: TrhilTh 
ACT — DOR transition: \/Nacr ; 7 cell : “a ave 
0 , if cell ¢ is dormant 
DOR —> ACT transition: \/Npor ; a sa comment 
0 , if cell 2 is active 


The active to dormant traffic ratio Racr;por = AacT/Avor specifies the 
ratio of the new call arrival rates in the active and dormant cells. To complete 
the model, we specify the offered traffic per cell, o. Then the active and dormant 
call arrival rates are: 


pRact/DOR 
r a ca (13.27) 
sacl B(1 + Pacr(Racr/por — 1)) 
a (13.28) 


Bl + Pacr(Ract/por — 1)) 


where Pacr is as defined in (13.26). The parameters used in the simulations 
are as follows 


Number of cells: 144 (12 x 12 square) 


Total number of carriers: 40 

Number of slots per carrier: 3 

Number of channels per cell (FCA): 30 
Number of owned carriers per cell (DCA): 10 
Average call duration: 120s 

Average number of handoffs per call: 3 
Average duration of the ACTIVE mode: 60s 
Average duration of the DORMANT mode: 600s 

ACTIVE to DORMANT traffic ratio: 5 

Offered traffic: 0-50 Erlangs 


Queue size: 10 
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Figure 13.16. Probability of new call blocking versus offered traffic without queueing (solid) 
and 5-second handoff queue (dashed). Legend: A = FCA, B = SDCA, C = Aggressive SDCA, 
from [356]. 


Figs. 13.16 through 13.17 compare the probability of new call blocking and the 
probability of forced termination for the FCA, SDCA, and aggressive SDCA 
strategies. Results are shown without handoff queueing and with a 5-second 
handoff queue. Observe from Fig. 13.16 that a substantial reduction in the 
probability of new call blocking is achieved by using SDCA as compared 
to FCA. Handoff queueing causes a sight increase in the probability of new 
call blocking because handoff calls are given priority over new calls when a 
channel has been released and is available for acquisition. Aggressive SDCA 
also causes a very slight increase in the probability of new call blocking over 
non-aggressive SDCA. Fig. 13.17 shows that both handoff queueing and SDCA 
significantly lower the probability of forced termination. Aggressive SDCA 
tends to be more effective than the non-aggressive SCDA when these schemes 
are combined with handoff queueing. 


Carrier Acquisitions. It is useful to determine the increase in the rate of 
carrier acquisitions that results from using aggressive SDCA. Fig. 13.18 plots 
the cell carrier acquisition rate for aggressive and non-aggressive SDCA. Notice 
that the carrier acquisition rates at lower traffic loadings are almost the same. 
At higher traffic loadings hand-off queueing has the largest effect on the carrier 
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Figure 13.17. Probability of forced termination versus offered traffic without queueing (solid) 
and a 5-second handoff queue (dashed). Legend: A = FCA, B = SDCA, C = Aggressive 
SDCA, from [356]. 


acquisition rate. However, aggressive SDCA causes only a very slight increase 
in the carrier acquisition rate over non-aggressive SDCA. 

The results presented here have been obtained under the assumption that 
the interference (and DRA) neighborhoods are symmetrical (cell A interferes 
biconditionally with cell B) and the average traffic loading is identical for 
all cells. This is not true of a practical system and, therefore, preassigned 
carrier orderings should not be used. In an actual microcellular system an 
adaptive, self-organizing algorithm for ordering of carriers and the selection 
of owned carriers is preferable. Also, an adaptive aggressive strategy may be 
employed that uses current performance (e.g., the current new call blocking 
and forced termination probabilities) and perhaps forward-looking strategies 
[105] to make a more informed decision when to take a carrier. It is expected 
that some performance deterioration will result over the ideal symmetrized case 
presented here, because of the aforementioned network asymmetries and the 
finite convergence rate of the adaptive algorithms. 

Finally, the channel assignment strategies as described do not take into 
consideration the arrangement of calls on the carriers. In reality, the C/I is 
not the same for each channel. A more effective strategy also arranges the 
calls in order to combat the unpredictable signal and interference variations 
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Figure 13.18. Carrier acquisitions per second (per cell) versus offered traffic without queueing 
(solid) and a 5-second handoff queue (dashed). Legend: A = SDCA, B = Aggressive SDCA, 
from (356). 


present in microcells. Finally, the use of hand-off queueing will exaggerate the 
cell boundaries thereby causing increased co-channel interference. Unlike the 
purely statistical model that is used here, the study of these issues will require 
explicit models for the mobility of MSs and the radio propagation environment. 


11. CONCLUDING REMARKS 


Although it is very difficult to arrive at a consensus as to what the best 
channel assignment algorithm is, an effective DCA algorithm should possess 
distributed control mechanisms, handoff prioritization, high channel utilization, 
and stability. Unfortunately, there is no single DCA algorithm that combines 
all these features and the best solution is sure to depend on the service area 
characteristics. For example, cordless phones require a fully decentralized 
algorithm while urban microcells should allow some limited communication 
among BSs. Although some very interesting DCA schemes have been proposed 
in the literature, not all the issues have been sufficiently addressed to make them 
practical. Many of the current systems either require too much computation and 
communication among BSs, yield low channel utilization, or exhibit instability. 
As aresult, DCA will be an active area of research for some time. 
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In general, the analytical treatment of DCA algorithms is quite difficult and 
few results have appeared in the literature. Most of DCA algorithms are derived 
on an ad hoc basis and evaluated by computer simulation. The development 
of new analytical tools is important for systematic development and will yield 
valuable insight into the performance of new DCA algorithms. 

Much of the existing literature has separated the handoff problem from the 
channel assignment problem. However, these two problems linked and it is 
desirable that they receive unified treatment. For example, one performance 
measure for a handoff algorithm is the mean number of handoffs against the 
handoff delay. However, such an analysis usually proceeds under the assump- 
tion that a channel will always be available for a handoff. Clearly, this is not the 
case in practice. Most channel assignment schemes are designed for a single 
application, i.e., voice services. However, future systems will have to support 
a variety of multimedia applications that have different GOS requirements and 
require different types and amounts of network resources including channel 
resources, delay, etc. The channel assignment problem for multimedia services 
is an open area for research. 


Problems 

11.1. Suppose that the maximum packing (MP) policy is used with the system 
shown in Fig. 13.2. Suppose that 10 channels are available for use within 
each of the three reuse clusters CL,,2 = 1, 2, 3. 
a) Compute the number of admissible states |S]. 
b) By using the approximation in (13.6) compute the approximate blocking 
probabilities for each cell assuming a traffic load of p = 2 Erlangs in each 
cell. 


c) Compare the blocking probabilities in part b) with FCA for the same 
traffic load. 


11.2. Show that the maximum and minimum saturation densities for a linear 
array of cells is Cmax = (R +1) and Cmin = (2R+1)7}. 


11.3. Show that the maximum and minimum saturation densities for a planar 
array of cells are 


Cain = : 
ma” 1+ 3R(R + 1) 
4 
C _ 3(R+1)2 ’ Reven 
ca 4 Rodd 
14+3(R4+1)2 ’ 


11.4. Consider a linear array of cells with R = 1 and a total of Nr = 24 
channels. Plot the blocking probability, P,, against the offered traffic per 
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cell, p, with FCA, timid DCA, and aggressive DCA. What conclusions can 
you make? 


11.5. Derive equation (13.12). 


Appendix A 
Probability and Random Processes 


The theory of probability and random processes is essential in the design and 
performance analysis of communication systems. This Appendix presents a 
brief review of the basic concepts of probability theory and random processes. 
It is intended that most readers have already had some exposure to probability 
and random processes, so that this Appendix is intended to provide a brief 
overview. A very thorough treatment of this subject is available in a large 
number of textbooks, including [256], [196]. 


1. CONDITIONAL PROBABILITY AND BAYES’ 
THEOREM 


Let A and B be two events in a sample space S. The conditional probability 
of A given B is 
_ P(AN B) 


provided that P(B) 4 0. If P(B) = 0, then P(A|B) is undefined. 
There are several special cases. 


(A.1) 


=" IfA()B = 9, then events A and B are mutually exclusive, i.e., if B occurs 
then A could not have occurred and P(A|B) = 0. 


«s IfB C A, then knowledge that event B has occurred implies that event A 
has occurred and so P(A|B) = 1. 


= If A and B are statistically independent, then P(A().B) = P(A)P(B) 
and so P(A|B) = P(A). 


There is a strong connection between mutually exclusive and independent 
events. It may seem that mutually exclusive events are independent, but just 
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the exact opposite is true. Consider two events A and B with P(A) > 0 
and P(B) > 0. If A and B are mutually exclusive, then A()B = Oand 
P(A(\B) = 0 # P(A)P(B). Therefore, mutually exclusive events with 
non-zero probability cannot be independent. Thus disjointness of events is a 
property of the events themselves, while independence is a property of their 


probabilities. 

In general, the events A;,i = 1,...,, are independent if and only if 
for all collections of k distinct integers (41,72,...,%) chosen from the set 
(1,2,... ,”), we have 

P (Ai, (Ain > Aig) = P(t, )P (Ain) +» P(A) 
forr2<k<n. 

In summary 
= IfA;,i =1,...,n is a sequence of mutually exclusive events, then 

n n 
P (U) = 5 P(A;) . (A.2) 
i=1 i=1 
a IfA;,2 =1,...,n 1s a sequence of independent events, then 
nm n 
P (a) = ][P(Ai) . (A.3) 
i=l i=l 


Total Probability. The collection ofsets {Bj}, i = 1,..., forms a partition 
of the sample space S if B;(\B; = 9, 1 # j and Uj_; Bi = S. For any event 
AC S we can write 

n 

A=U(Af) Bi) (A4) 

t=1 
That is, every element of A is contained in one and only one B,. Since 
(AQ Bi) MAN B;) = 0, i # J, the sets Af) B; are mutually exclusive. 
Therefore, 


P(A) 


>> P(A{} Bi) 
7=1 


S> P(A|Bi)P(Bi) (A.5) 


i=1 


This last equation is often referred to as total probability. 
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Bayes’ Theorem. Let theevents B;, i = 1,...,be mutually exclusive such 
that U%_, By = S, where S is the sample space. Let A be an event with nonzero 
probability. Then as a result of conditional probability and total probability: 


P(B; A) 
P(A) 
P(A|B;)P(B;) 
2, P(A|B,)P(Bi) 


P(Bi|A) = 


a result known as Bayes’ theorem. 


2. MEANS, MOMENTS, AND MOMENT 
GENERATING FUNCTIONS 


The kth moment of a random variable, E/X , is defined as 


rs Rene t*px(z;) if X is discrete 
E[X*] = (A.6) 


Sry, t*px(x)dz if X is continuous 


where px (2;) . P(X = 2;) is the probability distribution function of X, 
and px(z) S P(X = 2) is the probability density function (pdf) of X. 
The kth central moment of the random variable X is E[(X — E[X])*]. The 
variance is the second central moment. 


The moment generating function or characteristic function of a random 
variable X is 


r . Dene el’%iny(x;) if X is discrete 
x (ju) £ Ble”*) = | 
Spy &°* px (x) dx if X is continuous 
(A.7) 
where j = /—1. Note that the continuous version is a Fourier transform, except 
for the sign in the exponent. Likewise, the discrete version is a z-transform, 
except for the sign in the exponent. 
The probability distribution and probability density functions of discrete 
and continuous random variables, respectively, can be obtained by taking the 
inverse transforms of the characteristic functions, ie., 


1 00 : 
px(z) = om he wx (juje 7°" du (A.8) 


1 
px (ae) = = t Wx (jue dy (A.9) 
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The cumulative distribution function (cdf) of a random variable X is 
defined as 


A Lue<e PX (x;) if X is discrete 
Fy(z) =P(X <a) = . (A.10) 
Jo Px(z)dx — if X is continuous 


The complementary distribution function (cdfc) is defined as 
re 
FS (2) =1—-F x(a) . (A.11) 


3. SOME USEFUL PROBABILITY DISTRIBUTIONS 
3.1 DISCRETE DISTRIBUTIONS 


Binomial Distribution. Let X be a Bernoulli random variable such that 
X = 0 with probability 1 — pandX = 1 with probability p. Although X is 
a discrete random random variable with an associated probability distribution 
function, it is possible to treat X as a continuous random variable with a pdf 
by using dirac delta functions. In this case, the pdf of X has the form 


px (x) = (1 — p)6(x) + pd(x — 1) . (A.12) 
Let Y = 2, Xj, where the. X; are independent and identically distributed 


with density px(z). Then the random variable Y is an integer from the set 
{0,1,...,} and the probability distribution of Y is 


py(k) = P(Y =k) = (jor —p)**, k=0,1,...,0.  (A.13) 


The random variable Y also has the pdf 


n ‘a 7 
py(y) =>) (?)ora —p)"*5(y—k) . (A.14) 
k=0 
Poisson Distribution. The random variable X has a Poisson distribution if 
\Me-A 
px(k) = ——, k=0,1,..., 00 (A.15) 


Geometric Distribution. The random variable X has a geometric distribu- 
tion if 


px(k) = (1—p)*"'p, k=1,2,...,00. (A.16) 
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3.2 CONTINUOUS DISTRIBUTIONS 

Many communication systems are affected by additive Gaussian noise. 
Therefore, the Gaussian distribution and various functions of Gaussian distribu- 
tions play a central role in the characterization and analysis of communication 
systems. 


Gaussian Distribution. A Gaussian random variable has the pdf 


1 _ (2-)* 
px(x) = eet (A.17) 
210 


where ps = EX] is the mean and o? = E[(X —j1)*] is the variance. Sometimes 
we use the shorthand notation X ~ N(y,o7) meaning that X is a Gaussian 
random variable with mean pand variance o?. The random variable X is said 
to have a standard normal distribution if X ~ N(0,1). 

The cumulative distribution function (cdf) of X is 


x u—n)2 
Fx (x) = / ag et dy. (A.18) 
~o Vine 
The cdf of a standard normal distribution defines the Q function 
A bead 1 -y?/2 
= — d A.19 
Q(x) * [ ee May (A.19) 
and the cdfc defines the ® function 
&(z) £1~Q(z) . (A.20) 
If X is a non-standard normal random variable, X ~ N(p,07),then 
Fx(2) = @ (- = 4) (A.21) 
Pa =o (= - ) . (A.22) 


Quite often the cumulative distribution function of a Gaussian random vari- 
able is described in terms of the error function erf(x) and the complementary 
error function erfc(x), defined by 


co 
erfc(z) & = [ eV dy 21- erf(x) . (A.23) 
The complementary error function and Q function are related as follows 
2Q(v2(z)) (A.24) 
1 x 
<erfi (=) ‘ A.25 
Q(z) = 5exfe( (A.25) 


erfc(z) 
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Rayleigh Distribution. Let X; ~ N(0,07) and X2 ~ N(0, 07) be indepen- 
dent normal random variables. The random variable R = ,/X? + X@ is said 
to be Rayleigh distributed. To find the pdf and cdf of R first define 


xX 
V = Tan™! (2) 
Then 
X, = ReosV 
X2 = RsinV . 


By using a bivariate transformation of random variables 


prv(r,v) = px,x,(r cos v,rsinv) |J(r, v)| 


where 
r v cosu rsinv ; 
J(r,v) = 3 = r(cos? v + sin? v) =r 

Ox2 Ore sinv rcosv 

Or Ov 
Since 

1 : x24x2 
X1X_(21, 22) = € 2 
Pp 1 of 7 ) on 2 
we have 
ro 
pry (rv) = ye 2? (A.26) 


2no? 
It follows that the marginal pdf of R is 


2n 
pr(r) = [ prv(r,v)dv 
Tr r? 
= Sem r>0. (A.27) 
o 
The cdf is ; 
Fr(r)=1—e 3? r>0. (A.28) 


Rice Distribution. Let X; ~ N(1,07) and X2 ~ N(2, 07) be indepen- 
dent normal random variables with non-zero means. The random variable 
R= \/ X? + X? has a Rice distribution or is said to be Ricean distributed. To 


find the pdf and cdf of R again define V = Tan7!(X2/X,). Then by using a 
bivariate transformation J(r,v) = r and 


prav(r,v) =7-px,x,(rcosv,rsinv) . (A.29) 
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However, 
1 (x1 — pi)? + (22 — pe)? 
PX Xo(1,22) = Qra2 exp | GI fea tal 
ae oe _ st +234 py? + yu — 2(21p1 + cope) 
Onot 20? , 
Hence, 


Qno? 


r? + yu? + p32 — 2r(p cosy + 2 sin v) 
20? 


1 
Prv(T,v) = 5,2 ©XP {- 


Now define s & 4/ ue + 3 and t 7 Tan! yo/u1, 0 < t < 2m, so that 
[4) = scost and po = ssint. Then 


1 r? + s* — 2rs(costcosv + sint sinv) 
Prv(r,v) = i.) a aaa 
a r? + 5? — 2rscos(v — t) 
~ Onae XP 20? 
The marginal pdf of R is 
r a Lf 3 cos(v—t) 
Pri(r) = See. et 3 =| eo du . (A.30) 
a 2n Jo 


The zero order modified Bessel function of the first kind is defined as 


1 20 
h(e) = I en Fes Ogg (A31) 
2n Jo 
Therefore, 
rp _@+s?) ] rs 
Prir) = 52° 20 . 3,10 (5) ’ Tr > 0. (A.32) 


The cdf of R is 


Fr(r) 


{| 
ae 
3 
le 
= 
a 
3 


Il 
—" 
| 
& 
oommn. 
Q1e 
QI} 
Ne 


where Q(a, b) is called the Marcum Q-function. 
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Central Chi-Square Distribution. Let X ~ N(0,07) and Y = X?. Then 
it can be shown that 
px (Jy) + px(-V9) 

2/V 


1 = 
= "at y>Od. 
Tyo 


py(y) = 


The characteristic function of Y is 


py(jv) = i. _ py y)dy 


L 
i A.33 
V1 —j2u07 oe 
Now define the random variable: Y = )°%_, X?,where the X,are independent 
and X; ~ N(0,07). Then 
: 1 
by (jv) = (A.34) 


(1 — j2v02)r/2 * 


Taking the inverse transform gives 
L 7? Cs 
pry) = s- | dr ive dv 
T J—ow 


1 n/2—-1,- 
a or > . 
QoyTnjyje © ¥2° 


where ['(k) is the Gamma function and 
oo 
Tk) = / u®-le-“du = (k — 1)! 
0 


if k is a positive integer. Ifn is even (which is usually the case in practice) and 
we define m = n/2, then the pdf of Y defines the central chi-square distribution 


1 2 


py(y) = see y>0 (A.35) 
and the cdf of Y is 
m—1 k 
= 1 
Fy(y) =1-e 5 (4) y>0. (A.36) 
tap BE Ae 


The exponential distribution is a special case of the central chi-square 
distribution when m = 1. In this case 


d+ 2 
py(y) = 579e we 
Fy(y) = l-e me? . (A.37) 
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Non-Central Chi-Square Distribution. Let X ~ N(u,07) and Y = X?. 
Then 


Y — 
py (y) Dy 
1 (+n) i 
= o — > 
nae 2 cosh ( ai} y>O0 


The characteristic function of Y is 


co . 

driv) = [py (y)dy 
1 jeu 

Fae XP TW, 3h 

V1 — j2v02 1 ~j2v0 

Now define the random variable Y = "?_, X?, where the X; are independent 

normal random variables and X; ~ N(y;,07). Then 


. = 1 jv ial ye 
vy GY) = Fanon? exp { 1—j2vo2 f° 
Taking the inverse transform gives 
n-2 
1 fy\ 7 -@ip 8 
py (y) = Qo? (4) e€ 20? Tn yo-1 (vax) y20 
where 


n 
s= Mm 
i=1 


and Ij,() is the modified Bessel function of the first kind and order k, defined 
by 


20 
I;,(x) & al e789 cos(nd) dé . 


If n is even (which is usually the case in practice) and we define m = n/2, 
then the pdf of Y is 


1 “2 _ (s?+y) 
py(y) = Io? (5) e %? Ini (viz) , y2O (A.38) 
and the cdf of Y is Ji 
s 
Fy(y) =1-Qm (<, ve) (A.39) 


where Q,,(a, 5) is called the generalized Q-function. 
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Multivariate Gaussian Distribution. Let X; ~ N(;,07),i =1,...,n,be 
correlated Gaussian random variables covariances 

B [(Xi — i) (Xj — 45) 

E [X;Xj] — Mik; 1 < a5] < nm. 


UX:X; 


Let 
> are cre. Coe C9 al 


Bx = (Pi Hayy pin)” 
HX;X, * * *  * LX Xy 
A= | : : 
HX,X, °° ¢ * EXa Xn 


where X7 is the transpose of X. Then the joint pdf of X defines the multivariate 
Gaussian distribution 


1 
exp {-3 ~ px)? AT (x - ux)} (A.40) 


_ 1 
Px) = GayRPTALe 


where |A| is the determinant of A. 


4. UPPER BOUNDS ON THE CDFC 


Several different approaches can be used to upper bound the area under the 
tails of a probability density function including the Chebyshev and Chernoff 
bounds. 


Chebyshev Bound. The Chebyshev bound is derived as follows. Let X be 
a random variable with mean px, variance ot, and pdf p(x). Then the 
variance of X is 


ox = [© = nx?px(o)ae 


> / (e — ux)*px(a)dx 
|ja—px|>6 


> 6 / px (x)dzx 
|z—px|>6 


= &P(\X—px| >) . 
Hence, 
ox 
P(X —px| 24) SF - (A.Al) 
The Chebyshev bound is straightforward to apply but it tends to be quite loose. 
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Chernoff Bound. The Chernoff bound is more difficult to compute but is 
much tighter than the Chebyshev bound. To derive the Chernoff bound we use 
the following inequality 


u(t) <e*, WaandVA>0 


where u(x) is the unit step function. Then, 
P(x >0) = | px (x)dz 
0 


= [- ule)px(aaz 


—0o 
fo) 
< / e* ny (x)dx 
—oo 
= Efe]. 
The Chernoff bound parameter \ > 0 can be optimized to give the tightest 
upper bound. This can be accomplished by setting the derivative to zero 
d 


d AD) _ 


| = E[ze**] =0. 
Let A* = arg min)>0 Ee] be the solution to the above equation. Then 


P(X > 0) < Efe*"?] . (A.42) 


Example A.1 
Let X;, 1 = 1,...,n be independent and identically distributed random 
variables with density 


px (x) = pd(x —1)4+(1—p)d(z +1) . 


Let 


Then 


= 
nt 
V 
= 
] 


P ([n/2]or more of the X; are ones ) 


3 (7)ete —p)™* . 


k=[n/2] 


Forn = 10 and p= 0.1 
P(Y > 0) = 0.0016349 . (A.43) 
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Chebyshev Bound 
To compute the Chebyshev bound we first determine the mean and variance 
of Y. 


py = nE/[X)] 
= n[p—1+p] 
n(2p—1). 
ae 


= n(E[X}] - F(X) 

= n(1-(2p-1)) 

= n (1 — 4p? + 4p — 1) 

= Anp(l—p). 
Hence, a ot - inp —p) 
~ Hy 2 by) S Ty = 135 1 ; 
Then by symmetry 


P(¥>0) = 5P(IY-uyl2 ny) 


2p(1 — p) 
n(2p — 1)? © 


AN 


For n = 10 and p = 0.1 
P(Y > 0) < 0.028125 . (A.44) 


Chernoff Bound 
The Chernoff bound is given by 


P(Y > 0) 


IA 


Ee] 
= (Ele™])" 


However, 
Ele**) = pe’ —(1—p)e™ . 


To find the optimal Chernoff bound parameter we solve 


d AL Xr —r 
—fE = Te =0 
X le l = pe ( p)e 
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a(R 


(Ble*])" 
[4p(1 —p)|”? 


giving 


Hence, 


P(Y > 0) 


{A 


Forn = 10 andp = 0.1 
P(Y >0) < 0.0060466 . 


Notice that the Chernoff bound is much tighter that the Chebyshev bound in 
this case. 


5. | RANDOM PROCESSES 


A random process, or stochastic process, X(t), is an ensemble of sample 
functions {X;(t), Xo(t),...,X¢(t)} together with a probability rule which 
assigns a probability to any event associated with the observation of these 
functions. Consider the set of sample functions shown in Fig. A. 1. The sample 
function x; corresponds to the sample point s; in the sample space and, occurs 
with probability P(s;). The number of sample functions, €, in the ensemble 
may be finite or infinite. The function X;(t)is deterministic once the index 7 
is known. Sample functions may be defined at discrete or continuous instants 
in time, and their values (parameters) at these time instants may be discrete or 
continuous in time also. 

Suppose that we observe all the sample functions at some time instant fj. 
and their values form the set of numbers {X;(t1)},¢ = 1,2,...,€. Since 
X;(t1) occurs with probability P(s;), the collection of numbers {X;(t1)},7 = 
1,2,...,€ forms a random variable, denoted by X(t,). By observing the set 
of waveforms at another time instant t2 we obtain a different random variable 
X(t). A collection of n such random variables, X(t,), X(t2),..., X(tn), 
has the joint cdf 


Fx (t1),..4 X(ta) (21) sey Ln) = P(X (t1) <7%1,.-. ,X(tn) < tn) 
A more compact notation can be obtained by defining the vectors 


=. hp, Boys 4 Wn) 


X(t) (X(t), X(t2),-.-,X(tn)) - 
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X(t) 


sample 
space § 
x,(t) 
et f = t 
X(t) 


Figure A.J. | Ensemble of sample functions for a random process. 


Then the joint cdf and joint pdf are, respectively, 

P(X(t) < x) (A.45) 
0” Fx (iy (x) 

021029°*:OLn ~ 


I! 


Fx) (x) 


Px(t)(X) (A.46) 


A random process is strictly stationary if and only if the joint density 
function px()(x) is invariant under shifts of the time origin. In this case, the 
equality 

Px(t)(*) = Px(ter) (x) (A.47) 
holds for all sets of time instants {t;,t2,...,tn} and all time shifts r. Many 
important random processes that are encountered in practice are strictly sta- 
tionary. 


5.1 MOMENTS AND CORRELATION FUNCTIONS 


To describe the moments and correlation functions of a random process, it 
is useful to define the following two operators 


E[ -] 
eS 


ensemble average 


Ie > 


time average . 
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The ensemble average of a random process at time f is 
CO 
px(t) SEIX(O) = f apxy(z)de (A.48) 
—oO 
The time average of a random process is 


2XxG\s= tn =f, X (tat (A.49) 


T00 2T 


In general, the time average < X(t) > is also a random variable, because it 
depends on the particular sample function that is selected for time averaging. 
The autocorrelation of a random process X(t) is defined as 


bx x (ti, te) = E[X(t1)X(ta)] . (A.50) 
The autocovariance of a random process X(t) is defined as 


Mxx(ti,t2) = E[(X(t1) — ux (ti)) (X (te) — wx (te))] 
a a ane aie (A.51) 


A random process is strictly stationary only if 


E[X"(t)] = E[X"] Vt,n . 


Hence, for a strictly stationary random process 


Lx (t) Lt 

ox(t) = ox 
bxx(ti,te) = xx(t — te) = oxx(7) 
Bxx(ti,te) = pxx(ti — te) = uxx(7) 


where T = t; — fo. 
If a random process satisfies the following conditions 


ux(t) = px 
Hxx(ti,t2) = puxx(T) 


then it is said to be wide sense stationary. Note that a strictly stationary 
random process is always wide sense stationary, but the converse may not be 
true. However, a Gaussian random process is strictly stationary if it is wide 
sense stationary. The reason is that a joint Gaussian density of the vector 
X(t) = (X(t1), X(te),..., X(tn)) is completely described by the means and 
covariances of the X (t;). 
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Properties of dx (7). The autocorrelation function, dx x (7), ofa stationary 
random process satisfies the following properties. 


l. $xx(0) = ELX?(2)] 
2. dxx(T) = dxx(-7) 
3. |dxx(r)| < oxx(0) 
4. dxx (00) = E*[X(t)] =n 


5. If X(t) = X(t+7), then dxx (7) = dxx(7 +T), ie., if X(A is periodic, 
then ¢x x (T) is periodic. 


A random process is ergodic if for all g(X) and X 


E(g(X)] 


[i 9%) Pan ax 


i 
jim spf olX(olet 
<g(X(t)] >. (A.52) 


For a random process to be ergodic, it must be strictly stationary. However, 
not all strictly stationary random processes are ergodic. A random process is 
ergodic in the mean if 


P(< X(t) >= ux) =1 
and ergodic in the autocorrelation if 
P(< X(t+7)X(t) >= dxx(7T)) = 1. 


Example A.2 
Consider the random process 


X(t) = Acos(27f,t + O) 
where A and f, are constants, and 


= 1/(2m), O<SO<2n 
Pal?)'= { 0, elsewhere 
The mean of X(t) is 


px (t) = Ee[Acos(27f.t + 6)] =0 = px 
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and autocorrelation of X (ft) is 


xx (ti, ta) 


Eo[X (ti) X (t2)] 
= Eo (A? cos(2r ft; + 8) cos(2mfetz + 8)| 


Il 


A2 
= “7 Eolcos(2m fet + In fete + 20)] 


A? 
+= Eo[cos(2m felts — ta)] 
2 
= & cos ar fe(ty ~ ta) 


A2 
= “g cos 2a fer, T=ti—-to. 


It is clear that this random process is wide sense stationary. 
The time-average mean of X(t) is 


T 
< X(t) >= Jim = =f Acos(2n fet + 0)dt = 0 
T 


T00 OT 


and the time average autocorrelation of X (ft) is 


<X(t+7)X(t) > 


= lim 


= lim 


T+ 00 


A2 
aes cos(2rf.T) . 


1 T 
oT / A? cos(2r fot + Infor + 6) cos(Qr fet + O)dt 
_-T 


2 7 
Se / A? [cos(21 fer) cos(4nfct + 2m for + 0)] dt 
=F 
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By comparing the ensemble and time average mean and autocorrelation, we 
can conclude this random process is ergodic in the mean and ergodic in the 
autocorrelation. 


Example A.3 


In this example we show that |@xx(7)| < $xx(0). This inequality can be 
established through the following steps. 


0 


< 


B((X(t + 7) + X(é))?] 
E(X?(t) + X2(t+7) + X(t+7)X(t)] 
nae +E[X?(¢+7)) + B[X(t 4+ 7)X(t)] 
2E[X?(t)] + E[X(¢ + 7) X(t)] 
2¢xx (0) + 2¢xx(T) . 
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Therefore, 


t¢xx(7T) < xx(0) 
ldxx(7)| < xx(0) . 


Example A.4 


Consider the random process 
Y(t) = Xcost, X ~N(0,1) . 


In this example we will find the probability density function of Y(0), the joint 
probability density function of Y (0) and Y(7),and determine whether or not 
Y(f) is stationary. 


1. To find the probability density function of Y(0), note that 
Y(0)=XcosO0=X . 


Therefore, 


2. To find the joint density of Y(0) and Y(z),note that 
Y(0)= xX =-Y(x). 


Therefore 
Py (0) y(n) (YolYr) = 5(yo + Yar) 


and 


Py (0)Y(n)(Yo:¥r) = Py(oy\y(ny(Yol¥n)PY (my (Ya) 


1 y2 
= e ? d(yo + Yn) . 


V2r 
3. To determine whether or not Y(f) is stationary, note that 
E[Y(t)] = E[X]cost =0 
E(Y?(t)} = E[X?]cos?¢ . 


Since the second moment varies with time, this random process is not 
stationary. 
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5.2 CROSSCORRELATION AND 
CROSSCOVARIANCE 


Consider two random processes X(t) and Y(t). The crosscorrelation of 
X(t)and Y(f)is 


oxy (ti,t2) = E[X(t1)¥(t2)] (A.53) 
by x (t1, ta) _ E[Y (1) X (t2)] (A.54) 

The correlation matrix of X(t) and Y(f) is 
diet Oxx(tit2) dxy (ti, te) (A.55) 


dyx(ti,te) d¢yy(ti, te) 


The crosscovariance of X (ft) and Y(f) is 


E [(X(t1) ~ ux (t1)) (X (te) — wx (t2))] 
bxy (ti, t2) — wx (ti)ux (te) - (A.56) 


The covariance matrix of X(f) and Y(t) is 


bxy (t1, te) 


uxx(ti,te) pxy(tiste) | (A.57) 


ti, te) = 
(ty, ta) uyx(t1,t2) pyy(t1, ta) 


If X(t) and Y(t) are each wide sense stationary and jointly wide sense station- 
ary, then 


$(ti, t2) = P(t — te) = P(r) (A.58) 
u(t, t2) = w(t — te) = p(T) (A.59) 


where T = t; — fo. 


Properties of ¢xy(7T). The crosscorrelation function ¢xy(r) has the fol- 
lowing properties. 


1. dxy(T) = dyx(-7) 
2. |dxy(7)| < 5[6xx (0) + dry (0)| 
3. |dxy(7)|? < dxx(0)dyy (0) if X(t) and Y(t) have zero mean. 


Classifications of Random Processes. Two random processes X (ft) and Y (f) 
are said to be 


# uncorrelated if and only if wxy(7) = 0. 
® orthogonal if and only if dxy(T) = 0. 
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= statistically independent if and only if 

Px(tyY(t+7)(%Y) = Px(e)(*)Py(ter)(y) - 
Furthermore, if px = 0 or py = 0, then 


uncorrelated ¢— orthogonal 


statistically independent —+ uncorrelated . 


Example A.5. 
Find the autocorrelation function of the random process 


Z(t) = X(t) + Y(t) 


where X(t) and Y(t) are wide sense stationary random processes. 
The autocorrelation function is 


oxx(T) = EB[Z(t+7)Z(d)] 
= E[(xX(t+7)+Y(t+7)) (X(t) + Y(t))] 
= xx(T) + dyx(T) + oxy(T) + ¢yvy(7) - 


If X(t) and Y(t) are uncorrelated, then 


byx(T) = dxy(T) = uxuy 


and 
daz(T) = xx(t) + dyy(T) + 2uxpy - 
If X(¢) and Y(t) are uncorrelated and zero-mean, then 


bz2(T) =¢xx(T)+ dyy(r) . 


Example A.6 
Can the following be a correlation matrix for two jointly wide sense station- 
ary zero-mean random processes? 


_ [ ¢xx(t) pxy(T) | _ A? cos T 2A? cos(37/2) 
oe | pyx(r) yy (7) | 7 | 2A? cos(3r/2) A? sin 2r 


Note that the following two conditions are violated. 
1. |éxy(7)| < $[¢xx (0) + dyy (0)] 
2. ldxy(rT)|? < dxx(0)dyy (0) if X(t) and Y(t) have zero mean. 


Therefore, (7) is not a valid correlation matrix. 
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5.3. COMPLEX-VALUED RANDOM PROCESSES 


A complex-valued random process is given by 
Z(t) = X(t) + jY(t) 
where X(t) and Y(t) are real random processes. 


Autocorrelation Function. The autocorrelation function of a complex-valued 
random process is 


BIZ (t)Z" (ta) 


= se [(X (tr) + JY (ti) (X (ta) — 9¥ (ta) 


bzaz (tr, ta) 


= ; {bxx (ti, te) + dyy (t1, te) 
+ {j[by x (ti, t2) — oxy (ti, te)]} . (A.60) 


If Z(t) is wide sense stationary, then 
baz(ti, te) = dzz(ti — te) =dzz(r) . 
Crosscorrelation Function. Consider two complex-valued random processes 


Z(t) = X(t)+jY(t) 
W(t) = U(t)+jVvit). 


The crosscorrelation function of Z(t) and W(t) is 


pawltyte) = 5ElZ(%)W"e) 


= ; {oxv(ti, te) + dyv(t, ta) 
+ j[dvu (ti, t2) — dxv(ti, t2)]} . (A.61) 


If X@, Y), Ul, and V(t) are pairwise wide sense stationary random 
processes, then 


bzw (t1, t2) = dzw(ti — te) = dzw(r) . (A.62) 


The crosscorrelation of a complex wide sense stationary random process satis- 
fies the following property 
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trw(r) = ZB2"(H)W (A - 7) 
= SBIZ*(h +7) (A)] 
= SEW (h)Z*(h +7) 
= dwz2(—7) . (A.63) 
It also follows that 
bxx(t) = dxx(-7) (A.64) 
bxx(T) = bxx(-7) . (A.65) 


5.4 POWER SPECTRAL DENSITY 


The power spectral density (psd) of a random process X(t) is the Fourier 
transform of the autocorrelation function, ie., 


®xx(f) 


= / - bxx(r)e 22" dr (A.66) 
oeG) = i Oy x (flap . (A.67) 


If X(t) is real, then dx x(7) is real and even. Therefore, ®yx(—f) = 
®xx(f) meaning that ®y x (f) is also real and even. If X(f) is complex, then 


&xx({T) = x (—7T), and ®}y(f) = Bx x(f) meaning that By x(f) is real 
but not necessarily even. 
The power, P, in a random process X(t) is 


E[X?(t)] 
xx (0) 


[ Oxx(f 


a result known as Parseval’s theorem. 
The cross power spectral density between two random processes X (ft) and 
Y(D) is 


P 


N 


co . 
Oxy(f) = ; oxy (re? dr . (A.68) 
—oo 
If X(t) and Y(t) are both real random processes, then 


bxy(T) = byx(T) 


and 
Oxy(f) = ®yx(-f) . 
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If X(t) and Y(t) are complex random processes, then 
dxy (tT) = gyx(-7) 


and 
Oi y(f) = Fyx(f) - 


5.5 RANDOM PROCESSES FILTERED BY LINEAR 
SYSTEMS 


Consider the linear system with impulse response h(t), shown in Fig. A.2. 
Suppose that the input to the linear system is a wide sense stationary random 
process X(t), withmean jx and autocorrelation dx x(7T). The input and 
output are related by the convolution integral 


Y(t) = [ 7 Naar 


Hence, 


Y(f) = H(f)X(f) - 
The output mean is 
py = / h(r)E[X(t — 7)]dr = ux | h(tr)dr = px H(0) . 
—=00 —0o 
The output autocorrelation is 


dyy(T) = i eos )] 
ens hie )x(t+r+a) f h(B)X (t — B)dBda 


if 


Il 


oO a)h(B)oxx (tT -— a+ B)dBda 
~h(B 


ae h(a)oxx(r +B - a)dadp 


[f° * h(B)oxx(r + Bd} + hr) 
h(—r) * dxx(r) * A(t) . 
Taking transforms, the output psd is 


Syy(f) 


iI 


H 


H(f)H* (f)®xx(f) 
|H(f)? @xx(f) . 
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X(t) Y(t) 
h(t) — Hf) 
) xx (D) i) yy(D 
Dyy PD yy (f) 


Figure A.2. Random process through a linear system. 


Example A.7. 

Consider the linear system shown in Fig. A.2. In this example we will find 
the crosscorrelation between the input and output random processes, X(t) and 
Y(t), respectively. The crosscorrelation ¢y x (7) is given by 


dyx(t) = E[Y(t+7)X(é)] 
-£ | ‘| * hla) X(t-++7 — a) X(t)do 
2 i * h(a) BX (t +7 — a) X(t)]dea 
= | Ma)éxx(t-a)da 
= h(r)*dxx(r) . 
Also, 
Oyx(f) = H(f)®xx(f) . 
Example A.8 


Suppose that X(t) is a Gaussian random process with mean jzx and covari- 
ance function 4x x(r). In this example we find the joint density of X; = X(t;) 
and Xj = Y(t2). Ifa Gaussian random process is passed through a linear fil- 
ter, then the output process is also Gaussian. Hence, X;and X¢ have joint 
Gaussian density function as defined in (A.40) that is completely described in 
terms of their means and covariances. 

Step I: Obtain the mean and covariance matrix of X, and X9. 

The crosscovariance of X,; and X9 is 


Bxexi(t) = El(¥(t+7)- py) (X() — ux) 
B[V (t+7)X(t)] —nynx - 


Now py = H(0)yx. Also, from the previous example 
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BY (t+7)X()] = / - Nails = ade 


i A(a)[uxx (7 — a) + uX]da 


[Fo Wa)uxx(r ~ a)da + HOH . 


Therefore, 
pxaxi(r) = [ hla)axx(r ~ a)der = (0) + wxx() 
Also 
HX1X2(T) a UZ_2,(—-T) 
LX X, (r) = Lxx(T) 
HX2X,(T) = h(r)*h(—7) *uxx(7) . 


Hence, the covariance matrix is 


Aa | X:x:00) Hx. x2(7) = ux x (0) h(r) * uxx(-7) 
MX2X,(T) HX_X>2(0) A(r)uxx(T) hr) * A(—r) * xx (7) 


Step 2: Write the joint density function of Xj and Xo. 
Let 


X = (X1,X2)" 
Hx (ux, uy)” = (ux, H(0)ux)” . 


H 


Then 


P(X) = sorerg ex? {58 Hy)'AMe— ux) 


5.6 DISCRETE-TIME RANDOM PROCESSES 


Let X, = X(n), where n is an integer time variable, be a discrete-time 
random process. Then the mth moment of Xp, is 


E[X;'] = / * In Px (Ln)dzn « (A.69) 


—-co 


The autocorrelation of X,, is 


1 1 (oe) foe) 
p(n, k) = gElXn XE] - sf. is InLppx(Ln)px(Lp~)A%mdx_, (A.70) 


| 
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and the autocovariance is 


y(n, k) = O(n, k) — E[XnJELXs] 


If X,, is a wide sense stationary random process, then 


d(n,k) = o(n—k) 
u(n,k) = p(n—k) = ¢(n—k)-pX . 


The psd of a discrete random process is 


where 


Note that ®(f) 


= SS pny 


nm=—0o 


p(n) = / i B( fle? sdf 


=i72 


= 0(f +) for any integer k. 


(A.71) 


(A.72) 
(A.73) 


(A.74) 


(A.75) 


Consider a discrete-time linear time-invariant system with impulse response 
hy = h(n). The input, X;,, and output, Y,,, are related by the convolution sum 


The output mean is 


py = 


oo 
Yn = >> hg Xn-e - 


—c 


= 3 he E[Xp—x] = ux 3 hy = wx H(0) 


k=—00 k=—00 


and the output autocorrelation is 


dyy(k) = 


i 


The output psd is 


B[Y(n + k)Y*(n)] 


£=—00 M>=—0Co 


> > hehmox x(k + £— m) F 


f=—oo M=—0O0 


=~ >> SS hehmE[X(n +k — m)X*(n — 2) 


(A.76) 


®yy = 
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yy (ke 7F* 


co 
2 
k=—00 l=—-0co 
co 

= 
n=—oo f=—co mM=—0o 


o-) foe) 
> hyed2n te 3 eda fm 


b=—00 mM=—0o 


x 3 bxx(n nye —janfn 


H*(f)H(NOxx(f) 
IH (f)|? Oxx(f) . 


oO 
S> hehmbxx(k + €— m)el?7tk 
pass 

Cc 


hehmox x (ne 27s neem) 


5.7 CYCLOSTATIONARY RANDOM PROCESSES 


Consider the random process 


oe} 


X(t) = ye anp(t — nT) 


n=—ooO 
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where {an} is a sequence of complex random variables with mean jgand 
autocorrelation @aa(n), and (t), 0 < t < Tis areal deterministic shaping 
function. Note that the mean of X(t) 


Lx = Ha > p(t —nT) 


M=—CO 


is periodic. The autocorrelation of X(t) is 


bxx(t +7, t) 


2 SEIX(t +7) X°(0)] 
= se dant +7-nT) Y avt — mT) 


8 


I 
Me 
WE 


It is easy to show that 


oxx(t+7r4+kT,t+kT) = oxx(t+7,t) . 


gaa(n — mvt -—mT)p(t+7—nT) . 
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Therefore, 6x x(t + 7,t) is periodic in t with period T. 
The time-averaged psd of X(t) can be computed by first determining the 
time-average autocorrelation 


1 t/2 


xx(T) = Tay Oxx(t +7, t)dt 


and then taking the Fourier transform in (A.66). 
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